DATE LABEL 



Call No. . Date . 

Acc, No, . 

J. {r K. UNIVERSITY LIBRARY 


This book should be returned on or before the last 
date stamped above. An over-due charge of .06 P. will be 
levied for each day. if the book is kept beyond that day, 

4 







99 









V 


INTERMEDIATE 


TRIGONOMETRY 


^ By 

HCKAM CHAND, | VIDYA CllANOHA, 

'' ' M, A.. i " M. A., P. E S.. 

Ex-Prafeisor of MathenuiUcs, \ Senior Lecturer in Mathematics, 
D. A.^V. College, Lahore, * Govt. College, Ludhiat^a. 

AND 

BHAGWAN DASS. M. A., 

Professor of Mathematics, D, College, Ambaiu- 


REVISED AND IMPROVED 

TENTH EDITION 





DELHI: 

tJNiVERSAE PUBEISHING Co. 




Rs. 4f 


k 


4884 





ft4 ^ >^-. C 


/) 


2 '- 



SF<!NA^»^)' 



% 



I 


« . 


CONTENTS 


CHAPTER. 

I. Measurement 01 Angles ... 

II. Trigonometrical Ratios 

III. Trigonometrical Ratios of Certain Angles 
IV- Trigonometrical Ratios of Allied Angles 
V. Variations of Trigonoraetncal Ratios 
^eir Graphs 

VlC^ddition and Subtrac^^pn Formulae ... 
v^Vfr. Transformation of Pr^lucts and Sums 

VTiC. 


• » * 


PAGE. 

5 

. 18 
34 
5L 


and 




• « • 


• • • 


• • • 


K\. 

XIII. 

X^IV. 

XV. 

XVI 


Sub-mulriple Angles 
Inverse Circular functions TT 
Relations between,the sides and the Angles of 
a Triangle 
Logarithms-^ 

Solution of Triangles . — n 
Heights and Distance€^ 

Properties ot*T^iangles .. 

% 


61 

88 

ill 

121 

139 


Polygons ; Area of a Circle ... 
Miscellaneous Propositions 
Punjab University Papers ... 
Answers 


158 
.. 176 
^94 
„ 209 

.. 218 

232 

239 

257 
264 


• • • 


• • • 



PUNJAB UNIVERSITY SYLLABUS 

Trigonometry 
For 1948 and after 


T 

Sexagesimal and circular units of angular measurement: 
trigonometrical ratios and the simple relations connecting 
them • relations between trigonometrical ratios of angles 
differing by multiples of right angles; addition and substrac- 
cion formulae. Logarithms ; solution of triangles and simple 
cases of hsi^hts and distances ; srea of s circle i ^repns of 
simple trigonometrical functions ; area of traingle. 


=ibc sin A= V sis- a) is-b) ( 5 —c) 

^ A 

s—a) tan-TT 


R= 

a 

A_ ^ 

2 sin A ’ 

s 


A 

A 

n = 

- ==s tan 
5 -rz 

2 ’ 

Lt 

sin^ =1. 


8-( 

? e 



L/ 

0-1 


\ 

V 


K 




I 


First edition ... 1930 

Second edition ... 1932 

Third edition 1937 

Fourth edition ... 1939 

Fifth edition 2940 

Reprinted ... 1941 

Sixth edition ... 1942 

Seventh edition ,,, 1943 

Eighth edition ... 1945 

Ninth edition ... 1946 

Tenth edition ... 1948 






><• 


Llb.^ARV 

Dr/3 V 


THE PRINCIPAL F0HM'ti!Ji>AE IN TRIGONOMETRY 

l' Circumference of a“cTrcle"ol radius r= 2 -^r. 

Ta • • 22 , 355-1 

TT =3*14159. Approximations are ^ ana 


*' 31831 . 


77 


A Radian= 57 " 17 ' 44 - 8 " nearly. 

Two right angles = 180 '’= 200 ® = ^ radians. 

arc 


Circular measure of an ^ugleor Q 


= ')■ 


11. 


sin^@4-cos^9 = l; 
sec^9 = 1 + tan^ Q: 

+ COS‘ 




III. ©= 1 0 1 30 “ 

4 |\/ 4 

1 45 " '■ 

Vjj 

A 

60 " 

;\/l 

90 " ) 180 " 

\/tI " 

cos ©it / J i \/i 

\/l 

!v/:r 

i\/“i 

^ \/ 3 ~l ICO \' 3 +l 

sin 15 = 2 \' 2 ’ 2\^2 ' 




o ^/ 5 -l 0^0 v' 3 -fl 

sin 18 "= -V :cos 36 =-'^ . 


sin :(-@) = -sin@; 
sin ( 90 "- 0 )= cos@; 
sin ( 90 ° + ©)= cos©: 
sin ( 180 "-©)= sin ©; 

sin (180" + ©) =-sin ©; 
tan (180"+©)= tan ©. 


cos (-©) =cos ©. 
cos ( 90 "-©) = sin ©, 
cos ( 90 °+ ©) = — sin ©. 
cos (180° —©)= “cos ©. 
cos (180" + ©) =-cos ©. 


tan tiou , ... 

No«-The above formulae help ro reduce the angle to the least possible 

mogmtude. 




\i 9 i ^ 


k 






INTERMEDIATE TRIGONOMETRY 


VI. 


V. (a) If sm @ = 0 then ' 

If cos 9-0 then 9= (,2n-\-l) . 

ib) If sin @ = sin a, then 0 = n^H-(-l)“a. 

If cos @ = cos a, then @ = 

If tan @ = tan a, then @ = n7r+a. 

In all these n is 0, 4-ve» or —ve integer. 

Note. —The above formulae show that the argument of a given trigono-* 
metrical ratio whose value is known is many valued* 

i/I. sin (A-hB) =sin A cos B-fcos A sin B. 
cos (A + Bl =cos A cos B-sin A sin B. 
sin (A—B)=sin A cos B —cos A sin B. 
cos (A — B) =cos A cos B + sin A sin B. 

, A , tan A+tan B 

tan(A + B) = ,-r- ^ 

1 - tan A tan B 

, . r>\ tran A - tan B 

tan(A-B)= , : x r, 

1 + tan A tan B 

tan (A + B + C) 

_ tan A+_tan B + tan C —tan A tan B tan C 
1—tan A tan B—tan B tan C-tan C tanA 

sin PH-sin Q = 2 sin^^|^ cos “ 2 ^* 


tan(A— B) = 


sin P-sin Q = 2 cos sin 

cos P4-COS Q=2 cos— 2 ^, 

cos P-cos Q=2 sin^^^sin 


2 sin A cos B=sm (A+B)+sin (A-B). 

2 cos A sin B=sin (A+B)-sin (A-B). 
2 cos A cosB=cos (A + B)+cos (A-B) 
2sin A sin B=cos (A-B)-cos (A+B). 
I sm (A+B) sin (A-B)=sin“ A-sin* B. 
cos A+B) cos (A-B)=ccs» A-sin*B. 

=cos* B - sin* A. 


• A 


THE PRINCIPAL FORMULAE IN TRIGONOMETRY 


3 



sin 2A=2 sin A cos A ( 2 ) 

_ 2 tan A 
~l+tan^A 

cos 2A=ccs^ A —sin^ A.( 2 ) 

=2 cos^ A — 1..(2) 

— 1- 2 sin^ A .. .. C^) 

_ l -tan- A 

14-taii^ A . . 

» * 2 tan A 

tan 2A= , . ^ 

1 —tan^ A 

sin 3A=3 sin A-4sin^ A. 
cos 3A=4 cos^ A —3 cos A 

- . 3 tan A — tan^ A 

tan3A- • 

sin 2 = ± y/^ 

sin A + cos A — j: \/(l-fsin 2A). 
sin A-cos A=+ v/(l—sin 2A). 

f. logal=0, loga<^=l. 

loga(wn) =Iogam+ Ioga«. 
loga j=]0?aW“l0gnn. 

logam"=n logam 

loga'/* =IogbmXloga6. (Base changing formula). 

"" logafe ■ 

IX. If A, B. C are angles of a triangle and a, b, c the 
responding opposite sides, then 

. (Sine Formulae). 

a b c 

* 2 _i_ 2 2 

cos A= - ^r—etc. (Cosine Formulae). 

2bc 

. A /fs —i>)(5—c) 

sin 2 - |/ 






4 


INTERMEDIATE TRIGONOMETRY 


A 

CO. _ 


\/ 


, A 

2 ^ V 


\ (s—b)(s-c ) 

s(s—a) 


sin ^ — ^^\'^s(s — a}(s — b){s~c) 

a~b cos C+t; cos B etc. (Projection Formulae). 

B— Cfc — C A /XT-.Al 
tan - 2 ' —^^'^cot"^. ( Napier s Anology) 

A =area ot triangle v's(s -a)(s-hHs-c)^ihc sin A 

4 

i 

~ica sin B=^ab sin C. 
X. CircLim-radius of A ABC is 

_^_^__ 

2 sin A 2 sin B 2sinC~4A* 

In-radius r=— =(s~a) tan , etc. 

s ^ 

e-radius opposite angle A is ri= ^--=5 

s~a 2 


=-(s-c)cot^=( 5 —ft) cot 

3 C A 

5 tan „ --(5-a) cot --- = (i-c) cot — 

^ 6 2 


r;?= 


^b 


rn=- -^==.9 tan x 

S“C 2 


= (5-tj) cot ^ = ( 5 -W cot -A. 


Area of a quadrilateraljnscribable in a circle 

Y'T Ct sin ©_^ !./:»• 

©->0 when 6 is measured in radians. 

Area of a circle of radius r^wj -2 
Area of a sector of a circl 

~ Arcx Radius 
2 







CHAPTER I 

MEASUREMENT OF ANGLES 

1. The word ‘Trigoaomatry’ is derived from two Greek 
words—‘trigonon’ (meaning a triangle) and ‘metron* (mean¬ 
ing T measure*) and hence it literally means *the measure¬ 
ment of triangles.* Originally, therefore. Trigonometry was 

rthat branch of Mathematics which had lor its aim the 
measuring of the sides and the angles of a triangle and the 
investigation of the various relations which exist among 
' them. But in modern times it has a wider application, it 
is no longer restricted to the solution of triangles ; rather it 
comprises all investigations regarding angles in general, 
whether those angles are parts of a triangle or not 

2. Angle of any Magnitude. The reader is already 
acejuainted wi'h a certain notion of an angle* According 
to Euclid an angle is the inclination between two inter¬ 
secting straight lines. This is a very narrow definition 
and does not admit of any angle being greater 

right angles. The modern conception of an angle is difter- 
C cnt. It is the amount of revolution^ when a line revolving, 
about one of its extremities^ passes .fr m one position to cin^ 

“ other. Thus let X'OX and Y'OY be t vo straight lines at 
- right angles to each other, and let a revolving line OP, 
originally coincident with the initial line OX, begin to 
revolve in the counter-clockwise direction and occupy the 
different positions as shown in the diagram. 

When OP is at 

(t) OPi, the angle described is XOPi 

(n) OP 2 , M XOPaf-rt.Z) 

(m) OP3, XOPsandsoon. 

When the line OP, in course of its revolution, coincides 
once more with OX, it has described an angle eaual to four 
rigbt angles. But suppose after making one complete 
revolution, it still continues to revolve. Now it will be 
describing angles greater. than four right angles. Also it 
might continue revolving for any length of time. Thus an 
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angle may be of any magnitude, depending upon the number 
of revolutions made. < 



But there are two directions in which a line may re¬ 
volve (i) clockwise and counter-clockwise. When revolving 
in the latter direction, it is said to describe positive angles; 
Rnd wh6r> in ths former direction^ it is ssid to Q^setibs 

negative angles. 

Thus angles may be positive or negative depending upon 
the direction of revolution, and may be great or small, 
depending upon the number of revolutions made. 

Definitions. The lines X"OX and Y OY divide the 
plane into four parts XOY, YOX' X'OY^ and Y'OX called 
the first, the second, the third and the fourth quadrants res¬ 
pectively. 

In the first quadrant the angle varies from 0° to 90^^ 

,, second „ ,, 90^ to 180® 

third „ „ 180® to 270® 

and,, fourth ,, 270® to 360® 

Thus it is clear that after revolving through an angle of 
360® the revolving line arrives at the position from which it 
started. It is clear, therefore, that after describing angles 
of 30®, 390°, or 750® the revolving line has the same position. 
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Ex. 1 . Find the position of revolving line after 
describing an angle of (i) 790°, (li) —140°, (in) —410°. 

(i) Since 790 = 2x3604-70, the revolving line has to 
make two complete revolutions and then turn through 70°. 
Thus the revolving line is in the first quadrant. 

(ii) Here the revolving line has to revolve through 140° 
in the negative direction. Thus the revolving line is in the 
third quadrant. 

(in) Since —410°=-(3604-50), the revolving line has 
to make one complete revolution in the negative direction 
and then turn through 50° in the negative direction. Thus 
the revolving line is in the fourth quadrant. 

The student is advised to draw the three figures 

separately. 

Ex. 2. In which quadrants do the following angles 


lie 

(i) 300°. (it) —220°. (in) 770°. Ans. (i) Fourth 
(it) Second (iii) First. 

Ex. 3. In which quadrants do the followmg angles lie ? 
Also show these angles in a figure, (t) 450°. (ti) —810°. 
(Hi) 270°. Civ) 970°. 

3. Measurement of angles. 

To measure any quantity, we are to find out how often 


it contains the unit of measurement. 

In Trigonometry there are three systems of measuring 

(a) The Sexagesimal or the English System. 

(b) The Centesimal or the French System. 

(c) The system of Circular Measure. 

(a) In the English or the Sexagejirnal system, a right 
angle is divided and sub-divided into smaller parts as shown 

below : ^ ^ ox 

Jlrt. angle =90 degrees (written as 90 ). 

T 1 degree or 1°=60 minutes (written as 60'). 

I 1 minute or l'=60 seconds (written as 60"). 

' (b) In the French or the Centesimal system, a right 

angle is divided and sub-divided as shown below : 

1 rt. angle =100 grades (written as llC®). 

1 grade or P =100 minutes (written as 100''). 

1 minute or T =100 seconds (written as 100'^). 
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The minutes and seconds used in this system are differ¬ 
ent from those used in the Sexagesimal system. 

above it is clear that the connecting link between 
these systems is a right angle and it is possible to convert the 
measure of anxingle from one system to tne other. 

Ex. 1. 'Express 43^ 32' 15" in the French system. 

15'' —i minute = 0*24'. 

32' 15 " = 32*25'degrees = 0*5375'" . , 

43^32' 15"=43’5375"= rt. angle. 

= ’48375 of a right angle. 

= *48375 X 100 = 48*375 grades 
^48« 37*5' 
y=48e 37" 50"". 

Ex. 2. Express 72^ 5S" 25"" in the English system. 

25"" = *25" 

56" 25"" = 56*25'= *5625«. 

72® 56" 25"" =72*5625« = 725625 rt. angle. 

= ‘725625 X 90 degrees 
=65*30625 degrees 
=65"+*30625x60' 

= 65"+ 18*375' 

= 65" 18' + -375x60" 

= 65" 18' 22*5". 

Ex. 3. Show that the ratio of Sexagesimal minutes in any 
angle to the Centesimal minutes in the same angle is 27 : 50. 

(P. U.) 

Here let the Sexagesimal minutes in any angle = a:, and 
Centesimal minutes in the same angle =.r. 


Number of rt. angles in the first^case = 


X 

60x90 


the second case = 


.V 

60x90 100 X 100 


and in 
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y 100 

i.e.f X : y : : 27 : 50. 

(c) Circular System. This system is used in all tne 
higher branches of Mathematics The unit taken iti it 
is called a Radian which is defined as th anflle subtended- 
at the centre of a circle by an arc equal in length to the radius 
of the circle. 

But before we take a radian to be a unit, we must show 
that it is a constant quantity, i.e., it retains the same value 
whatever the radius of the circle may be. 

This we shall now show in the next two articles. 

4. The circumference of a circle bears a constant 
ratio to its diameter. 

Take any two circles whose radii are r and R and whose 
centres are P and A: and in each circle let a regular 
polygon of n sides be described. 

Let QR be a side of the first and BC a side of the 
second and let their lengths be p and a respectively. Join 

QP. RP, BA and CA. 

Now 2 CQPR=-^of four right angles=/.BAC and 

n 



QR_BC . kQR_mBC . np _na 

QP BA *' QP BA’ r " R 


2r 2R 


where Pi and pz are the perimeters of 


or 
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the polygons. This is true whatever the number of sides of 
the polygons. Now by taking n sufficiently large we can 
make the perimeter of the two polygons differ from the 
circumferences of the corresponding circles by as small a 
quantity as we please, so that ultimately. 


2r 2R 


where c and C are the circumferences of the 


two circles. 

Hence the ratio of the circumference of a circle to it» 
diameter is constant. 

The constant ratio is usually denoted by so that if r 
be the radius of a circle, its circumference is 2'^r, The value 
of tt cannot be stated exactly because it is an unending 
J non-recurring decimal. 

However some of its approximate values are V-, 
314159... ^ 


Also —=*3183, correct to four places of decimals. 

TT 

5. The radian is a constant angle. 

Let the me AB of the circle be 
equal to the radius OA. Then by de¬ 
finition ZAOB = l radian. 

Since the arcs of a circle are to 
each other as the angles which they 
subtend at the centre, we have 

_arc^AB_ __ 

circumference 4 rt, angles 

1 radian 



1 radian--^— 

7r 

_ 180 


IS a constant quantity. 

TT 


Tnus 1 Radian = ' ~ Degrees and 
It follows that a raiiaa = ^''^^ 

31416 

=57'296“ = 57"ir 45". 

or 206Z65" correct to the nearest second. 


Radians 
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Cor. tt radians = 2 right angles —180 —200®. 

6 . Definition. The Circular Measure of an angle 

the number of radians it contains. 


For example 20 ” = 30° x = |- radian. Thus the cir- 


TT 


cular measure of an angle of 30 is ^ - 


Similarly 60" = 60x-. 4 ; =radian and the circular 


180 


3 

77 


9 9 

measure of an angle of 60 ^ • 


Ex. 1. Find the circular measure of the following : 

(:) 90^’(/^) 180% (tit) -360% 


77 


Ans. (i) -y, (lO 


Ex. 2. Find the number of degrees in the angles whose 


circular measures are (0 2 ^, («) ^ (iii) 5 5 * 


Alts. (0 360. (li) 225, (m) \08 (tV) 30 

Ex. 3. Find the circular measure ot (i> o 0 / ou 

(lO 1®1% 

(i) 5 ® 37' 30" = rV of a right angle. 

Now V 2 rt. angles^ir radians, 


1 


I 

1 


TT 


1 right angle=^“ radians 


TT 


and rV rt- angle = -;^5 of a radian. 


32 


(ji) ier=-010l rt. angles ^ X'OIOI radian 


=’00505 tt of a radian. 

Ex. 4, Express 2‘2 radians in the (0 Sexagesimal 
(t'O Centesimal systems. 

j. 180 

(t) If radians =180° •• one radian 


TT 
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2*2 radians 


X 2*2 degrees. 

TT 

7 22 

= 180 X 22" ^2^ degrees=126®. 


(n) TT radians =200 grades; 


one radian = 


2006 


2'2 radians = 


2^x7x^grades=140«. 


_ * ^ ^ V 

Ex 5. Express in circular measure, and also in degrees 
the angle of a regular polygon of 40 sides ( 

The sum of all the external angles being 360^ each ex¬ 
ternal angle, therefore, is =9°. 

^0 

Hence an angle of the polygon is 180°—9°=171'‘. 

Now 180°=7r radians 

1°—28q 

I •*• 171° = r^§ X TT radians 

r^dians= 27 g radians. 

-.u , Express in circular measure as well as in degrees 

the ^gle of a regular polygon of 15 sid s. 

fifteen exterior angles of the polygon is 

; therefore each of these angles is 24° so that each 
interior angle is of 156°. 

I Now 180°=7r radians. 

156°=—-X 156=^ n radians. 

is® of a regular polygon of I'j 

pides js 156 or of a radian. 

ni.mKf ■ angles of a triangle are in A. P. and the 

fn ° the number of radians 

r to TT, Find the angles in degrees. 

Let the angles be (a-d)”. a°. (a+dV. 

1 he sum of the three angles being 180° 

••• U-c^)+fl+U-Hd)=180°, 

Now~^° IsfeVradirni®" (60-d)°. 60°. (60+d)°. 

l°=f80 
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and 


(60 + ^)°=jl^^gy (60 + f/) radians. 


Now therefore from th 2 given data, 
45 60—d 


-Zn —, or 180 (60-d) =45(60+ iZ) 

1.80 (60+f^) 

4(60-d) =60-fd 
.*.5d=180, so that d-^36 
Hence the angles are 24'’, 60'“. 96°. 

?^ote.—9 radians is written as 0'^ where c is the first 
letter of the word Circular Measure. But when the unit 
used is a radian, it is cuitomarj' not to mention it. Thus an 
angle ^ means an angel ot radians. 

7. To covert from Sexagesimal or Centesimal measure 
to Circular measure cr vice versa. 

Let D be the number ot degrees, G the number o£ 
grades and C the number of radians contained in an angle. 1 
V the ratio of an angle to a right angle is the same id 
each system of measurement. 

D^G^C . D__G_^C 

'90 Too ^/2 ■ ■ 9 "To tt 


180C j ^ 

U=-andC = r^ld. 

TT 180 


In practice it is better to express the angle as a fractioq 
of a right angle and then proceed to the desir-ed-^^^^ygir: 
from the right angle. 

EXERCISE 1 


lie : 


1. Find the quadrants in which the following angle; 


(0 815". (iO -275^. (iii) - 




1-6 • 


Express the following angles in grades, minutes am 
secoTtas in (Centesimal System). 

(i) 69“ 13' 30" (iO 

3, Find the circular measure of 

(0 15° (n) 15« (iiO 135° (iv) 135«. (P. U. 

4. The angles of a triangle are 4:5:6. Find thei 
circular measure. 


t» 
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5. The angles of a triangle are to one another in the 
ratio 2:3 : 4 ; express them in circular measure as well as 
in degrees. 

6 . Express in radians the vertical angle of an isosceles 
triangle which has each angle at the base double the third 
angle. 

7. The angles of a triangle are 4x degrees, 5x degrees 
and lO.r grades : find them all in degrees, and also in grades. 

8 . The angles of a triangle are in A. P. and the 
greatest is double the least; express the angles in degrees, 
radians and grades- 

9. The angles of a triangle are in A. P. and the number 

pf degrees in the least is to the number of radians in the 
greatest as 60 : Find the angles. 

10. The angles of a quadrilateral are in A. P. and the 
greatest is double the least. Express the least angle in 
radians. 

11. Express in circular measure and also in degrees 
the angle of a regular polygon of n sides. 

12 . An angle is such that the difference of reciprocals 
^f the measure of grades and degrees in it multiplied by 27 r 
ts equal to its circular measure ; find the angle in degrees. ^ 

8. The length of an arc of a circle of a given radius 
can be expressed in terms of the circular measure of 
the angle subtended by it at the centre and conversly. 

Let AB be an arc of length 2, of a circle (centre O and 

radius r ) and let © be the circular 
measure of the angle AOB, 

Let the arc BC=r so that ZBOC 
=one radian. 

As the arcs of a circle are in the 
5 ratio of angles subtended at the centre 
ZAOB__ arc 

arc BC 

© radians I ^ I 

or -r-= - -. ©= — 

r 



ZBOC 


1 radian r ’ 

It follows that the circular measure of an angle 
__ length of the arc 


of the citcle’ 

Also 2=r©=radius of the circle x circular measure of 
ngle subtended. 
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Note. Notice that if the ciicle be of unit radius, then the circular 
oeasuic of an angle at the centre is equal to the length of the arc sub- 

^Ex! 1. Express in radians and degrees the angle sub¬ 
tended at the centre of a circle by an arc whose length is 
15 inches, the radius of the circle being 25 inches. 

Number cf radians in the angle 

lengt h of arc _3 

radius 25 5 

Also radians=180 


radian = 


180 




3 

5 


180 X 7 3 

22 ^ 5 


degrees 


=34° 22' 38 9". 

Ex. 2 Assuming that the earth’s radius is 3960 miles 
and that it subtends an angle 57' at the centre ol the 
moon, fini the distance of the moon frem the earth s centre. 
Let M be the centre of the moon and PE the radius 

of the earth (centre E.) p 

With M as centre and 
-VlP as radius draw an 
arc cutting ME produced 
in A. When the angle 

at M is small, A and E ... t r>T7 j r>A 
are very near each other and the lengths PL and PA may 

be taken as approximately equal and so also the lengths 
ME and MA. ^ 

Now we know that in any circle@= ^ where 0 is the 

circular measure of the angle subtended at the cenwe by 
an arc of length I, and r is the radius of the circle. Hence 

I 



r = 


©■ 

But 1=3960 miles, @=57'= 


— 

60 180 


radians. 


3960X 7 X 60 xJgO ^ 238737 miles nearly. 

57 X 22 

EXERCISE II 

1, In a circle of 5 feet radius what is the length of 
the arc which subtends an angle of 30° 15' at the centre ? 

2. The diameter of a graduated circle is 6 feet and the 
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graduations on its rim are 5' apart ; find the actual distance 
from one graduation to another. 

3. The perimeter of a certain sector of the circle is 
equal tJ half that of the circle of which it is a sector. Find 
the circular measure of the angle of the sector. (P. U.) 

4. What is the ratio of the radii of two circles at the 
centre cf whi'h two arcs of the same lengths subtend angles 
of 60" and 75" ? 

5. At what distance does a man, whose height is 6 

feet subtend an angle of 10^ ? (M. U.) | 

I 

6 . Find the length which at a distance of one mile 

will subtend an angle of 1'at the eye. (B. U.) 

7. A circular wire of radius 3 inches is cut and then 

bent so as to lie along the circumference of a hoop whose 
radius is 4 ft. Find in radians the angle which it subtends 
at the centre of the hoop. (P. U. 1938) 

8 . If the diameter of the moon subtends an angle 
of 30' at the eye of the observer, and the diameter of the 
sun an angle of 32', and if the distance of the sun be 
375 times the distance of moon, find the ratio of their 
diameters. 

9. The diameter of the moon is 30' ; find how far 
from the eye a coin of i inch radius must be held so as to 
hide the moon. 

FORMULA OF CHAPTER I 


(a) Sexagesimal System (b) Centesimal System 
One rt. angle=90° 1 rt, angle=100* 

r= 60 ' 18 = 100 ' 

r=6o" r=ioo". 

(c) Circular Measure of an angle=No of Radians con^ 
tained by iU 

1 Ralian Degrees 


1 Degree ==jg^ Radian 
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^ _G 

90 100 2 

(e) 1 rt. angle =90° = 100®. 

(f) Circular Measure of an anglc = 

Length of Arc 

Radius of the Circle ' 
REVISION QUESTIONS I 

1. Find the angle in radians through which the min¬ 
ute hand of a watch turns in an interval of 25 minutes. 

2. Define the circular measure of an angle ; find the 
circular measure of 1® and 1' to five places of decimals. 

(B. U.) 

3. In a right angled triangle the difference between 


the acute angles is in circular measure. Express the 
angles in degrees. 

4. The angles of a triangle are in A. P.; one of them 
being 95°, find all the three angles in radians. 

5. The circular measures of two angles of a triangle 
are i and | respectively. Find the number of degrees in 
the third angle 

6 . One angle of a triangle is radians, the other is 

70 grades ; find the third in degrees. 

7. A, B, C are the angles whose magnitudes are 30°, 


60® and 


8 ^ 

15 


radians respectively. 


Show that .a triangle 


can be formed having these angles. 

8 . Express in radians the fourth angle of a quadrilateral 
which has the three angles 46° 30' 10" ; 75° 44' 45" ; 123® 
9' 35" respectively. 

9. Find the number of sides of a regular polygon each of 


whose actue angles is 


Stt 

4 


radians. 


10. Calculate the length of an arc of a circle of 
radius 2 feet, which subtends an angle of IT radians at the 
centre of the circle. Take 

11. Find the length of an arc which subtends an angle 
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of 5 " at the centre of a circle whose radius is 4000 miles. 

12. If the circumference of a circle be divided into 
five parts which are in Arithmetical Progression and if the 
greatest part be six times the least, find in radians the ang¬ 
les that the parts subtend at the centre of the circle. 

13. The diameter of the sun subtends an angle of 32' 
at the eye of an observer ; show that the diameter of the 
sun is 866,000 miles approximately, assuming that the dis¬ 
tance of the sun ftbm the earth is93,COO,OLO miles. 

14. The radius of a-certain circle is 3 feet ; tind approxi¬ 
mately the length of an arc of this circle, if the length of 
the chord of the arc be 3 feet also. 

15. A tram is travelling at the rate of 10 miles per 
hour on a curve of half a mile radius. Through what angle 
has it turned in one minute ? 

16. If M, S, 771, s, denote respectively the number of 
English minutes and seconds, and French minutes and 
seconds in any angle, prove that 

M _ m j S _ 5 

27 “ 50 81“ 250’ 

CHAPTER II 

TRIGONOMETRICAL RATIOS 
9. Sign Convention for Lines. 


LetX'OXand Y'OY be two 

fixed lines at tight angles. We 
shall adopt the following conven¬ 
tion : 

Distances measured from O 
in the direction OX shall be re¬ 
garded as positive and shall be 
denoted by positive numbers, and 
distances measured in the direc¬ 
tion OX' shall be regarded as 
negative and shall be denoted by 
negative numbars. Similarly dis¬ 
tances measured in the direction OY shall be regarded as 
positive and those in the direction OY' as negative, i.e. dis¬ 
tances measured upwards at right angles to X'OX shil be 
positive and those measured downwards shall be negative 
Thus in the above figure, OMi, OM 4 are positive while OMo 
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and OM3 are negative ; and MiPi, M2P2 are positive while 
M3P3 and M4P4 are negative. 

The revolving line is always regarded as positive ; in 

the above figures, for example, OP], OP 2 , OP3 OP 4 are all 
regarded as positive. 

10 . Definitions of Trigonometrical Ratios. 

Let OX be the initial line ; let OP, the revolving line, 
originally coincident with the initial line, begin to revolve 
I about O in either direction and describe an angle XOP 

' (=@, say). From any point P on the final position of the 

[ revolving line, draw PM Perpendicular OX, meeting OX, 
1 produced if necessary, in M. 


P 



X M_ 0 X X' 0 MX 



3rd Quadrant 


4th Quadrant 





(1) 

MP . 
OP 

called the sine of the angle 0 ; 

(2) 

OM 

OP 


„ cosine 

.. @ ; 

(3) 

MP 

OM 


„ tangent „ 

» 0 ; 

(4) 

OM 

.MP 


,, cotangent ., 

1 . @ ; 

(5) 

OP 

OM 


,secant „ 


and (6) 

OP 

MP 


,, cosecant ,, 

.» 0 ; 
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To these six ratios it is usual to aJd fwo more (7), X is call 



. I 1—is called the coversed sine ol the 

cd the versed sine and Qp 

an4o 6 ; bat these two are seldom used. 

These are abbreviated into 

MP ^_OM . . 


cos tan ; 


OM 

cot B — » sec 


OP ^ OP 

®=OM‘ ®=MP 


OM y^ 1 

vers e = l-^ ; and covcrs0=l- • 


N 1 —The student must notice that sin 0 does not mean sin , 

Sin c" ii-.e without an angle has got no meaning. Sin 0 ,s to be taken ^ 
al a v-hUe. denoting as .t does, a eertam rat.o. The same remark ap- 

circular functions. ^ 

11, The Trigonometrical Ratios are always the same 

for the same angle. • *. o' 

, . Take another point P on 

the revolving line OPA and 

draw PM and P'M' perpendi- 

culars to the initial line OX. 

Triangles OPM and OP'M' are 

\ equiangular ; 


I 




M /vTx 


.‘.their corresponding sides 


are proportional. 

M'P' MP . ^ 

Hence Qp' “ Qp' 

_ .. . OM' OM 




t IXYX V_/lVJl ^ I XVA A 

Similarly Qp. “ ^jp —ecs @ and 


M'P' MP 


OM 


=tan B. 


Again if OX be taken as the revolving line and OA the 
initial lina and P" ba a rt. in OX so that P"M" is perpendi¬ 
cular to OA, then in the rt. angled Triangles OPM and' 

OP"M", ' 

^MOP=ZM''OP" 

the Triangles are equiangular. 

Hence Qp.» qp ^ OP" OP ® 
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j M''P''_MP 
OP" OP 

Thus each of the trigoaometncal ratios depends only 
upon the magnitude ot the angle 0 and not upon the ab¬ 
solute length ot OP. These are also independent of the 
fact whether P is taken on one arm or on the other of the 
angle. 

Note ,—If is customary to denote rhc positive integral powers of 
trigonometrical ratios thus : 

(sin 0)* is denoted by sin*0 and is read as * sine square Q.‘ 

(sin0)* i^ denoted by sin’0 and is read ns ‘ sine c.ibed Q.' And so 
on for the other ratios. 

But (sin©)"* is never written as sin^Q. This latter notation'hns 
got different meaning which will be explained in Chapter IX. 


12. Some Important Relations. 


. ^ ^ MP OP , 

sin@ cosec ©=op ' MP = ^ 

®=cosec 0 ^ ■= 

COS0 QM OP , 

COS0. Sec 0- Qp . Q^-1, 

^°"®==sec'0®"‘^®"‘=^-^cos0' 


tan 9. cot 9- 


= 1 , 


p • 


tan 9 = 


j4P OM 
OP ‘ MP 

1 , 1 
cot 9 tan 9 


1 

/■A 

I 

t 

J 




l-B 


'I 


hC 


I 

J 


12. (a) Fundamental Relations betwen the Trigo¬ 

nometrical Functions. 


Let the revolving line, starting from the initial position 
OX trace out an angle 9, From P any point in the final 
position of the revolving line draw PM Perpendicular to OX. 

Then from the rt. angled A OPM, we get 

[See Figures page 19] 
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MP«+OM2=OP". 

(?) dividing this equation by OP^ ve get 

^ MPV., ( 


V OP / OP 


j sin^ 0 + ccs^@=l 


}D 


( 


(n) dividing the same equation by OM^ we get 


MP 

OM 


) l + tan^@=sec^^ ; 


>E 


(?u') dividing the very same equation by MP^. we get 


l-I- 


(m^) y l+cot^@-cosec2@* 


}F 


A/or<».~ThG student should draw angle Q in ail *the four quadrants, 
to prove rh^^J:!Ove relarions to be universally true. 

Ex. Show that fsin ^ + cos 0)^==H-2 sin © cos 0. 
Here^sin ©-bees ^)^--sin^©4;cos2©-f-2 sin © cos © 

^ = 1+2 sin © cos ©. 

Ex. Prove that \ c( sec'A — 1 ~ccs A cosec A 

The left-hand side = i^i + cot^A — l 


Ex 



^ . cos A A ^ 

==cot A=-. . =cos A cosec A. 

sm A 

Prove that A A-tan A. 

\ 1 + sin A 


The ]e ft-hand side= '^ J - sin A~i ( 1-sin A ) 


1 -7 sin A 
v' 7 — sin^A 


Ex 



(1 + sin A)(l —sin A) 
1 —sinA_ _1 _^lA 
cos A cos A cos A 
Prove that 


= sec A-t^rvA. 


tan A , cot A 

r-cot A + l-tan ^ A+1. 


^n_A 

The L. H. S.= - 9 .°^ A 

cosA*^ 

sin A 
sin^ A 


1- 


ccs A 
sin_^ 
sin A 


1 - 




cos A 
+ - 


cos^A 


A— _ w wo XA 

cos A(sin A-cos At smA (cos A-sin A 
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_ sin^ A—cos^ A _ 

sin A cos A (sin A - cos A) 

(sin A — cos A) (sin^ A+cos^A-|^in A cos A) 

sin A cos A(sin A —cos A) 

1 + sin A cos_A _^ 

sin A cos A sin A cos A 


sin A * CCS A 


+ l=sec A cosec A+1. 


Note.^lt may be noticed that it is sometimes found convenient to 
express all the trigonometrical ratios in terms of the sine and cosine 
as in the aha^e example. 

Ex.(^ Prove that 2(sin®@-i-cos^@) -3(sin^@-hcos^@) is 
indepenfent ot 9. 

Here 2(sin®#94-cos‘’0) -3Csin'@+cos‘^@) 

=2(sin^@ + cos^0 (sin'*f5 -f-cos‘‘0 — sin^@ x cos^@) — 3^sin'’@4- cos^@) 
= —2sin^@ cos^^ —sin^@ —cos''<9= — (sin^@ + cos^@}^= — 1. 

EXERCISE III 

Prove the following identities : 
sin^A—cos^B=sin^B — cos^A. 

COS‘^C^^^ S2C^^ 

(sec2^-i;cot2|9=l. 4. (l-sin^(9)sec2@ = l. 




6 . 


tan^ii —cot^ 0"4-cot^(l ~ t:an^@) = I> 
implify the following expressions :— 

1 _ ^ 7 ^ 


sin^ 9 


V 1+tan^ 9 


8. 


+ 


l+sin A 1—sinA' 

Provi the lollowing identities : 
1—tan @_cot 9 — \ 


9. 


sin^AT 


COS'^ A 


tan X cot X 


10 . 


11 . 


14-tan 9 cot @4-1 

-J—+ -1. 

14-cos 9 1 - cos 9 


12. (tan @4-sec @)^= 


=2 ( 14- 

14-sin 9 
1 —sin @’ 


cos^@ 

sin^@ 
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24. 


25. 

26. 

27. 

28. 

29. 

30. 

31. 

32. 

33. 

34. 


(D. U. 1940) 


13. —jin^ 

14. tan f9-f-cot ^=S3c 9 cosec 9. 

15 ^ tan 94-cot ^)^=S3C^ ^ + cosec^@. 

16, (tan ^I'sec 9.^4“ (cos 9 4-cosec 9)^ 

= (I4*sec9 ccsec 9)^. 

17. sin^ 94-cos3 9 = (sin 94-cos 9)(l-sin ©cos ©). 

18- cos’9-sin'9=cos29-sin2©=l-2sm29=-2cos2© - 1. 

19. sec^9 - cos3c^ 9 = tan^© - cot^©. 

20. cos2c^©4-sec^©--cosec^© sec^©. 

cos A 


21. sec A-tan A = 


14-sin A* 


cot A4-tan A 


=sin A cos A. 


sin © . 14-cos © ^ 

l+cos©+ =2 cosec©. 


4-cos © ■ sin © 

1~ COS A 

l+cosA sin A 

cot A4-taa B _coc A 

tan A4-cot B cot B ’ 

(cosac A-sin A)(sec A-cos A)(tan A + cot A) = l 
,|l+.c9i©=cosec© + cot©. 

V 1 — cos 9 

sin^© cos^ <t-+cos ^9 sin^<l>+sm‘9 sin"</-+cos*© cos=s(-= 1, 

sin^ A(2+tan^A)=sec^A —cos^ A. 

cos © sin © . ^ , 

1 —tan © ^1-cot © 

sec_A-tanA , . 

sec A + tan A ^ 2 sec A tan A+2tan‘A 

(2 sin © cos ©)2-f-(cos^@-sin^©)2=l. 

(.X sm @ + cos ©)2+(A,-cos©-i,siii©)»=A,-Hji=. 

sec^ A sin^A-cosec^ A + ccsec== A rn»2 . ’ 

=sm* A. 


sec* A sin* A-cosec* A cos*A 


(B. U.) 
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36. 

37. 

38. 

39. 


cos A +cos B sin A-f sin B 
sin A-sin B'^cos A —cos B 
(1-tan @)2+(l-cot @)^ = (sec 0-cosec 0)^ 
cof^ @ + cot^ 0=cosec^0 —cosec^0. 
sin^0+cos^’0=l-3 sin^0 cos^@. 

If sin 0 + cos,@=<^. and tan 0+cot 9=b. prove that 


a^-1 1 

2 b * 

40. Caa 0*6 and 0*8 be the sine and cosine respectively 
of one and the same anple ? Can 0*7 and U‘9 be so ? 


12. (&) Elimination.—The fundamental relations 
established in Article 12 ia) are very helpful m eliminating 
@ from two given equations. The method will be clear 

from the following examples. 


Ex. 1. Eliminate © between 
a cos @ + sin @+c=0 
a' CCS 9-\-b' sm ©d-c'—0. 
Solving for sin © anti cos © we get 

cos ©_si n © __1 

be — cb'~C(/— ac'~<:ib'— a b' 
^ he'~cb' » . ^ ca' 

cos and 

sin^©+cos^©“l 


i.e.. 

But 


C7C 

Cl'b 


« • 


(hc'~cb'y-\-(ca'-acy={cih' — aby 


Ex. 2. Eliminate © between the equations 

a tan ©-b sec ©=c, p tan © - 1 ? sec ©=r, 

Here solving for tan © and sec © we get 

^ cq + br ^ £,_cp-ar 
tan ©= —n' . sec ©—, r 

aq-l-bp bp-^raq 

Since sec^0=ld-tan^©, we get 


Xop-lraql Vaqd-oq' 
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EXERCISE IV 

Eliminate 9 from the equations :— 

1. x=a cos 9t y—b sin 9, 2. x~a cos^9, y=b sin^ 9, 

3. p=sin 9 — q, q=cos 9-hp. 

4. x^a cos" y~b sin" 9. 

5. tan 0H-sin 9=x, tan @“sin 9~y, 

6. tan^ v^=sec^ 9. 

7. a:= 3—cot 3;=4+cosec 9, 

8. If x=r sin 9 cos y=r sin 9 sin 

z=r cos 9, then show that +y^-h . 

9. If 5;=cos 0 + sec 9, i?=sin cosec 0. 
show that ^+.^^= 1 + 860 ^ 0 cosec^ 0. 

Signs of Trigonometrical Ratios. 

13. First Quadrant. In this quadrant all the three 
quantities OM, MP, and OP are positive. Hence the ratios 
involving these quantities are positive. Thus in the first 
cjucidrant all the six trigonometrical ratios are positive. 

Second Quadrant. In this quadrant MP and OP are 

the ratios involving 
UM are negative ; others are positive. Thus in the second 

quadrant sine and coseca-t are positive; all others are 
negative. 

Third Quadrant. In this 
Quadrant OP alone is positive^ 
while OM and MP are both 
negative. Hence only those 
ratios are positive which involve 
both MP and OM. Thus in 
the third quadrant tangent and 
cotangent alone are positive ; all 
others are negative, 

j rM.,r 1 Fourth Quadrant. In this 

(^adrant OM and OP are positive while MP is negative 

Hence the ra tics involving MP are negative; others arc 
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positive. Thus in the fourth quadrant cosine end secant are 

positive \ all others are negative. 

Xhese r6su^ts can ba exhibited by diagrams as follows^ 
taking only the principal functions sin G, cos G and tan G. 


Sine cosine tangent 



Sine positive 
Cosine negative 
Tangent negative 


All ratios positive 


Tangent positive 
Sine negative 
Cosine negative 


Cosine positive 
Sine negative 
Tangent negative 


14. Limits to the values of trigonometrical functions. 

Sin^ @ and cos^ both being squares are necessarily 
positive : and since tbeir sum is unity, therefore either 
of them can never be greater than unity. Thus sin* G is 
never greater than unity and similarly cos^ G is never greater 
than unity. 

‘ — l<sin and — l^cos 0^1. 

i.e., sin 0 as well as cos 0 can never be greater than 
unity numerically. 

Sec 0, being reciprocal of cos 0, can, therefore, be 
never less than unity numerically ; 7.e., sec 0 can never lie 
between 1 and -1, but may have any other value. A 
similar remark applies to cosec 0. 

From sec* 0=1+tan* 0, it follows that tan 0 may have 
any value whatsoever. And cot 0, being reciprocal of tan 0,. 
may similarly have any value. 

These results could also have been arrived at from the 
.figure of Article 10. 
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MP can never be > OP numerically. 
MP 


OP ” 
i.e., sin 9 „ 
Similarly c'^s 6 
Again v OP 
. OP 

*■ OM’’ 
i.e„ sec 9 ,, 
Similarly, cosec 9 


1 ) 

91 

i» 
1 i 


>1 

>1 

>1 

<OM 

<I 


It 

tt 


<1 


99 

It 

99 

19 

99 

99 


Also no restrictions can be put on the ratio 


MP 

OM 


or 


OM ^ ^ 

, therefore tan 9 anJ cot 9 can have any value 
whatsoever. 

15. We are now in a position to express the circular 
functions of an angle in terms of any one of them. 

First Metho.i, Let XOP be any angle 
9 and let the given sine be equal to a*. 

, MP 

so that 



Take OP=l and therefore MP=a:. 
Now since the triangle MOP is always right-angled, 
-therefore, we have 

OM=+ /0p2-l^p^=±vr^. 

Hence cos ^ 


sin^ 9 


tan e=MP= 

OM -v^l-sin^©’ 


OM_ 


OP 


= + 


^ 1 —sin^@ 


^ sin 9 


sec = +- - 1 _ 

OM ±/l-sin2@ 


cosec 9 ~ — 

MP X sin 
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COS 0 
1 


Seco 7 id Method. The same results can also be obtained 
in another way. 

Since sin^O + cos^@— 1. 

cos 0 = ±Vl—sin^O : _ 

- sin0 sin 0 cos 0 . v 1—sin^0 

cos 0 \ l-sin^0 sin 0 sin 0 

^ 1 1 

cos 0 \ l-sin^0 sm 0 

Note 1’ — The first method is to be preferred 

Note 2. —The fifiurc is drawn for the cate when f) is an acute angle. 
But the same method applies to an angle of anj magnitude. 

Note 3. — Notice the ambiguity in sign in the fir5t four results. 
When nothing is said about the magnitude of the angle, the sign of the 
radicals is doubtful and must be taken as :h. But if the magnitude^of 0 
be known then the radicals will not have the ambiguous sign as the pro¬ 
per sign of any circular function can then be dcteimincd with the help 
of Art. 13. 

Note 4. —The first method can be expressed as follows : — 

Take the ratio tn terms of which the other ratios are to be expressed. 
Put down Its value in terms of the Sides of the trian'^le of reference, riamely. 
OAfP. Denote the numerator by x and (Un'^minator by unity. Thus the 
given ratio is equal ty X. Th<>nbythe Pythogora's Theorem find the third 
iidc of the triangle of referena. Now put d nvn the values of the other 
ratios in terms of the sides of the triangle and replace x by the ratio in ferm.> 
of which the other ratios are to he expressed. 

'—Express all the circular functions of 0 in 
terms of sec 0. 

T ^ OP 
Let sec0-;i— 

Let XOP be any anfilj 0 and let OM = l, so that OV=x 
Then MP=zb 


iLT • _ 

Hence sin 0 —=ih 




- OP - y 
MP 

tan 0=OP 

OM 1 

^ OP 


— -f- c^0 — 1 

~ sec 0 
= ± \ sec^ 0 — 1; 


cot 0 Tuf^ — 


co5ec 0= 


MP 


’ v'x 


\^sec^0— 1 
sec 0 

\'sec^ 0 — 


. OM 1 1 

COS0=^^ r= . 

OP .r sec 0 
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The sign which should be given to the radical can only 
be decided when the quadrant in which 9 lies is known. 

Ex. 2. Given that tan @=|, where 9 lies in the third 
quadrant, find the other circular functions of 9. 

MP 

Here tan 0=1 and also tan (Sec Fig. Art. 13 

for an angle in 3rd quadrant only). 

Now let MP=2 in magnitude so that OM=3 in magni¬ 
tude. Hence OP'=\ 13. 

Now since the angle lies in the third quadrant, there¬ 
fore its sine, cosine, secant and co-secant must be negative 
while its tangent and co-tangent are positive. 


XT ■ n 

Hence sin “=Qp " 

o OP_ 

cosec 0= 

n OM 

cot 9 =mp = 


-; cos 0 

' 13 


' 

: sec 0 


3 

2 


OP 

QP = 

OM 


Vi3 

V13 

3 


Ex. 3. If cos A= 


3rt 


2.CI -hi 

possible values of a. 

2a cos A + cos A = 3^7. 

cos A _ j 
3—2 cos A 


, find the greatest and least 


a — 


3 


2(3-2 cos A) 


Thus (7 is least when 3—2 cos A is greatest or when 
cosA= —1. Thus least value of tz=—^ + J. cz is 

greatest when 3-2 cos A is least which is so when cos A 
=1. Thus greatest value of «=—i + t=l. 


EXERCISE V 


1. Find whether the following are positive or 
negative: 

(i) cos 140°. (li) sin (nO tan (-122°). 

2. Express all the circular functions of © in terms of 
tan 9 when 0 lies in the third quadrant. 
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3. Find whether B is possible in the following : 


<i) sin 9= ^ . (I'O cos @ = -f. {Hi) tan 0 = 100- 

4 5 

\tv) cosec 0= (v) sm 9=- 2 —j 2 (^ 1 ) szc 9 = 

4 ^ Cl " 0 

Find the quadrant in which 9 lies in the 
cases :— 

\ ^ o 

4. sin 0=and cos0=— 


“ 2ab~ * 
following 


5. cot 0= —3, S 2 C 0 = 


VIO 
3 ' 


6. sec0=—— and cosec 9= — 1-? 

3 2 

7. If sin find cos A, A being acute. 

8. If tan A=-V- and A is acute, find cos A. 

9. If sin 0=f and 0 lies in the third quadrant, find 
tan 0 and sec 0. 

10. If tan 0 = 3, find cosec 9 when 0 lies in the second 
< 3 uadrant. 

11. If sin 9— - 5, find tan 0. Explain why there are 
two values of tan 0. 

12. If cos A = Iff, find sin A and tan A when A lies in 
the fourth quadrant. 

13. If tan 0 = 3 and 0 is acute, show that 

sin 0 —cos 0 ^ 0*3 

sec 0—cosec 0 

14. Find tan A from the equation 3 sec^A + 5 tan^A 
= when 

(0 A lies in the third quadrant, ( 1 O when A lies in 
fourth quadrant. 

15. If sin 0—r'r —91 litid cot 0 and sec 0. 

1+m^ 
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tan 



find sin @ and cos 9. 


17. ABC is a triangle having the angle ACB=90®. AB 
= 15 feet, AC=9 feet; D is a point in AC suchthat 
AD=4 feet and CD=5 feet. Find (O sec ABC (it) coser 
CBD (m) cos ADB. 

18. What possible values of cosec A are given by the 
equation 3scc^ A=2 cosec A ? 

19. Is the equation 3 cos^(9—13 cos 9-1-12=0 possible ? 

20. Examine the possibility of the equation 2 cos 9 

— when >: is real. 

.r 


[Hint. The equation is x^—2x cos 9-f-l=0. The dis¬ 
criminant of this quadratic in ^ 4 cos^9—4 which must 

not be negative. So that cos^9 — 1 must not be negative 
so that cos 9=1 or >1 numeri:allv. But cos 9 is never 
greater than 1. The equation is possible therefore only 
when cos 9=1, in^which case Ar=l.] 


21. Prove that the equation cos 9 =a*+- is impos¬ 
sible if X is real. ^ 

22. Show that the equation (a+h)2=4afo sin29 is possi¬ 
ble only when a=b. 

23. If sec and cos <f>= - , what are the greatest 

possible positive values of a and b ? 


Formulae of Chapter II 

A. Relations. 

cosec 9=1. (ii) cos 9xsec 9=1 

ri sin29+cos*9=L 

(v) sec 9—l + tan^ 9. (vt) cosec^9=l+cot% 

Signs : — 

Quadralft Trigonometrical ratios are positive in tbe Firs 
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(ill) Tangent and Cotangent are positive and others 
are negative in Third Quadrant. 

(iv) Cosine and Secant are positive and others are 
negative in Fourth Quadrant, 

N.B .—Sine as well as cosine of any angle is never 
greater than unity numerically. 

REVISION QUESTIONS II 

1. Transform (H-cot^@) cosec 9 so that it shall con¬ 
tain no trigonometric functions except sin 9. 

2. Express sin^@+cos @ so that it shall contain only 


cos 9 


3. If tan 9 = 


m 


show that 




m sin 9 -n cos 9 


n m sin @-hn cos 

4. An angle a lies between ISC'* and 270*’ and 
tan a =-V- . find the other trigonometrical ratios of a. 

5. If tan a:= 2—v'S. find the other circular functions 
of -r. 

6. If cosec 0—sin and sec ©-cos @ = show 

that cot ^ — * 

7. If tan A + sin A=m, and tan A—sin A=n, 

show that m“—n^=4 v''rMn. 

1 


8 . 


If sec 9=x-\~ . prove that sec @-htan 9 = 2x or 


1 

2a; 


9. 

10 . 

IL 


If tan 04-sec 9 = a, show that ('a*-l-l)sin 0=a^—1. 
Show that Osin 0 — 4 sin^0)^+3(005 0 — 4 cos’0)^ = J. 
Show that sec®0-tan®0=l + 3 tan^0 sec^0. 


12. Show that 

sin®@— cos®0= ('sin^@-cos^0)(l—2 sin^@ cos^0). 

13. Show that an angle 0 can be found such that 


sec 0 = 


2xy 


int£.rm^ediate trigonometry : 
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14. Elininate @ between 


ax ■ by . 2 

cos B sin 

4 4 

and ax sec @ tan B-^hy cosec B cot ©=0. 


...CO 


...(iO 


OX sin 0 j_ by cos 0^, 

[Sol. (n) gives 

or tJAT sin*0+fej^ cos^0=O 

sin^ 0_cos’0x.. sin 0 _ cos 0 ^ - 1 

or --=—' " "Ot 


by 


-ax 


ibyy — iax) 


Vcby:^ 




aI 


so thatsin0 = 


(by) 


and cos©= 


— (ax) 


V (ax)^ -\-(by)^ 

Substituting these values in Ct), we get 




V 


(ax)^+(hy) 


§ 


ax 


V 


(ax)^ +(.by)^ 


by \/ 


-(ax) 


( ax)^ +( & y) ^ =a2_j,2 

(by)^ 


% 

■ff 


or [(a-v)^ +(by)^ =b^-a^ oi (ax)^ +(by)^ ={a^-¥) 

•> • * 

15. Prove that sec^0+cos^© can never be less than 2, 

(P. U. 1940) 

[Hint. 360^0+008^0= (sec © — cos 0)^+2 which is 
evidently greater than 2 except when sec 0-cos 0=0, in 
which case it becomes equal to 2]. 

16. If Uo=cos“0+sin"0. show that 2U6-3U4+1=0. 

17. If sin A= " 2 ^^ greatest and the least 

possible values of «, 

CHAPTER nr 

TRIGONOMETRICAL RATIOS OF CERTAIN 

ANGLES 

16, To find the trigonometrical functions of 45® or ^ 


trigonomeItrical ratios of certain angles 

i ^ 

Let XOP be aa angle of 45°. From ■ 
any point P. in OP draw PM 1 OX. / 

Then /OPM^45°... because A OMP is / 

right-angled. ^ / 

OM = MP = fl (say) y 

OP2=OM“+MP2=2a^ .4k 

or OP—\'2a. 0 a 


At X 


Hence sin 45°= 


MP^_a_ 1 .. 


OP \^2a V 2 ’ 


cos 45®=^^=-?—= ^- • 

OP x2a v2' 

tan 45°=J^ = — = 1 ; cot 45° 

OM a 

.CO OP _/2a 

sec 45 =r\xk =\ 2 

OM a 


OM 

MP 


= 


J AIZO OF 

and cosec ^*5 = 


_ \ 2a 


= \^2. 


17. To find the trigonometrical ratios of 30° or . 

o 

P Let ZXOP be 30°. Make 

ZQOX = 30° in magnitude. From 
any point P in OP draw PM± 
OX and produce it to meet OQ 

_in Q. Then evidently As MOP 

At X and MOQ are congruent. 

ZP=ZQ=60°, because 
. ■ ZPOQ=60°. 

^ Hence APOQ is equila- 
Q teral. 

1 Qp 

Hence MP=-^PQ= (say), so that OP=2a 

/. OM2=OP2-MP^=4a2—^2 = 3^2^ ?. e.. OM= v 3a. 

• 'oAO MP i, a ^ 1 , 

Hence„.:Sin dU ^ 
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COS oO —rwi 


tan 30"" = 


OM 
OP 

MP 
OM 
OP 


sec 30 Qj^ 


v/3<i_ v^3 

2a 2 • 

1 ^ ,.o OM _ 

73= cot30=^p-/3; 

^ and cosec 


TT 




o ^ * 

18. To find the trigonometrical ratios of 60 or 

^ Let Z.XOP=60^ From any point P in OP draw 

PMXOX- Then ZOPM=30®. Therefore if OM=iJ. 

then OP=2a andMP==\/3a. 

u • Aoo MP„/3a_A/3. 

Hence sin 60 =Qp "■ ^ ' 

^ao_OM^^ =_L . 

cos 60 -pp 2a 2 ’ 

NiP__v"3« 

tan 60 - 

cot 60°=-^ : sec 60°=2 and < 



/I 


cosec 60°== 


v^3 

V3 


A/ofe.—Angles discussed above viz., 30®, 45®, 60®* lie in the lirst 
quadrant and it is for this reason that signs of the radical in the values 
. of trigonometrical ratios are all taken positive. 

19. Before proceeding to find the trigonometrical 
ratios of 0° and 90°. the student s attention is drawn to the 
following facts* 

1. The division of any number by 0 has no meaning] 

whatsoever, so that an expression like — or —hasnoi 
meaning. The expression —, for example, has a defini ^ ^ 

X 

value for all values of a:, whether small or large, except tl 
value 0 of x* 

If X decreases towards 0 (but is not allowed to ta 
the value 0) while it remains positive, it is obvious tl 
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' increases and remains positive. Given any number G, 

X 

however large, a value xi of .r can be found such that 

— >G. For this it is sufficient to take as-Yi any number 

tj 

1 

less than -q • 

It follows, therefore, that as x decreases towards 0, 
~ ■ increases in such a way that no number, however 

X 

large, can be pointed out which will not be exceeded by 
^ atsamc;tage. This is expressed by saying that limit 

X 

of ^ when Y tends to zero through positive values is 


X 


infinity and is symbolically written as 


Lt 

Y-^ + 0 




Similarly when a: tends to 
the limit of — is minus infinity 


Y 


0 through negative values 
or symbolically 


Lt J^==_oo 

Y^-0 jt- 


The symbol means ‘ infinity ’ but it should be noted 
that infinity is not a number. Such an eQuation y 
is meaningless in the ordinary sense of equality. There¬ 
fore when we say that we shall simply mean that x 

is supposed to assume a succession of values which increase 

continually without limit. ^ 

20. To find the trigonometrical ratios of 0 . 

Let £XOP be 0^ the revolving line OP coincides with 
the initial line OX. If therefore PM be supposed perpen¬ 
dicular to OX, P and M coincide. 

MP=0 and OM=OP = l, say. 


Hence sin 0^= 


MP 

OP 


0 

1 


cos 0"= 


o OM 


OP 




t 


sec 0°=1, tan 0°=^ = =0 

OM a . 

cosec 0° by definition would be equal to or whi^K 

OM 0 ''"'cn 

IS meaningless. Therefore strict speaking cosec 0 ha= 
no value ^w^hen ©=0. But if 0 is small and positive! 

cosec is positive. 

As 0 tends to zero. MP also tends to zero and there- 
MP ^ infinity. Similarly if @ ->o 

through negative values, then or cosec 0 tends to I 

^ m 


Lt 


Hence cosec @ = rtoo 

Similarly cot 0», from ^finition, has no meaning. But, 

when 0 .s small, cot 0= As 0 tends to zero. OM I 

. * * 

tends to OP pr.l and MP tends to zero,, so that ^ cot fl 

tends to ±<>o. according as 0 tends to zero through Dost 

tive or negative values. >^urougn post- 


21 . To find the trigonometrical ratios of 90° or 


IT 

2 



■ _ ZXOP be 90°. From any 

P.i" OP ciraw PMIOX. 

Then evidently M and O coincide' 

and therefore OM=0 and MP=OP 

=1. (say) 

Hence 


sin 90°= 


MP _J . 
QP “1 o 


• qao 0M[ 

cos 90 = gp 


cosec 90-= - 1 , 

cot 90‘-:» =0. 
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Sec 90®, by definition, would be equal to 


OP 


or 


OM 0 ’ 

which is meaningless. But if B is less than 90®, sec B 
OP_1 

OM^OM 


“ positive, because OM is positive. As 

1 


@ tends to 90®,. OM tends to zero and therefore 


OM 


or 


sec B tends to -l-oo. Similarly if B is greater than 90®, 

OP 1 

then sec @= and is negative, because OM is 

negative: and as B tends to 90°, OM tends to zero so that 
sec B tends to — oo. Hence 

Lt sec @=+oo according to @->90° through values less than 
@^ 90 ® 

90° or greater than 90°. 

Similarly it follows that 

Lt tan@=±oo^ according as @->90® through values 
@^ 90 ° 

less than or greater than 90°. 

22. To find the trigonometrical ratios of 180° or 

Let /XOP be 180°. The 
revolving Itne OP coincides with 
OX'. If. therefore, PM be 
supposed perpendicular to OX': 

P and M coincide. 

MP = 0. If OP=l. 

OM=-l. 

TT _*_ 1 ono ^dp 0 rt ■» nr\0 ONI —1 

Hence sin 180 cos 180 =-l ; 

taa 180 =^=Qj^=0: sec 180°= ^^ = ^=-1. 

Cosec 180° by definition would be equal to^^ or , 

which is meaningless. Therefore strictly speaking cosec @ 
.has no value when @=180°. But if @ is slightly less 
than 180° and is therefore, in the second quadrant, 
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cosec Jp an'l « P°™- 

As 0 tends to 180^ MP tends to zero and therefore 
-- or cosec 9 tends to infinity. Similarly if @-^180'’ through 

MP 

values greater than 180°, then^p or cosec 9 tends to -oo. 
Hence 

Similarly @^i 8 o° 0 = according as @->180° 

through values less than or greater than 180°. 

23. To find the trigonometrical ratios of 270° or 
Let ZXOP be the revolving line OP coincides with 


OY'. If therefore, PM be supposed perpendicular to OX 5 
O and M coincide and therefore, OM=0. If OP=l, then 

MP=-L 

Hence sin 270 ~Qp cos Z70 — 

. 0700 — OM 0 ^ 0700 - OP 1 _ ^ 

cot 270 cosec 270 j^p 1, 


Since OM tends to 0 and MP tends to -1. 

according as @ is le s than or greater than 

270°. 

Similarly ^^ 27 ^®= + “=- 

24. To find the trigonometrical ratios of 360° or 2“^, 

When the revolving line OP, starting from its initial 
position OX, has turned through an angle of 360° it coin¬ 
cides with OX. Hence the trigonometrical ratios of 360° 

are the same as those of 0°. 


i.e., sin360° = 0; cos 360®=1; tan 360®=0; cot 360° = T<»; 
«ec 360°-*1; coscc 360°=+<». 
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Ex. 1. Solve the equations 2 cos^@+7 sin @ — 5=0. 

The equation can be written as, 

2(l-sin^9)+7 sin 9-5=0 . ^ 

or 2-2 sin29-t-7 sin 9-5 = 0 or 2 sm^9-7 sin 9+3 = 0 

. • £>_ 7 ±^/ 49 -^ 7 ± 5 _.^ 

■ ■ sin 9 =- - -= '-4 or 

Now sin 9 is never greater than 1 and therefore the 
value 3 is rejected. Hence we get only 

sin 9=^ , which gives us 9= -g-. 


of J ani iS 


This angle-^ is said to be iaverse sme 

6 

-written as sin"* 4. 

Ex. 2. What is sin-' ? 

^ ' <2 ^ 

It is an angle whose sine is ^ a.e., ^0 - 
Ex. 3. Show that 

4 cos^ " 2 — 3 cos “ 7 'd" 1 ” 3 cos ‘a — 4 cos^ « . 

R.H.S. = 3x4-4(4)3-§-';'-1. 

Ex. 4. Solve for R and 9, 

R sin 0 - 1 

• R cos 0 = \' 3 

.given that 9 is acute and positive. 

Squaring and adding (O and (ii). we get 
R2(sin2 ©d-cos^ @)=4 or R" = 4 

R =±2. 

The value—2 is rejected because this leads to the equa¬ 
tion sin ©=-4 which is not possible since 9 is acute and 

positive R~2. 

When R=2, sin 9=i and therefore © = 30 . 


.00 
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EXERCISE VI 

Prove that 

1. 3 tan 60° = tan^ 60^- 

2. 3 cot^ 60°—sin^ 45°-cos 60' —0. 

3. 2 sin^ 45°—6 tan^ 30^4-cosec 30^ — 1. 

4. cosec^ 45'' + 2 sec“30“-8 cot^ ^'" — 2.. 

5. (0 cos 60^ cos 30^4-sm 60"" sin 30°=cos 30"^. 

(n) cos 60° cos 30^—sin 60^ sin 30'*=0- 

If A = 30^', verify that 

6. cos 2A = cos^ A-sin“ A. 

7. sin 3A=3 sin A- 4 sin^ A. 

8. cos3A = ^ cos^ A —3 cos A. 

If A = 60°, B = 30^, verify that 

9. sin (A+B)=sin A cos B-f-cos A sin B. 

10. cos TA —B) = ccs A cos B+sin A sin B. 

IL Is the relation sin2@ = 2sin 9 cos @ true when 
^ = 30^ or 45° ? 

Solve the following equations : 

12. r cot- 45° sec^ 60° = 12 sin- 90^ 

13. 2sine=tana 14. 2 cos2@-l=l-sin2©. 

15. tan @ s:n @-sinO = 0. 16. tan 9+cot @=2. 

17. Give that 

sin (A -B)=^ and cos (A+B) = ^, find A and B, 

18. Given that tan (A-B) = and cos(A-hB)=0* 

find A and B. 

19. When A = 45 , B = 30° and C—60°, find the value 
of sin A cos B cos C —cos A sin B sin C+cos A cos B cos C. 

Heights and Distances 

25. O e of the applications of elementary trigono¬ 
metry is the finding of heights and distances from the 
knowledge of some known angles, heights and distances. 
Thus trigonometry is highly useful in land survey. Also 
with the help of trigonometry we can measure the heights- 
or the distances of points which are otherwise inaccessible; 
tor example, the distances of the sun, the moon, and the 
planets. The method will be best illustrated by the exa^i- 
ples that follow. 
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EH is the horizontal line, E being 
the observer and O and O' are any 
two objects in the vertical plane 
containing EH. Then ZHEO is 
defined as the Angle of Elevation 
of O, and is sometimes called altitude 
of O. 

zHEO' is called the Angle of 
Depression of O'. 

Ex. 1. A tower stands on a horizontal plane. A ma 
on the ground 100 feet from the foot of the tower finds tha 
the angle of elevation of the top is 60 . Find the height of| 
the tower. 

Let BC be the tower of height k and let A be the posi¬ 
tion of the observer. 

Then, AB=100 feet nnd ZBAC=60^. 

Also ZaBC = 90\ 



Hence tan 60° = ?-^- = ^^' 


« • 


h=^ 


AB 

100 tan 60“ 

=100 v'3 
= 173*2. 


h 
100 


Therefore the height of the tower is 1732 ft. 

Ex. 2. A person standing on the bank oi a river finds 
that the angle of elevation of the top of a tree on the 
opposite bank is 45° ; on going back 50 yards, he finds that 
the angle of elevation is 30° ; find the height of the tree and 
the breadth of the river. 

Let X be the height of the tree. 

Since ZDFB=45°, ZBDF=45". 

Hence FB = BD=.a:. 

o BD X 

Now tan 30 - 

X 


^+ 50 ’ 

or 50-\‘X=V3x, 
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44 

V 

^ _50_ (50 v34-l) 

' *■ ^ v3-l“ 2 

! =25 X (2*732), approximately=68*3. 

: Therefore the height of the tree-breadth of the river 

I =68 3 yds. approximately. 

i Ex. 3. An aeroplane is observed at the s^me time by 

two anti-aircraft batteries disiant 6000 feet apart to be at 
elevations of 30^ and 45*^ respectively. Assuming that the 
* aeroplane is travelling directly towards the two batteries, 
find its height and its horizontal distance from the nearer 
battery. 

Let A and B be the two batteries and C the aeroplane. 
Draw CD ± to AB and let CD, the height of the aero¬ 
plane be X and let BD— 5 ;. so that AD=6000— 

Then ZCBD = 45^ and since tan 45®=!. 


we have 1 = or y-x. 

y 

Also ZCAD=30^ and since tan 30° = 


we have !-^= 


^/ 3 ’ 

V6000-y "6000 

6000 


Hence 6000—.v= v^3jj or -^ 3 ^ 2 “21696 feet. 


Ex. 4. A man standing a feet behind and opposite the 
middle of a football goal observes that the angle of eleva¬ 
tion of the nearer cross bar is a and that the angle of eleva¬ 
tion of the farther cross bar is P. Show that the length of 

. ,j . tan a—tan^. 
the field is a - - o" • 

tan 0 


Let O be the observer and let AB and CD be the 
heights of the two cross bars. OAC being a st. line OA=« 
ft. and ZBOA—and ZDOC=) 0 . 

AB 

As =tan a, AB=n tan'.a. Also as AB = CD. 


4 4 


OA 

CD=a tan 
OC 

Again, ^ = cotP, 


• • 


OC=CD cot fi~a tan a cot P. 
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Hence length AB of the field is given by 
AB=OC —OA=a tan a cot 

/tan ct , \ 

= “ itan ^ 1 j 

_ (tan a-tan )8) 

^ tan P 

EXERCISE Vir 

1. From a point 80 feet from the foot of a tower the 
angle of elevation of the top is 30° ; find the height of the 
tower. 

2. At a point 200 feet from a tower which stands on 
a horizontal plane, the angle of elevation of the top is 60°. 
Find its height; also find at what distance the angle of 
elevation will be 30°. 

3. A kite string is 350 yards long and its angle of 
elevation is 60°. Find the height of the kite above the 
ground. 

4. From the top of a cliff 125 feet high a man observes 
the angle of depression of a boat to be 30°. Find the dis¬ 
tance of the boat from the foot of the cliff. 

5. A vertical post casts a shadow 20 ft. long when the 
altitude of the sun is 60°. Find the length of the shadow 
w'hen the altitude of the sun is 30°. 

6 . The upper part of a tree broken over by the wind 
makes an angle of 30° with the ground and the distance from 
the foot to the top of the stump is 40 feet. What was the 
height of the tree ? 

7. A person standing on the bank of a river finds that 
the elevation of the top of a tower on the opposite bank is 
60° ; on going back 25 feet he finds that the elevation of the 
top IS 35°. B’ind the breadth of the river between the man j 

and the tower. ! 

1 

8 . From the top of a tower 100 feet high the angles-; 
of depression of the top and the bottom of a house are 30° | 
and 45°. Find the height of the house and its distance from ; 
the tower. 

9. From the top of a tower 100 feet high the angles of. 
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Ij 

t I ^ • 

depression of two objects situated oh the plane on which 
the tower stands, due north of the tower, are 60° and 45®. 

' Find the distance between the objects. 

I 10. A straight tunnel AB is bored horizontally through 
i a mountain. The distance over the mountain ACB is 5 
; imiles and the sides of the mountain slope at angles of 30° 
j ,and 45°. Find the length of the tunnel and the height ■ of 
the top C above AB. 

11. An aircraft is observed at the same instant from 
' two places A, B 10 miles apart, at elevations of 30° and 60°, 
Deing then vertically above some point between A and B. 
Half a minute later it is vertically above B. Find its height 
, ind its speed. 

I 12. A telegraph pole of diameter 1 ft. 8 in. is strength- 
;ned by a wire cable, which passes once round the pole at a 
leight of 10 ft. from tlie ground. Find the length of the 
:able required, given that the cable is inclined at an angle of 
30° to the ground. 

26. Above we have calculated trigonometrical ratios 
! Dr the angles 3J®, 45°, 60°, 90°, 0°, In a subsequent chapter 
re shall give methods to calculate the values of trigono- 
letrical ratios of one or two angles more. But towards the 
nd of the book are given tables ot values under the head- 
1 igs ‘ Natural Sines,’ ‘Natural Tangents’, etc., in which are 
^ ibulated the values of trigonometrical ratios for all angles 
:om 0° to 90° correct to four places of decimals. The 
j. lethod of using these tables is illustrated below :— 

Firstly. To ivrite doivn the trigonometrical ratios of 
n angle ; e.g., to find sin 30° 18' and sin 30® 21'. 

Turn to the pages in which the heading is Natural 
ines ; run down the first column under degrees till 30° is 

i sached and then look along the row of 30° till the minute 

Dlumn under 18' is reached : we get the number^ 5045 
here. 

. Thus sin 30° 18' =’5045, 

Now to find sin 30° 21', we proceed as in the former 
ise and get sin 30 18 and then look at the columns on the 
ght hand under the heading mean differences* Run down 
le column under 3' till you get to the row 30® ; you find 
as the difference for 3', Therefore it means : 
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sin 30" 18'= 5045 Cas before) 

Diff. for 3'='0008 (now found) 

sin 30^ 21'-*5053. 

Note. For cosines of angles refer to pages with head¬ 
ing Natural cosines and for tangents to pages with heading 
Natural Tangents and for cotangents to pages with heading 
Natural Cotangents^ 

Secondly. To find the angles lying between 0° and 90^ 
corresponding to a given trigonometric ratio, e, g., given 

I tan (9 = 1'1231, to find 6. 

Turn to the pages of natural tangents and try to find out 
the number nearest to 1*1231 and less than it. We find 
that the nearest number is 1*1224 given in the row of 48® 
and in the column of 18' ; this means that tan 48" 
18' =1*1224. Now the difference between 1*1231 (the 
given tangent) and 1'1234 is *0007, i. e., 7 (omitting the 
point and the zeros). Examine the difference column along 
the row of 48" and find the number 7 given under the 
difference 1'. This means that the angle found first, viz., 
48" 18' must be increased by 1', t'.e., ©=48° 19', 

Similar process is to be observed for other cases. 

It must be observed that the mean difference is to be 
added in the cases of sine and tangent, and subtracted in 
the case of cosine and cotangent for an increment in the angle. 

Ex. Solve 3 sec" ©=8tan © — 2. 

Since sec“ ©=1 + tan^ ©, 

we have 3(14-tan^0)=8 tan ©—2. 

or 3 tan^ © — 8 tan ©4-5=0 

i. e., (tan © —1)(3 tan © —5)=0 

either tan ©=1 which gives ©=45° 
or tan ©=| = 1‘6667, which gives 

©=59° 3' (From tables of Natural Tangents). 

Note .—Whenever we omit a figure in the 5th place 
of decimals, we add 1 to the figure in the fourth place if 
the omitted figure be 5 or a number greater than 5. 

Ex. 1. The side of a rt. angled triangle opposite to rt. 
angle is 400 ft. and one angle is 19° 17/. Fmd the other 
two sides. 
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Here let ABC be the given triangle rt. angled at 



Then AC=400' ft. 

/ACB=19° 17' 

AB=-ACsinAC3 
=400 s n 19^ 17' 


=400 X-3303 ft. 

=132-12 ft. 

CB = AC cos ACB 
=400 cos 19° 17' 

=400 X •943.'' 

=377-56 ft. 

Ex. 2. From a point 50 ft. from the foot of 
a tree the angle of elevation of the top is 70°; 
find the height of the tree. 

Here AB=/i 



=BC tan 70"=50 x 2-7475 ft. = 137-375 ft. 

EXERCISE vrri 

1. It the sine of an angle be -2116, find the angle. 

2. If the cosine of an angle be -9731, find the angle. 

3. If the tangent of an angle be -3669, find the angle. 
Solve the following triangles, using four figure tables .— 

4. A=34°, B=56°. c=10. 5. B=35°. C=90° 6=5 

6 . A.=80°, C=90°. 6=43^. 

7. C=90°. a=500. A=50° 17'. 

8 . ti=50,-B=75°. C=90°. 


9. Each leg of a step ladder is 8 ft. long and it stands 
on level ground with its feet 5 ft. apart. Find the a^e 
which each leg makes with the ground. 

a point P to a circle ol 

S? tenth's elhf tW 
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Formulae of Chapter III 


(An Aid to Memory) 


Angle 

Sine 

0° 

a/x, 

30° 

a/? 

45° 

A/f 

60° 

v/| 

90° 

v/i 

Cosine 



v/f 

A/t 

A/i 

Tangent 

Vh, 

Vh 

:V 4-2 


A/ 4^4 

1 


Note 1 .—Only first t«ro may be memorised because by dividing the 
sine of the angle by its cosine, tangent can be obtained and cotangent, 
secant and cosecant are reciprocals of tangent, cosine and sine respec* 
tively. 

Note 2.—The values of Trigonometrical ratios of angles bigger than 
90° will form the subject matter ot the next Cbapter. 

REVISION QUESTIONS III 


1. Verify by taking A=60® and B=30° that 
(0 cos (A-B) is not equal to cos A —cos B. 
(n) sin (A+B) is not equal to sin A+sin B. 


2. Verify by taking A=30® that 


(0 sin 2A 


2 tan A 
i-htan« A* 


(it) cos 2A 


1 —tan^ A 
1+tan* A’ 


3. Verify by taking A=30° that 
(0 sin 2A is not equal to 2 sin A. 

(m) cos 2A is not equal to 2 cos A. 

4. Solve for 2 sin® @-3sm@-hl=0 when @ lies in 
the first quadrant. 

5. From the top of a cliff, 254 ft. high, the angle of 
depression of a ship was found to be 9°, and that of the 
edge of the sea 72° ; how far distant was the ship from the 
edge of the sea ? 


6. The angle of elevation of a cloud from a point 4G0 ' 
feet above a lake is 30° and the angle of depression of its 
reflection in the lake is 60®. Find the height of the cloud. 
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7. A person on the Bank of a river observes that the 

straight line between himself and a particular point on the 
opposite bank makes an angle of 60"^ with the stream. After 
walking along the bank down-stream a distance of 150 feet 
the angle is 30°. Find the width of the river. ' (P. U.) 

8. From a light-house the angles of depression of two 
ships on opposite sides of the light-house arc observed to 
be 30° and 45°. If the height of the light-house be 300 
feet, find the distance between the ships if the line joining 
them passes through the foot of the light-house. 

(P. U. 1941) 

9. An observer in a boat is being rowed away from a 
cliff 150 feet high and it takes 2 minutes for the angle of 
elevation of the top of the cliff to change from 60° to 45°, 
Find the speed of the boat. 

10. A flagstaff 20 feet high stands on the top of a cliff 
and from a point on a level with the base of the cliff the 
angles of elevation of the top and the bottom of the flagstaff 
are found to be 45° and 30°. Find the height of the cliff. 

11- There are two towers on a horizontal plane. 
Observed from the foot of the first the angle of elevation 
of the top of the other is 60°; when observed from the foot 
^ q o angle of elevation of the top of the first 

IS 30 . Prove that the second tower is three times as hich 
as the first. ® 


12. From a point on the ground on one side ,''f a street 
4U feet wide, the height of a house on the opposite *!ide is 
observed to subtend an angle of 60° and the top of a win^'^w 

angular altitude of 45°. Determine the height oJ 

the house and the distance of the top of the window from 
the ground. 


13. In a q^drilateral ABCD. CD=6 in., AD=8in., 
angles at C and Dare right angles and angle at A is 140° 
Find the lengths of the sides AB and BC. 

4 iaM* with a span roof has a rectangular floor 

ot 10 ft. wide and 16 ft. long and the pitch of the roof is-30° 
Find the area of the roof. < 


CHAPTER IV 


TRIGONOMETRICAL RATIOS OF ALLIED 

ANGLES 


27. To comvare the trigonometrical ratios of the angles 
-h© and—0. 

Let the revolving line starting from the position OX 
describe the angle XOP ('=+©) and the angle XOP' 
( = — ©). From any point P in OP draw PM J_ OX orOX', 
and produce it to cut OP in P'. Then evidently the tr. 
angles OPM and OP'M are congruent. Therefore, having 
regard to the signs of lines, we have 



OP=OP' ; MP'=-MP ; OM=OM. 
w. sin C ©)“ Qp OP ^ * 
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cos( -@)= 


OM 

OP 


. r .• 


» * * 

—COS 9 : 




OM 

^ OM 

cot( - ©) = 

OP' 


OM 

OM 
MP 


= — cot @ : 


sec( -@) = 
and cosec(—@) = 


OM"OM : 


l1 


OF 


OP 


= — cosec 9. 


MP' MP 

Ex. With the help of this* article, find the trigono- 
nretrical ratios of 0°. 

We have sin 0^=sin ( — 0®) 

= -sin 0® (V -0= 4 0)^ 

By transposition, 2 sin 0° =0 ; t.e., sivi 0®=0. 

The remaining ratios can how be easily found. 

28 . To compare the trigonometrical ratios of 9 and 

(90®— 9) : i e., of complimentary angles. 
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Let the revolving line, starting from OX. trsce out the 
angle XOP equal to B : then let the revolving line goihGiae 
with OY and tnen revolve in the opposite direction through 
@ so that it has described an angle XOP' equal to 90 - 

From any point P in OP, draw PM perpendicular to 
OX or OX produced. Cut off OP'=OP from OP'. Draw 
P'M^ perpendicular to OX or OX'. Then the triangles 
OPM and P'M'O are evidently congruent. Therefore 
having regard to signs of lines we have 

OP' = OP-; OM'=MP and M'P' = OM, 


sin(90°-©) = 


M'P'_ OM 
OP' OP 


, OM' MP 
cos(90° - 9) ^ OP 


tan(9O°-0) = 


M'P' 

OM' 

OM' 


OM 

MP 

MP 

OM 


A ^ •v V v 4.TX 

cot (90 OM 

. OP' OP 

sec{90°-©)-Qj^'- j^p 


= cos 9 ; 
= sin ^ ; 
=cot 9 ; 
= tan 9 ; 


— =cosec 9 ; 


. ^OP' OP 

and cosec (90°-^0) "m'P' OM 


=sec 0. 


Ex. With the help of this article find the trigono¬ 
metrical ratios of ,45'’. 

We have sin 45"'.^cos (90" - 45"J =cos 45° 

Dividing by cos 45", we have tan 45°=1. 

The remaining ratios can now be easily found. 

29. To compare the trigonometrical ratios of 9 and 

Let the revolving line OP starting from OX revolve 
and describe the angle XOP equal to @ ; let it revolve fur- 
ther from the position OP through a right angle m the 

positive direction to the position OP . 

From any point P in OP draw PM ± OX or ^X 
From CP' cut off OP' = OP. Draw PM ± OX or OX 
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Then the triangles OMP and P'M'O are cvidenM 
congruent. Therefore having regard to the signs of Sli 

we have • 


OP'=OP ; M'P'=OM and OM’ =-lVfP. 



sin (9O®+0) 



M'P' 

OP' 



cos(90® + <9) 


OM'_ MP . . 
OP' 


tan(90'»+©) 


OM' 


OM _ 
MP 


-cot 


cot(90’+@) 


OM' MP___ 

M'P' " OM ® 



sec(90®+©) 


and cosec(90®+®) 


_ OP' OP 
~ OM'-~ MP=- cosec®; 


OP^_ 

M'P'r 



OP 

OM 


=sec ®. 
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3Q. ^To, compare ^the ^trigonometrical ratios of 9 and 
180®—©; i.e,^ of supplementary angles. 

Let the revolving line OP starting from OX revolve 
and describe the angle XOP equal to 9. Then let it coin¬ 
cide with'OX'' and then revolve in the opposite direction 
through © to the position OP' so that ZXOP^ is 180° — ©. 



From any point P in OP, draw MP L OX or OX'. From 
OP' cut off OP' = OP. Draw P'M'LOXor OX'. Then 
triangles OMP and OM'P' are evidently congruent. 
Therefore having regard to signs of lines, we have 


OP'=OP ; OM'=-OM and M'P'=MP. 

M'P' MP 

sin (180°-©)=—- = g-^ =sin ©: 

OM' OM 

cos (180°-©)=^; =-^ =-cos© 


M'P' 


tan (18(P-©) = 


MP 


OM' OM 


= — tan 9 


cot (180°-©) = 
sec (180°-©) = 


OM' OM_^ _ 
M'P'“ MP' 


OP' 

OM' 

OP' 


and cosec (180° —©) = w7Fv= 


OP 

OM 

OP 


= — sec © 


M'P'" MP 


=cosec 0 . 
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31. To compare the trigonometrical ratios of B and 

180 °+^. 

Let tLc revolving line OP starting from OX revolve and 
describe an angle XOP equal to B, Then let it revolve 
horn OP in the positive direction to OP' through 180® so 
that ZXOP'is 180“+a 

From any point P in OP draw PMJ_OX or OX . Cut off 
OP'= OP from OP'. Draw P'M'±OX or OX'. Then the 
triangles OMP and OM'P' are evidently congruent. 
Therefore having regard to signs of lines, we have 

OP'=OP; M'P'--MP and OM' = -OM. 



sin , 


cos 

M'P' 

tan(180°+l9)-k-iT> = 


cot (180“+@) = 
sec (180“+e) = 


and cosec (180®+®) = 


M'P' 
OP' ' 
OM' 
OP' ' 

M'F 
OM' 
OM' 

OP' 

OM' 

OP' 
M'P' 


MP 
OP ■ 
OM 
OP 
MP 
OM 
■OM 
MP 

QL 

OM 

OP 

MP 


= — cos ©; 


MP 

OM 

OM 

MP 


= tan 0 


=.^^ = cot ® 


= —sec 0 ; 


= —= - cosec 9. 


da 
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Periodicity of tan 0 and cot It follows that tan ^ 
assumes the same value when @ is increased by 1£0® or 
This is expressed by saying that tan @ ij a periodic function 
of the period being 180^ cr~. Similar is the case with 
cotangent. 

32. To compare the trigonometrical ratios of 9 and 

^±360^ 

In this case the two positions of the revolving line OP 
and OP' coincide in whichever quadrant the angle 9 may 
lie. Hence the quantities MP, OP and OM remain the 
same fot the two angles 9 and ©+360° ; j.e., 

sin (©zb 360°)=sin © 

cos (©zb360°0=cos ©, and so on. - 

Periodicity of Circular Functions. It follows that the 
addition or subtraction of any integral multiple of 360° fo, or 
from an angle © does not alter its trigonometrical ratios. This 
is expressed by saying that the trigonometrical ratios are 
periodic, the period being 360° or 2^1; except for tan © 
and cot © for which the peoriod, as shown already, is 
180° or TT. 

Ex. 1. Find the value of (0 sin 1650^ (h) tan'b40°. 

(0 sin l650°=sin (4x360°+210°) = sin 210° 

= Sind 80°+30°). 

= -sin 30°=-J. 

(a) tan840°=tan (2x360°+120°) = tan 120° 

=tan (180°-60°) = -tan 60°=- \/3. 

Ex. 2. Prove that sin 600° cos 330°+cos 120° sin 150° 
= -l. 

The L.H.S. = sin (600°-360°) cos (360°-30°) ' 

+COS (180°-60°) sin (180°-30°) 

==sin 240^ cos 30°—cos 60° sin 30° 

= sin (180°+60°) cos 30° —cos 60° sin 30 
= — sin 60° cos 30° — cos 60° sin 30° 


^ ^3_ 1 J, 

2*2 2 ' ' 2 


Ex. 3. If A, B, C are the angles of a triangle, prove 
that sin and sin A = sin (B+C). 
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As A-f B+C = -^. or 


B 


-f- + 


sm 




A 

2 2 
A _ _ 

2 ~ 2 
B C 


( 


c 

2 

B 


IT 

t 

2 

C 


2 2 


) 


2 2 


)J=cos( 


+ 


) 


B 

2 "‘“L 2 V • y. / 1 \ 2 

A=sin [ir^(B+C)]=sin (B+C) 

Ex. 4. Express the following angles in the torm 
Z»xQ0®-^a where/? is an integer or zero and a is a posittye 

Lgle not greater than 45« ; (.) 235« (i.) 554» (m) -416“. 

(i) 235° = 2 X 90° +56°=3 x 90° -35° 

(,i) 554° = 6X90°+14° 

(V,*) -:k°=-4x90°-56°=-5x90°+34° . . 

Note- Observe that the method employed above is 
perfectly general, so that any given angle can be expressed- 

in the form h^±<x, where « is positive angle not greater 


than 


ti 


Ex. 5. Show that sin (n7r±;a) = zh sin a or -h sin a 

according as n is an even or odd integer. 

Let n be an even integer, say 2m, m being positive or 

negative. ^ \ 

Then sin (n-±a')=sin (2m’rzba)=sin (±;a)=±sin 

Let n be odd, say 2m-M, where m may be positive or 

negative. - 

Then sin (n^±a)==sin (2m7r —7r±d) 

=sin(^d;a) =+sin a. 

33. The trigonometrical ratios of any angle can be 
expressed in terms of the trigonometrical ratios of an acute 
angle not greater than 45'". 

Any angle B is of the form ± ct. where k is an 


integer (positive or negative) and a is a positive angle not 


fl* 


treater than —• 

4 


Now k is (a) either an even integer (i) or an odd 
integer v 



\ 





TRIGONOMETRICAL RATIOS OF ALLIED ANGLES 5^ 
^ even integer, positive or negative, say 

2n. Then 

^ / TT ‘ ‘ \ ' 

sin @=sin ^ j—sin (nTrdia). 

Now if n is even say,.2p, then- 

sin (n^dza)=sin (2p7r±a) = 4:sm a. ' 

But if n is odd, say 2^ + 1. then 

sin (w^dioi.) =sin “«■ + 0 .)=sin (^± 01 ) = ^sin ct- 

ib) Next, let k be an odd integer, positive or negative- 
say 2m+l. Then 

♦ 

sih@=sin^fe 2 ' ± ct ^ = sin ^ ±:a ^ 

— sin^-^+wiTT dia ^“cosCm^rida). 

Now if rn is even, say 2p, then 

cos (wi’i’rba) =cos (2p7rd:ct) =cos ( i«) = cos a- 

But if m is odd. say 2C/+1, then 

cos (m^Tzba) =cos(2(77r+’>'±a) =cos(7rdza) = — cos a. 

Similarly other trigonometrical ratios can be expressed 
in terms of those of c*. 

- positive and negative integers cannot only be 
divided into groups of even and odd numbers but also in 
the,following manner :— 

J- (^) Those divis.ble by 3, La.,-of-the. type 3 ??i; ih) 

tho^ which give unity as remainder when divided by 3, f-e-, 
of the type 3m+l. (c) those which give 2 as remainder 
when divided by 3, Le-, of the type 3m+2. 

2. Similarly 4m-hl, 4m+2, 47n + 3 cover all pcsi- 
tive or negative integers, when m is any integer (positive 
or negative) and so on. 

The article 33 above can also be proved as follows :— 


sin© 


=sin ( 


k - 


TT 


-)■ 


where is any positive or negative integer and so of the* 
type 4m, 4m+l, 4m+2. 4m+3. 

(0 If k==4m then 


sin©=siD ^4 


4m X -1 




= sin (2m7r±a) 

—sin (=ta)=ztsin a. 









0 


- 
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■77 , 77 , 

><2 + 2 


(«) If J^=4m + lthen 

sin (9 = sin ^ 4m 

=sin|^^ ±a ^=cosa 

(ni) k — 4m2 then 

sin @=sin[2m’*^ + “—aj 

=sin(^±aL)~drsin a. 

(iv) If fe = 4mrf3 then 


sin<9=sin j^2m~ + 


3- 


a 


=sin 



Thus the result is proved in case of sine- Exactly in 
the similar way the same result can be proved for other 
trigonometrical ratios also. 


EXERCISE IX 

1. Find the values of :— 

(i) sin 945". (n) sin 495". On) tan 300’. 

2. Find the values of :— 

(O sin ( -390)". (iO cos (-945)". (in) tan (1140) 

3. Find the values of :— ^ • 

(t) cosec 2040". (ii) sec 3060\ (in) cot 720 . 

Express in their simplest ferm :— 

4. sin (180"4-A) cos (90 -A). ^ ^ ^ 

5. tan (180"-A) sec (180 + A) sin (9Q:+A). 
Prove that 


6. (i) sin^36"-sm=*18" = sin‘72'- sin254\ ^ ^ 

(i*) sin 420" cos^90."rfccos>(-*^660-) sin ( — 330 )—1. 

(in) sin 600" cos 330"4"C6s 120" sin 150 = 1. 

7. tan 225" cot 405"4-tan 405^ cot 675" = 0. 

Simplify : 

cos (90"-l-@) sec (-@) tan (180"_ 

sec (360"-e) sin (180 +©) cot (90"-©/ 

Q sin (180"+©) cos (270"-Q) 

sin (18d°‘- ©)‘cos (270"+©) 

10. If A+ B+C=180", show that 

tan (A+B) + tan C=0, 
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11/ In a triangle ABC, prove that 

A . B + C , . A B-fC 

cos — 2 =sin ^ and sin cos — 2“ • 

12. In a triangle ABC, prove that 

sin A—sin (B+C) and cos A=—cos (B-|-C). 

13- If A, B, C, D are the angles of a quadrilateral, prove 
that (i) sin (A-f B)4-sin (CH-D) = 0. 

(a) cos (A+B)==cos (C + D). 

14. A quadrilateral ABCD is inscribed in a circle- Show 
that sin A=sin C and cos B-rcos D=0. 

15. If A, B, C, D be the angles of a cyclic quadrilateral,, 
prove that cos A + cos B+cos C+cos D=0. 

16. Prove geometrically that 

cos (270° —A) = —sin A and sin (270°+ A) = —cos A- 

17. Show that in general 

cos (m "+@) “ ( — 1) "* cos 9. 


18 


. Prove that sin^-_j- + ^ ^=cos^— ^—9 V 


19. If tan (n~'h9) = a and cos (2mTr±,9)=b, show that 
Z>^(a^+l)=l provided that m and n are integers. 

, CHAPTER V 

VARIATIONS OF TRIGONOMETRICAL RATIOS 

AND THEIR GRAPHS 

34. To trace the variations of sin 9 as 9 increases conti-' 
nuously from 0° to 360^, and to exhibit them graphically. 

In the figure ZXOP=0- 

Let the revolving line OP be of constant length, say 1- 
. ^ MP 


Now sin @= 


OP • 


OP being constant, we have to observe the variations 
ofMP. 






€2 
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First Quadrant. In th^ lirst quadrant when 0-0“ 



M and P coincide and 


therefore' MP is zero, so 
that sin 0°=0- As 9 in¬ 
creases, MP and therefore 
sin 9 increases, till when 

0=90". MP=OP and hence 
sin 90^== 1- Thus in the 
first quadrant as 9 varies 
from 0^ to 90% sin 9 is 
positive and varies from 0 
to 1, i.e., increases from 0 

to 1. . 

Second Quadrant. As 

IS positive and decreases so that sm 9 is 

when 9 = 180 . MP vanishes 


-0 increases, MP 
positive and decreases; and 

and therefore sin 180'’=0. ^ n 

Thus in the second quadrant sin @ vanes frorn Ito 0 
i.e., decreases from 1 to 0 and is positive because MP is 

positive. , 

Third Quadrant. As © increases. MP is negative and 
increases in magnitude so that sin 9 is negative and 
creases in magnitude. . 

When 9=270°, MP=OP in magnitude and sin <i/l) 

Thus in the third quadrant sin 9 varies from 0 to 
— 1 and is negative because MP is negative. 

Fourth Quadrant. As 9 increases, MP is negative and 
decreases in magnitude, so that sm f « negative and de¬ 
creases in magnitude. When 9=360°. MP is zero, so that 

Sin 360°=0- 

Thus in the fourth quadrant sin 9 varies from -1 to 
0 , and is negative, because MP is negative. 


Note I.—It follows that sin Q it never greater than unity and that it 
is capable of assuming any value between 1 and -1. 






Note 2.-It also follows that there are two angles Ijing between 0 
60®, which have a given sine ; if the given sine is positive, the two { 
s lie between 0® and 180® and if the given sine is negative, the angles I 
tween 180® and 360*. | 



TABLE FOR THE SINE GRAPH 
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in 






cn 


CO 


<0 
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35. To trace the variations of cos BasB varies continue 
ouslv from 0° to 360^ and to exhibit them graphically, 

^ ’ Ol^ 

Referring to the figure of Article 34, cos ®“OP ‘ 

So the variations in cos B depend upon the variations 
in the values of OM. 

First Quadrant. In the first quadrant when @=0®, M 
and P coincide and therefore OM = OPand hence cosO®=l. 
As B increases, OM and therefore cos @ decreases, till 
when 9=90°, OM is zero, and hence cos 90°=0. 

Thus in the first quadrant cos B varies frona^ 1 to 0, 
j.e., decreases and is positive, because OM is positive. 

Second Quadrant. As B increases, OM is negative and 
increases in magnitude, consequently cos B is negative 
and increases in magnitude. tUl when 9=180®, OM=OP in 
magnitude and hence cos 189°= —1. 

Thus in the second quadrant cos B varies from 0 to 
— 1 and is negative because OM is negative. 

Third Quadrant. As B increases, OM is still negative 
and decreases in magnitude; so that cos B is negative and 
decreases in magnitude, till when 9=270“^, OM is zero and 
therefore cos 270°=0. 

Thus in the third quadrant cos 9 varies from — 1 to 
0 and is negative, because OM is negative. 

Fourth Quadrant. As 9 increases. OM is positive and 
increases so that cos 9 is positive and increases, till when 
@=360^, OM=OP, and therefore cos 3c0°=l. 

Thus in the fourth quadrant cos 9 varies from 0 to 1 
and is positive, because OM is positive. 


9 ; 

I 

f 


Note 1,—lt follows that cos Q is never greater than unity and that 
it is capable ot assuming any value lying between and 1 and 

Note 2.-It also follows that there are two angles lying betw^n 
O’’ and 360\ which have a given cosine; if the given cosine is piositive, 
one of the angles lies between O'" and 90^ and the other between ZI(f and 
360' but if the given cosine is negative ; then the two angles lie between J 
90* and 270*. 


Note 3.—It may be obsetved that sin 9 is less than cos 9 for any 
value of 9 0^ and 45* and greater fur .any value between;45^ 

and 90*. • j 


1 


V 







TABLE FOR THE COSINE GRAPH 
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36. To trace the variations of tan B as B varies conitnu-* 
ously fr&Mf6"^ to 360''''and to exhibit them graphically. 

MP 

Referring to the figure of article 34. tan ’ • 


So the variations in tan 9 depend upon the variations 
in both MP and OM. 

First Quadrant. In the first quadrant when 0=0°, M 
and P coincide so that MP is zero and OM=OP and there¬ 
fore tan 0®=0, 


As 9 increases, MP increases, and *OM decreases and 
therefore on both these accounts tan 9 increases. When 
OP has turned through an angle which is slightly less than 
a right angle so that Jt* is very near to Y, OM is very small 
and MP is very nearly equal to OP or 1 and consequently 
tan 9 is very large ; therefore by taking an angle sufficiently 
near to 90°. we can make the tangent as large as we please. 
This fact is, for the sake of brevity expressed thus : the 
tangent of 90*^ is infinite. 


In the first quadrant, therefore, tan 9 incrc«^«.^ 
0 to oo (infinity), and is positive, because MP 
arc both positive. 



OM 


Second Quadrant. As 9 increases slightly. OM be¬ 
comes negative while remaining small, and MP is positive 
and yery nearly equal to OP or 1. so that the correspond¬ 
ing tangent ^ very large and negative. As @ increases in 
magnitude, OM increases in magnitude while MP decreases 
so that tan@d^reases in magnitude, till when ©=180®* 
MP IS zero, and OM=OP=l and therefore tan ISO^’^O 


In the STCond quadrant, therefore, tan © varies from 
is ^shiSe^** " because OM is negative and MP 

bccoSMfi?tivJ?i!*d‘oM®/ OM and MP bothr 

oecome negative and OM decrease in magnitudes while MP 
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f 

I 


increases in magnitude, so that tan dispositive and in- 
•creases, till when • @—>270®,; OM-^O and M1 ^t»OP= 1 and 
/. tan 270® is infinite. . " 

I 

In the third quadrant, therefore, tan @ varies from 0 
to oo and is positive, because OM and MI^ are both 
negative. 

• , 

Fourth Quadrant. As 9 increases slightly, OM is small 
but'becomes positive,, while. MP remains negative, and 
very nearly equal to OP or 1 so that the corresponding 
taiigeht^fe vei^y- large and negative. As'@ increases, OM 
increases and MP decreases in magnitude, so that tan 9 
decreases in magnitude, till when @=360®, MP is rero and 
OM=OP=1 and therefore tan 360°=0. 

In the fourth quadrant, therefore, tan @ varies from 
— oo to 0 and is negative, because OM is positive and 
MP is negative. 

Note 2.—It follows that tan 9 is capable of assuming 
any real value whatever. 

Note 2.—It also follows thot there are two angles lying 
between 0® and 360®, which have a given tangent ; it the 
given tangent is positive, one of the angles lies between 0° 
and 90’’ and the other between 180® and 270°, but if the 
given tangent is negative, then one of the angles lies bet- 
.wcen 90® and 180° and the other between 270° and 360®. 

. -V ^Another Method ,—In the Fig. of Art. 34.. let OP meet 
‘^he-tangent at A in T. 


Then tan @= 



OA=l. 


Hence AT represents the tan¬ 
gent of the angle XOP. 

tan 9 is positive when T is 
above A and is negative when 
T is below A. 

As the angle @ increases 


irom 0 to 2 , AT is positive and 
increases from because 
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If 






when 0r=A“. i OT coincides with •.GY' whi^h is ■ 1! to .the 

tangent at A. i,, . . 

tan 0 is positive and increases/tVom 0 to 


4 I. 


. V ^ i W 


TT 


When the angle @ is a little less tlian^^ , T fall^ abov6 

^ 4 


A and tan 9 is positive and Very large ; when 0 is a little 


TT 


> ^ , T falls below A and tan 0 is negative and very large Vr 

2 ,1 


TT 






•'• when 9 passes through the value .v , tan 9 suddenly^^ 
changes from + ^ to -^o. 


I M ; 


1 . . H 

From r, to tt. AT is negative and increases from 


to 0; tan 9 increases from - to 0. 




From tt to 


Stt 


I ’> 


2 


, AT is positive and increases from (H 


• • 4 * 

to tan 9 is positive and increases from 0 to <=>®. 


I.. 


When 9 passes 'hrough the value ^ i tan @ again 


‘U. 

Si 


denly changes from -f-^ to - 






From-^ to 27r, at is negative and increases from —4 


to 0. 



tan V increases from—CO to 0. 

37.- ’I o ^ace the variations of cot 9 as 9 varies continii- 
viisly from O^ to 350° and to exhihitthef}(i'^traphycally, u 

r» f ! . • OM 

Referring to the figure of Article 34. cot 


MP 




Sb the v^iations in cot 9 depend upon- the variations in 
both OMandMP. 


• • 


First QtAdrant. When 0 is"very stnall, MP is positile 
and very small and OM is very'ia&aAy-^q^'Dto QP:Ofv*!L}.4E 
©-»0, MP->0 and OM-»OP or 1 so that cot 0** isinfinit? 
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As9 increases, OM decreases and MP increases; so that 
cot B decreases, till when OM is zero and MP*»OP 

=1 and consequchtly' cot 90®—0- 

Thus in the first quadrant cot B varies from to Ot 
and is positive, because OM and MP are both positive. 

Second Quadrant. As B increases, OM becomes nega¬ 
tive and increases in magnitude, while MP is positive and 
decreases ; so that cot B is ncoativc and increases in magni¬ 
tude. till when 9 is very near to 180°, MP is very small and 
OM is very nearly equal to OP or 1 and, therefore, cot 180° 
is negative and infinite. 

Thus in the second quadrant cot © varies from 0 to 
and is negative because OM is negative and MP is 


positive • 

Third Quadrant. As 9 is slightly greater than 18C®, 
OM and MP both become negative and MP is small, and 
OM is very nearly equal to OP or 1, so that cot 9 is positive 
and infinite- As @ increases, MP increases in magnitude 
while OM decreases in magnitude so that cot © is positive 
and decreases in magnitude, till when © = 270°, OM is zero 
and MP=OP or 1 and therefore cpt 270°“0. ... ^ . 

Thus in the third quadrant cot © varies fromd-. 09 .toX) 
and is psoitive, because OM and MP are both negative- 

Fourth Quadrant. As © increases. OM becomes posi¬ 
tive and increases while MP is negative and decreases in 
magnitude, so that © is negative, and increases in magnitude, 
till when © is very near to 360®, MP is^ small and OM is very 
nearly equal to OP or 1 and therefore cot 360° is negative 

and infinite. , 

Thus in the fourth quadrant' cot © varies from 0 to 
—00 and is negative, because OM and MP have opposite 

sign. ■ ' : ■ ^ 

iVote 2.—It follows that cot © is capable of assuming 
any real value whatever. ^ 

Note 2- —It also follows that there are two angles lying 
between 0°. arid 3^®, .which have a given cotangent; if 
the given cotangent is positive, one of the angles lies be¬ 
tween 0° and 90®nand the othejr between .180®f and 270 °; but 
if the given cotangent is negative men one of the angles 
lies ^twecn,9P° and tb^.oth^r. between ?70° and 
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r Another Method, In thft Art* 34; let OP na^^t 


i' % ••. 



the tangent at B in Xi 
cot ©=^c;;t X()P= 
cot OTB. [v BTjslt 
to OX.] 

RT 

= q 3 =BT. as OB=l. 

cot ©=BT. 
Hence BT repre¬ 
sents cotangent of the 
angle 

cot © is positive 
when T is to the right 
of B or O, and it is 
negative when T is to 
the Icit of B* 


As B increases from 0 to , BT is positive and dec¬ 


reases from oo to 0, **• cot 9 is positive and decreases from 

to 0. 


From ;y to BT is negative and decreases from 0 to 


cot 9 is negative and decreases from 0 to —oo. 


% 

As © pa^s through the value cot © suddenly 
changes from — to +«>. 


3^ 


From TT to 2 ‘» positive and decreases from ©o tp 


cot © is positive and decreases from ^ to 0. 
-* 3^ ^ • • ■ « 


From to 2 ^^ BT is negative and decreases frorn'O 

^ . I. 


• r 


cot © is negative and decreases from 0 to — 

* ^» * T • r-f ^ t • •'V . • r » ^ 1^1 jj j \ 


As © passes thrdugb the value’2ir, cot 9 su 
changes from -«»«> to +»* 
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VARIATIONS AND GRAPHS 

38^ To trace the variations of “secant as. B vafies 
continuously from 0° to 360°. and to exhibit them graphically^ 

OP 

Refsi^ring to the figure of Article 34, sec q|^* 

OP being constant, we have to observe the variations of 

OM, 

First Quadrant. When © is zero. M and P coincide, so 
that c3m=OP and consequently sec 0^=1. As 0 increases,. 

OM decreases so that sec © increases; when © is very near 

to 90°,' OM is very near to 0 and therefore, sec 90 is 
infinite. 


Thus in the first quadrant sec © varies from 1 to ^ 
and is positive because OM is positive. 

. Second Quadrant. As © increases slightly. OM becomes, 
negative and remains small, so that sec © is negative and 
infinite. As© increases. OM increases in Ir agnitude so 

that sec © is negative and decreases in magnitude till when 

0 = 180°, OM equals OP in magnitude and therefore 
sec 180°“ — !. 


Thus in the second quadrant sec © varies from- to 

- 1 is negative, because OM is negatiy^.. . 

Third Quadrant. As © increases. OM remains negative 
and decreases in magnitude ; so that sec .© .is negative and 
increases in magnitude : when © comes nearer and nearer to 
270®, OM becomes smaller and smaller :^thereforc. sec ^ 
becomes larger and.larger ; hence sec 270 ds infinite and 

negative. ■ ■ 

Thus in,the third quadrant sec © varies from -1 to- 

— oo and is negative, because OM is negative. 

■ Fburth Qu^rant. As © increases slightly. OM becornes- 
positive and remains Small and therefore sec © is positive 
and infinite. As © increases. OM incteases and^tberefore- 
sec © decreases till when ©—360®, OM . pF. . and therefore 

sec 360°==!.'^ - . - - ■ ... .. 

: Thus mlthe fourth ftuadi:«int yaries from « toJ 

and is positfo^, because OM is positive. 
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-NoXa 2—It follows that sec @ never li?s .betv^een 1 
and^l and that it is capable of assuming any real value not 
lying between 1 arid —1. 

/^6fe2.-^rt a^so follows that there are two angles lying 
between 0° and 360°. which have a given secant; if the 
given secant is positive, one of the angles lies between 0® 
and 90° and the other between 270° an i 36( ° but if the 
given secant is negative, then the angles lie between 90° 
and 270°. 

Another Method. Take the figure of Art. 36* 

OT 

In this case sec G=q^=T. v OA—1; 

TO represents the secant of the angle XOP. 

Sec @ is negative if OP meets the tangent at A, when 
OP (i.e., OP) is produced backwards. 

As the angle 0 increases from 0 to • OT is positive 

and increases from 1 to sec 0 is positive and increases 
from 1 to oo. 

When 0 passes through the value sec 0 suddenly 
•changes from -f c>o to —=«. 

Fromto TT, OT is negative and increases from — oo 
TO -1. sec 0 is negative and increases from —■» to -1. 

From TT to^J^ OT is negative and decreases from — 1 
to —sec 0 is negative and decreases from —1 to -o®. 

Stt 

As 0 passes through the value ^ see 0 suddenly 

* % 

changes from —•=« to 

From'^rt to 2v, OT is positive and decreases .froiii +5^ 
to +lj sec 9 is positive and decreases ffom'+w to'+l. 










TABLE FOR THE SECANT GRAPH 
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The Secant Graj.U 
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VARIATIONS AND GRAPHS 7^ 

a9. To trace the variations of cosec B as B varies conti- 
■nuously from 0 to 360° and to exhibit them graphically. 
Referring to the figure of Art* 34, 

OP 

cosec e=MF- 

OP being constant, we have . to observe the variations 

of MP. ,1 • 

First Quadrant. When B is very small, MP is positive 

and very small and as ©-^0. MP-»0 and .*• cosec so 

that cosec © is intinite to start with- As © increases, MP 

increases and therefore cosec © decreases, till when ©-90 . 

MP equals OP and therefore cosec 90° = 1. 

Thus in the first quadrant cosec © varies from to 
1 and is positive because MP is positive- 

Second Quadrant. As © increases, MP is positive and 
decreases, so that the cosec © increases ; when © approaches 
nearer and nearer to 180°, MP approaches zero, so that 

cosec 180*" is infinite. • r i 

Thus in the second quadrant coscc © varies from 1 

to °° and is positive because MP is positive. 

Third Quadrant. As © increases sHghtly, MP is small 
but becomes negative, so that cosec © is negative and infinite. 

As © increases. MP increases in magnitude so that 
cosec © decreases in magnitude till when ©=270^, MP 
equals OP in magnitude and therefore cosec 270 =~1. 

Thus in the third quadrant cosec © varies from - oo 
■to —1 and is negative, because MP is negative- 

Fourth Quadrant. As © increases, MP remains nega¬ 
tive and decreases in magnitude ; so that cosec © is negative 
and increases in magnitude. When © approaches nearer 
and nearer to 360°, MP approaches zero and therefore 
cosec © becomes larger and larger ; hence cosec 360 is 

negative and infinite. 

Thus in the fourth quadrant coscc © vanes from - 1 
to —and is negative, because MP is negative. 

Note 1 —It follows that cosec © never lies between 1 
and - 1 and that it is capable of assuming any real value 

not lying between 1 and—1. , , . 

' Note 2.—It also follows that there are two angles lying 
between 0® and 360° which have a given cosecant; if the 
given cosecant is positive, the angles lie between 0° and 
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180- ; but if the given cosecant is negative, ^'the angles lie 
between 180° and 360'* 


Another Method. Take the figure of Art. 37. 
In this case cosec @=OT. 


OT represents the cosecant of B ; cosec B is negative 
when the bounding line OT ot the positive angle meets the 
tangent at B at a pain: in OT produced backwards. 


From 0 to 2 ' positive and decreases from to 1. 

cosec 9 decreases from « to 1. 


rr 


From to OT is positive and increases from 1 to 


/. C 0 S 2 C 9 increases from 1 to 




As the angle 9 passes through the value -n-. cosec 6 sud¬ 
denly charges from to ■ 


OfO 




i 

V 


From TT to 2 • negative and increases from - 

to —1. 

cosec 9 increases from — ^ to —1. 

3 ^ 

From 2 to OT is negative and decreases from '1 


o - =>«. 


■*. cosec 9 decreases from —1 to - 


P 


As 9 passes through the value 27r, cosec B suddenly 
changes from —00 to 

Note on Graphs It is not within the scope of this 

book to i^o into details but it is sutheient to say that it is 
not necessary to have uniform scale along both the axes - in 
lact in many cases it is not practicable to do so. A grdplf 
drawn with different scales along the tWo axes serv^^H 
the purposes tor which a graph is lisoally drawn--Tven 
though It requires a greater skill which tbe student is 3 
posed to possess already. , ?,• ..v ayPn 
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The (tosecant Graph 
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Ei; j!/ S§6W;thatwri50®>cos'5Cf''i^^'M v .:M 

The angle is m the first quadrant where,sin iricreasM 

from 0 to 1 and. cos @ decreases from 1 to 0. But at 45 , 

sin 45 ®=cos 45*" because each-of them . After reaching 

45°, sin 9 increases while cos 0 decreases, ■ ' - • 

/.sin 50° > cos 50°.- ,1 , 

Ex. 2. Determine whether sin A-f cos A is positive or 
negative when A=136°. ; . , 

The angle is ia the second, quadrant where sin A is 

positive and cos A is —ve.- Also in this quadrant sin A 

decreases from 1 to 0 whereas cos A decreases from 0 to 

—1 and therefore cos A increases in n^agnitude. At 135° 

sin A and cos A are equal in magnitude (though opposite in 

sign). Therefore after that (i. e-, at 136°) cos A is greater 

'than sin A in magnitude and is negative. /• sin A + cos A is 

—ve at A”136°. - 

« 

This can also be done as follows ■— 
sin 136°^ sin (180°-44°) = sin 44\ 
cosI36°=cos (180°-44°)= -:7xps'44°, 

^ , Thus at ISb"", sin A+cos A=sin 44°—cos 44° But it is 
^sy to argue, as is done in Ex.'i,ahatxos 44°> sin'44°. 

iVsia 44°-cos 44° is negative. "-. 

EXEItCISE’X.,. : . . 

* .*•••! . 

4 

, 1. Prove that .. . • 

■ iO tan A**cot A is pGsitive:?wbe^i An=53°. 

(iO ’sih'^ A—cos B is not negative when A and B arc 
between 45° and 90°. ’ ; -r ^ ^ 

2. Prove that sin A+cos A is*'positive if A lies be^ 

tween 45°- and. 13y. but negative' ll A ds between 135 
arid 225°/^^^^ 0 ^-^ ■ -- ... 

3. Trace the variations of sin 6 as @ varies from 

to tt' arid exhibit tbeih by means of a giapb* (P. U- 1942 S.) 

4. „Draw the graph of 5 '=sin a as a: varies from 0° to 

180 ° and ftoln tK% graph find-tJut fhe val^les of,»_whe^ 
(i) sin X—*3. <ii) sin x=6. ‘ 







84 


intermediate trigonometry 


5 Draw the graph of j»=cos x Jrben x varies from- ir 
to - and^ake use of th?/graph to solve the equations 

(0 COS (iO COS X— f.. 

6 With the ' same axes draw graphs of y=sin x and 
3 i=co's ^ for 0 <;r<27r and read off from your graph the 

roots of the equation sin ^=cos 

7. Use the graph of tan to solve the equations 

(t) tan x = (j<) tan 3. 


[Hint :—Here tan x—l. Let y=tan y=h* 

Thus draw the graph y=tan a: and read where y=i 

cuts it.] £ , • 

8 Draw the graph of y = tan a; for values of a; lyin^ 
between 0" and W : show by means of this graph that 
x^35 is a solution of a:=50 tan a:, where a: IS measured m 

degrees. 


9 Trace the changes in (t) sin 2@, («) tan 29, (in) 
sec 29. as 9 varies from O'* to 180 “ and exhibit them by 

means of graphs. 

10. Trace the changes in cos 9 as 9 varies from 0 to 
27r and exhibit them graphically. 


11. Taking 1 inch to represent 30“ for x and one inch 
as the unit for y and plotting values of a: at intervals of 30 
between 0“ and 180“, draw the graphs y=3 cos x and 
sin a:. Find to the nearest degree the value of ac where 

these graphs intersect, 

12. Draw the graphs of v=2-3 sin a; and y =sin 2r 
from x=0 to 180“ using the same stales and axes. From 
your graphs find the aporoximate value of x between 0 
and 180® which satisfy the equation sin 2% +3 sin a;=2. 

‘ 13. Draw the graph of y—3 sin a; -2 for values of x 

from 0“ to 180®. Find from the graph the angles whose 

sine is f . 

14. Solve graphically the equation 3 an *=cos ac+? 
where x is acute. . 


XHint. 
with the la 


11 


Draw the graphs of y sin pc and y=2+co8 x 
e axes.] t • 
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15. From the graphs of y=sin x and y^tan x deduce 

TT 

that for 0<:c<-^,sin .x<x<tan a:. 

MISCELLANEOUS EXERCISE I 

1. Define a unit. What is meant by saying that the 
measure of a quantity is n ? It the unit of angular measure 
were 15°, what would be the measure of a rt. angle ? 

2. State the value in English an! in French measure 

of— 

(i) the sixteenth part of a right angle. 

(n) an interior angle of an equiangular hexagon. 

3. If G, D. and 9 be the number of grades, degrees 


and radians in any angle, prove that G—D= 


209 

TT 


■ 


4. Define a radian and show that it is constant angle. 

A horse is tethered to a stake by a rope 27 ft. long. ]f 
the horse moves along the circumference of a circle always 
keeping the rope tight, find how far it will have gone 
when the rope has traced an angle of 70® 

(P. U. 1941). 


5. The angleS^ of a triangle are in A. P., the greatest 
being 105®. Find the angles in radians. 

6. The angUs4 of a fiiangle are in Arithmetical Pro¬ 
gression. The number of grades in the least is to the 
-number of radians in the greatest as 40 is to Find the 

angles in degress. < P U. Supp. 1942.) 

7. Prove that :— 

# 

t an A+sec A —1 ^ 1 + sin A 
tan A—sec A+1 ccs A * 


8. If sin a=m sin ^ and tan <x~n tan 
show that cos a = ^—r. 

9. Prove that (i/ 1+2 (sin*a+cos^’<i)=3(sin^a+cos'a). 


^2(l+tan A). 

' ' sec A— tan A sec A+tan A 


(B. U.> 
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• 10.- Jt .r==a'sec 9 and y=h tan 9^ prove, th^t 

* ^ 

i>2 J- ■ - ■ • 



11. A man standing due south of a tower on a hori- 
;zontal plane through its foot, finds the elevation of the top 
of the .tower t;P be 60'. He goes east 8 ft. and then finds 
the elevation, to ;be 30\ Find the height of the tower. 

12. .Cpmplete the following equation, giving proof : 

tan (180" 4-A) = 


Given cot A^tan (n —1) A, find one value of A, 

Find the value of cos 585°, tan ( — 945)“, sec 1350“. and 


tan 5.70^‘ 


13. Find the values of (i) sin 1110“ (if) cos 300“ (in) 
tan 945" (?r) sec 1980“. 


14. Prove that sin (7r + a) = — cos a, cos (Tr-f-a) = -sinct 

Find the values of cos 120“, cot 510", sec 495“ and 
cosec 150®. 

15. Prove that sin 600“-cos 330“-f’cos 120“ sin 150“= — 1. 

16. ff tan © = /. find an expression for cos^@—sin^0 
in terras of t. 

tan^9- sin*@ . 


17. If tan 9~t, express 


I . 


cot^@ — cos^@ 


in terms of t. 


18. Show that the tangent of an angle can be expressed 

in terms of the tangent of an angle not greater than 45“. 

% 

19. Prove that in the general cos (n^+A)^ 
(-l)°cos A. 

20. Prove that in general 

cos(2n^+A)= —cos[(2n*f D’t —A] = (co5 2 n^—K'), 

21. Show that : ■ ■ 

% 

sin’(180°+e) tan (360"-©) sec^ 080“-='©); j: j 
; cos=.C90‘'-©) cosec^© sin 080“^©) -tan©. 

22. cos ©+sin (270°+ ©) - sin (270° - ©)+<;oa-(540“+©) 

^ r. > 
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23. Cot (^--l-A)+tan (7r + A) + tan(^+A^ 

+ tan (27r—A)=0- 


24. 


(«) 2 sin^@-5 cos @-4—0. 

(iv) cos^@“sin i=0. 


COS 2 C C90‘>-A)+cot (90°+A) 

=sec A+tan (180'’+A). 

t 

25. Given that sin A=cos (n-1) A, find one value of 

A. 

26. Show that each values of any circular function of 
an angle is, in general, repeated twice as x varies from 0 to 

2'^. 

27. Find the values of 0 lying between 0° and 360^' 
which satisfy 

(0 sin3@-l-cos3@ = 0. 

(m) 2 sin^@+sin 1—0. 

(v) 3sec^@-l-5 tan^@=V'- 

28. Draw the graph of 3 ;=sin x for x=0° to 360° tabula¬ 

ting the values of y at intervals of 15°. Mathematical tables 
may be used. (C. U. 1927) 

29. Sketch in one figure the graphs of sin 2x and tan x 

and find from your figure the solutions of the equation 
sin 2.r=tan a:. (B. U.) 

30. Express each of the following in terms of an angle 
less than 45° :—sin 276°, cos 183°, cot 109°, sec 222° and 
read tables to write down their values. 

31. Show that equation tan @=l + @ has an infinite 

Tiuniber of real roots, and find graphically the approximate 
value of the smallest positive root. [Hint .• Draw the graphs 
of y=tan $ and with the same axes ] 


32. If 


1+sin A ■ , . 

i —X = -Vo , iind tan A. 
1— sin A £>2 ’ 


33. In a quadrilateral ABCD, the angle subtended by 
BC, CD at A arc respectively 60° and 30° ; the angles sub¬ 
tended by ADrf IJC at B are respectively 30° and 60° ; and 
the length of ABis 300 feet. Find the length of AC. BC, 
BD and AD. " 
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6 


34, 


T, cos 9 , j sin @ ^ 

If — -r?=ah and —> =a, show that 


cos ^ 


sin <i> 


tan^@= 


1-a^b^ 


a ^-1 


35. The diagonals of a quadrilateral are inclined at an 
angle 9 and are a and b in length. Show that the area of 
the quadrilateral is iab sin 9» 


169 


36. If tan @-f-cot 9 - find the value of 
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sin @+cos 9. 

) 

CHAPTER VI 

ADDITION AND SUBTRACTION FORMULAE 


40 


and 


To prove that 

sin (A+B) =sin A cos B-hcos A sin B ; 
cos (A+B)=cos A cos B—sin A sin B; 

tan A + tan B 


tan (A+B) = 



1 —tan A tan B* 

Let the revolving line starting from the 
initial position OX.'trace 'out an angle 
XOY (= A) and then furthur trace out 
an angle YOZ (=B). so that angle 
XOZ=A+B. 

"From any point P in the'final position 
OZ of the revolving line draw PM and 
PN perpendiculars to OX and OY; 
from N, draw NQ perpendicular to OX 




and NR perpendicular to MP. 

Then ZRPN=90°-ZRNP=ZRNO=ZNOQ==A. 


TJ ✓A I r*\ • v^i-r MP MR+RP 

Hence s.n (A+B)=sm XOZ=^p =-gp— 


QN+RP QN.RP 
OP “OP "^^OP 
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QN.ON RP.NP 
“ON.OP'^NP.OP 
—sin A cos B-f-ccs ZRPN sin B 
— sin A cos B+cos A sin B, 

* • I ^>^ OM OQ—MQ 

Again, cos (A4-B)=-cos ^ 

_OQ_RN OQ ON_RN NP 

"“OP OP “UN ' OP NP‘ OP 
=cos A cos B-sin ^RPN sin B 

= cos A cos B—sin A sin B 


tan (A+B)=tan XOZ 


MP _ MR + RP 
OM OQ-MQ 


QN^RP . A.RP 
_QN+_RP _6Q‘^gQ _ ~^QQ 

OQ“- RN“ “ __RN "* - _ R^.RP' 

^ OQ RP.OQ 


But 


RP 


and QON, wc have qq= 


Hence 


= tan A, and from the similar triangles RPN 
RP 


ON 

.. / A . o\ tan A + tan B 

tan (A+B) = 


1 — tan A tan B 

Another Method tor showing that 

tan A + tan B 


tan (A4-B) = 


1 - tan A tan B 


/A 1 ri\ (A+ B) 

.an (A+B)=— 

sin A cos B -t-cos A jin B 
~cos A cos B“sin A sin B 
si n A cos B ccs A sin B 
cos A cos B cos A cos B tan A + tan B 


1 + 


sin A sin B 
CCS A cos B 


1—tan A tan B' 


Note i.—The figure in the proof is drawn out for the case in which 
A B and A+B ate all acute angles. The same proof will apply to 
angles of any size, due sttention being paid to the signs of the 
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quantities involved (See Chapter XVI). 

However the following method of proof may also be 
adop-ed. 

Case!. Let A. B, Ad-B be all acute angles, then the 
results follow as in Art. 40. 

Case II. Let one of the two component angles Ai, Bi 
say A] be obtuse, 

i.e.. Ai =90°+ a where A + Bi is acute. 

Then sin (Aj + Bi) =sin (QO'^+A+Bi) 

~cos (AH“Bi) 

=cos A cos Bi - sin A sin Bi 

=cos(Ai—90°)cos Bi—sin (Ai - 90®)sin Bi 
=sin Ai cos Bi + cos Ai sin Bi 

Also cos (Ai-f-Bi)=cos (90°+A + Bi) 

~ - sin {A + Bi) 

— —sin A cos Bi —cos A sin Bi 

- -sin(Ai—90°)cosBj-cos(Ai-90°)sin Bj 

—cos Ai cos Bi — sin Ai sin Bi. 

It follows from these two that formula for tan (Ai+Bi) 
must^ also hold. 

Similarly the case where Ai, Bi both become obtuse 

can be dealt with. 

Thus the formulae of Art- 40 are true for component 
angles lying between 0 and ib0°- 

j component angles Aa Ba be between 0° 

and ^70 we are only to put Aa-90°+Ai or B 2 = 90 °+Bi 
ana then this case also follows from Case II in exactly the 
same manner as Case II was derived from Case I. 


way we see that the theorems are 

true universally. 

cifrculat function of A-\-Bis 


4 - 
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Note 2. In the above formulae cot (A-f-B), sec (A+B) andi 
cosec (A+B) follow from ran (A-i-B), cos (A-f-B) and sin (A+B) res¬ 
pectively. For example* 


cot (A+B) 


cq5(A-|-BJ _ cos A cos B —sin A sin B 
sin (,A-}-B) sin A cosB-j-cos A sin B 
c os A cos B _ sin A sin B 
sin A sin B sin A sin B cor A cot B — 1 
sin A cos B ■ cos A sin B ~ 
sin A sin B~^ sin A sin B 


cot A-f cot B ■ 


Similarly it may be proved that 

_ sec A sec B cosec A c osec B 
sec (.A-r ) — gQggQ ^ cosec B —sec A sec B 
/At tax _ age A sec B cosec A cosec B 
cosec (A+ } — ^ cosec B-coscc A sec B' 

Ex. 1. Find the values of sin 75°, cos 75°, tan 75°. 
sin 75° = sin (45°-f-30°) 


=sin 45® CCS 30°+ cos 45° sin 30' 

_ L_V3 + 1 

V2 ‘ 


+ _ 
2 ^ V2 * 


2 2V2 ' 

Similarly cos 75'^=cos (45°+30°) = cos 45° ccs 30° 

-sin 45° sin 30° 


\'3 


tan 75° = 


vr 2 

sin 75° _ 
cos 75° 


1 , 

" \/2 * 
v^3+I 


1 

'2 


V3-1 

2\'2 


V 3-1 


/ 


Ortan75°=tan (45° + 30') = 

1 


tan 45°+tan 30 


1—tan 30 tan 45° 


1 + 


1 - 


+l:h 1 


Ex. 2. Find R and 0 when RV3 sin (30°+@)=15 
R sin @=5, 0 being acute. 

1 * 

Dividing one equation by the ether-we get 

sin (30°+ ^): 

«n @ 


am __ 


- > • / 


j. 
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or 


sig 30° cos ccs .30 sinQ 


sin @ 


^/3 




■or ^ cot G+ ^ = \/3 


cot0^' \ 3 
or e -30 . 

From R sin @ = 5, we get R = 10. 

EXERCISE XI 

Prove that 

1. cos (A + 4:)“)= -^_(cos A—sin A). 

2. sin (43°+A)= (cos A+sin A). 

\ J. 

1-ftan @ 

1 -tan & 


p 


3. Show that tan (*15'-^) 


A Qy i_ Sin (a ) , a 

4. Show that-ran<x+ tan p. 

cos a cos jj 

c cos(a-h^) , . 

-/5=i~tan a tan p 

cos a cos p 


2 - 


in a+sin ^ a + | -f- 


sm ( *+ = 


0 for all 


6. sm 
values of a. 

7. cos (60^ + a) + sin (30 -i-'^)^cos ct. 

, ' ... 

8. If sin A=J, and sin B = i\, find the value df 
:sin (A+B), when A and B are both acute. 

9. If sin A ~ --i and sin B — . show that 

VlO Y 

A+B=45°. 

10 If sin A= - and sin B = 2 ^ iind 

c^+a** 

11 ..A sinCA+B). 

11. If A-hB+C + D—180°, prove that 

cos A cos B+ cos C cos D -sin A siq B+sin C sin D. 

12. The cosines of two angles of a triangle are an 
\j respectively ; find the cosine of the third angle. 
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13. Find the value cf sin 22° cos 35°+cos 22°. sin 38°. 

14. Given that tan and sin a, P being 

both positive acute angles, find the value of tan (a + ^S). 

Simplify the following, reducing it to a single term ; 

15. sin 2x cos 3 a:+cos 2.r sm 3x. 

16. cos 3x cos 5t - sin 3 .y sin 5x. 

17. Show that 

res (A— B j cos B — sin ( A + B) sin B is independent of 
L8. Show that sin (A - B) " sin A cos B—cos A sin B 

cos (A — B) ^cos A cos B + sin A sin B. 
IHint. A-B-A+(-B) 

sin (A-B)=sin A cos C-B) + cos A sin (-B), etc.] 
41. Trigonometrical Ratios of Multiple Angles. 

(a) Circular functions of an angle in terms of half the 
angle :— 

Sin 2 A-sin (A + A)=sia A cos A + cos A sin A 
=2 sin A cos A . {First Form) 

2 sin A cos A 

_ 2 sin A cos A _ _cos^A 

sin^A + cos^A sin^_+cos^A 

cos^A 


cos 2A 0 


Again 


Again 


2 tan A 
1 + tan^A 

cos (A + A)^^cos A. 
cos^A—sin^A 
= l-sin^A—sin^A 


{Secofjd Form) 


cos A—sin A sin A 
... (First Form} 


= 1 — 2 sin^A . (Second Form} 

=cos^A “ (1 — cos^A) 

=2 cos^A“l .. (Third Form} 


c cs^ A — sin^A 

cos^A—sin^ A_ cos^^A_ 

cos^A+sin^A cos^A+ sir^A 

ebs^A 

1 —tan^A 
1 + tan^A 


(^Fourth Form} 
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tan 2A =^tau(A + A) 

_ ran A+fan A _ 2 tan A 

1 —tan A tan A 1 —tan^A 

iVofe.—A geometricai method of proving the first three results Tn^y 
'be obtained by making B=A in article 40 and going through the seme 
proof with this change. 

These results may be proved geometrically in the following manner 

also. 



Take £XOP=A. With any point C on OX as centre and radius 
-equal to CO ( = a, say) draw a circle cutting OP and OX in P and X 
respectivclv. Join OP. PX and draw Pv^J_ OX. Then 

ZCP0 = 4C0P = A 
'XCP=zCPO-f-/.COP=2A 
and ZXPM=90°-ZPXM 

=ZCOP = A. 

Now MP = PC sin PCM 

s=a sin 2A. 

Also MP =OX°P. ^ 

= 2a cos A sin A. 
a sin 2A = 2 j sii A cos A. 
j. €., sin 2A = 2 sin A cos A. 

Again OM = OCH-CM and 
MX=CX-CM 
OM-MX2=CM 

OP OM 
OX ■ UP 
MX 

and MX = OX.^v',. -2jsin A sin A=2asin’A 


••■O) 


also OM=OX 
PX 


«2a cos A cos A=^2rt cos'A. 


OX' PX 
Also CM = CP cos 2A —a cos 2A 

Substituting in (i), we get 
2<J cos 2A = 2o cos*A~2ci sin®A 
1 . e . cos 2A=cos*A “siirA 
Again, CM = OM~OC = OM — a 
and also s=CX — MX = <1 - MX 
Substituting in (it), we get a cos 2A=s2a cos^A —a 
1 . e., cos 2A - 2cos*A — 1 

Substituting in wc get a cos 2A = a“2<» sin*A 
e.. cos2A=l- sin’A. 


1 | 

V 

m 

i 

.1 


» 


• 4 • 


(iO 

Aitt) 


Again tan 2A = 


MP 

CM 


2 MP 
2CM 


2MP _ 
OM-MX* 

1 

A- 


OM 


MX M? 

MP * OM 

^ 2 tan A 

^ l-tan»A, 
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ib) To prove that 

(z) sin 3A^^3 sin A-4 sin^A 

(ii) cos 3A = 4 cos^A—3 cos A 

^...x ^ r, A StanA-tan^A 
(i 2 t) tan 3A~ - ^ ^ . 

1“ 3 tan-A 

(0 sin 3A - sin (2A-}-AJ 

=sin 2A CCS A-hcos2A sin A 

— 2 sin A cos A cos A + (l —2 sin^A) sin A 

= 2 sin A (1 —sin^A; 4-sin A —2 sin^A 

“3 sin A-4 sin^A. 

(n) cos 3A—cos (2A+A) 

=cos 2A CCS A -sin 2A sin A 

~(2 cos^A — 1 * cos A—2 sin A cos A sin A 

=2 cos^A—cos A —2 cos A (1 - cos^A) 

=4 cos^A — 3 cos A. 

(ui) tan 3A —tan (2A + A) 

2 tan A , . 

-f tan A 


tan 2A-f tan A 
1“tan 2A tan A 


1— tan^A 


1 - 


2 tan A 


1— tan^A 

i —tan"A—2 tan" A 
3 tan A—tan^A 


tan A 


1—-3 tan^A 
Otherwise thus : 

sin 3A 3 sin A —4 sin^ A 


tan 3A= 


cos 3A 4ccs^A—3ccsA 
sin A ^ sin’ A 

co s’A 3 tan A sec^A -4 tan*"A 

4—3 sec^ A 


cos’A 


4_3CO_sA 

cos’A 

_ 3 tan A(1 + tanfA) —4 ta n^A 
4-3Kl + tan"A) 

3 tan A *- tan®A 


1 — 3 tan*A 
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Ex. 1. Show that tan 9 = 2®. 


Here 


sin 2@ 


1 + cos 2@ sin 26 

2 sin 6 cos 6 

=tan 6 


1-hcos 29 14-2 cos^ 1 


l-cos 29 _ l-(l-2 sin^Q) _ 


sin 26 
Ex. 2. Show that cot 6 


2 sin 6 cos 6 


=tan 6. 


= 


cos 26 


cot 6. 


_1—cos 26 

\/ ^_+ cos ^ 1 + 2 co s^6 " 1 cos 6 

i - cos 29 1 - a -2sux^6 ~) “sin 6 ^ 

Ex. 3. Eliminate A between the equations 
cos A 4-sin A = p, cos 2A=q. 

cos 2A=cos2A-sin^A = (cos A+sin A)(cos A-sin A) 
Putting cos A4-sin A=^p in this, we get 

cos A—sin A= 

P 

Adding and subtracting the last two equations, we get 

cosA-i(„ + i) 

Squaring and adding, we get 

1= I ( 2pH2 

01 - 2 = p*+‘L. 

P* 

Otherwise thus We have 

cos A+sinA=p 


—<r 



and cos A-sinA=-‘^ 


/ J 


Square and add ; we get 


^ (as.above) 


9 


A"... r 


I 
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EXERCISE XII 

1. If cos A=f, find cos 2A. 

2. If sin A= 7 . find cos 2A. 

3. If sin A = rl find sm 2A. 

4 If tan 0=5. find tan 20. 

5 If tan 0 = 2, find sin 20 and cos 20. 

6 Find the value of 2 sin 22i° cos 22i®. 
i. Find the value of 1-2 sin^ 15°. 

Prove that 

8 . 
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1 —cos 20_ 

=tan 0. 


sin 20 

10. H-S2C 20 = 


9. 1 - sin 20= (sin0 - cos0)^ 


tan 20 


^ - i-hcos A .A 
11. . A =cot'« 

sin A 2 


tan 0 ' 

12. cos 2A-sin 2A=(cosA-sm A)'-2 sin^A. 

13. cos‘'@-sin''©=cos 20. 14. cot 0-tan 0 = 2 cot 20. 

cot A —tan A 


15. 

16. 

17. 

18. 

19. 


cot A + tan A 
(sin^+cos^ 


= cos 2A. 


/= 


1+sin A. 


20 . 

21 . 

22 . 

23. 

24. 


2 -"2 
% 

2 sin^A-Psm 2A cos A=2sin A. 

2 cos^ A- cos 2A cos A=cos A. 

1-t-cos 20 
Prove that 

8 sin'*A=cos 4A—4 cos 2A-1-3. 

8 cos'’A = cos 4A+4cos 2A4-3. 

tanA-htan (60°-f“A) + tan (120 +A) 3 tan 3A 

sin^0-hsiriHl2O°+©) + sin= (24O°+0) = -f sin 30. 

4 sin A sin^ A— ^—^sin^ A —^ = sin3A. 

© \ 1—sin 0 cos 0 


25. tan 


/ TT @ \ - 1—sin 0 cos 

It 2 / l + sin0‘ 1+sin 0 


26. 


(3siiiA-sin 3A)'^’ +(3 cos A+cos 3 a)’ =4^ 
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27. If tan 0= , prove that 


at 

a— b 
2 cos A 
cos 2A' 


J 

a^h 


28. 11^:4- 


=2 cos (9. prove that - 3 =2 cos 39 


29. If tan 9~ ^-prove that cz cos 2Q + b sin 29=a. 

41. To prove that 

sin (A —B) = sin A cos B —cos A sin B ; 
cos (A — B) = cos A cos B + sin A sin B ; 

and tan (A - B ) = ' P . 

1 +tan A tanB 

Let the revolving line, start- 
irom the initial position OX. 
trace out an angle XOY (=A) 
anJ then trace back an angle 
YOZ equal to B in magnitude. 

-^=3^6- ^—1 -^ so that the angle XOZ=A- B. 

^ From any point P in the 

final position OZ of the revolving line, draw PM and PN 
perpendiculars to OX and OY respectively ; from N draw 
NQ perpendicular to OX and NR perpendicular to MP. 

Then ZRPN = 90"-ZRNP=ZRNY=ZYOX=A. 

. .. MP MR-PR 

Hence sin (A“-B)= = -gp- 

QN-PR _ QN PR _ QN ON PR NP 

OP OP OP ON* OP N> OP 

= sin A cos B —cos ZRPN sin B 

=sin A cos B—cos A sin B. 

Again, o„ (A-B)-gM. 

= QQ4.nr_^ on nr ^ 

OP OP ON* OP NP- OP 


Hence sin (A 


B) Qp 
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, . ivir 

C3.n. CA /~\x/r 


= cos A cos B + sin ZRPN sin B 
= cos A cos B + sin A sin B. 

MR-PR_Q]^PR 
OM OQ+QM OQ+NR 
ON PR PR 


_ OQ 


1 + 


NR 

OQ 


Op tanA QQ 

NR PR 
^"^PR- OQ 


But 


PR 


= tan A : and from similar triangles RPN and 


QON, we have 


PR PN 


= tan B. 


Hence tan (A—B) = 


OQ ON 

tan A —tan B 
l + tan A tan B' 

Caution. Notice that a circular function of A—^B is not 
€Qual to the difference of the correspo'iding circular functions 
of A and B. Thus sin (A - B) is not equal to sin A ~ sin B. 
Another Method to show that 


tan 




tan (A—B) = 


l + tan A tan B' 

sin (A —B)_ si n A cos B- cos A sin B 
cos (A —B)^ cos A cos B + sin A sin B 

sin A cos B_cos A jin B 

c os A cos B cos A cos B 
. sin A sin B 
cos A^cds B 

tan A—tan B 
1 -Htan A tan B* 




Cor. tan 


) = 


tan——tan A 

l+tanJ-tanA 


]^tan ^ 
l+tan A' 


. * cos (A —B) 

Also cot (A-B) - 3 in (,A-B) 
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_ COS A cos B+_sin A si n B 
~ sin A cos B -- cos A sin B 
cos A cos B . , 

_ sin A sin B _ c ot A cot B+1 
^ cos B cos A cot B — cot A' 
sin B sin A 

While proving the addition and subtraction formulae^ 
we have drawn the tigure for the case when A,B. and A + B 
and A- B are acute angles. 

But the above method of proof is applicable to all 
cases regard being had to the signs of the various quantities 
involved. It would form a good exercise for the student to 
go through the construction and the proot in the different 
cases. 

For another method of proving the addition and the 
subtraction formulae, see Chapter XV. 

Note. —The same method of proof as in Note 1, Art, 40 
may also be followed in this case. 

Ex. Find sin 15°, cos 15°, and tan 15®. 
sin 15°--sin ( 45 ° - 30'’) =sin 45° cos 30'—cos 45° sin 30"" 

__1 v-3_ 1 

V2' 2 V2' 2 2V2 ’ 

cos 15°=cos (45°-30°)=cos 45° cos 30° + sin 45° sin 30® 

1 ^ 3 1 1 _ V3-I-1 

V2‘ 2 V 2* 2 2V2'. 

j-p sin 15° __ 3 — 1 

“ cos 15° “ \^3+l* 

It may be observed that 15" =60°—45° will give the 
same result- 

43. To prove that 

sin (A+B)sin (A—B)^ sin^A —sin^B, 

We have sin (A4-B)=sin A cos B + cos A sin B, 
and sin (A—B)=sin A cos B—cos A sin B. 

Multiplying these two equations we get 

sin (A + B) sin (A—B) =sin*A cos*B—cos®A sin*B 
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=slri‘A(1 — sin^B) — (1 — sin"A) sin^B 

— sin^A — sin^B. 

44. To prove that 

cos (A + B) cos ( A“ B) “cos"A - sin~B=cos"B - sin"A. 

We have cos (A + BJ^ccs A cos B —sin A sin B 
and cos (A —B) = ccs A ccs B + sin A sin B. 

Multiplying these two equations, we get 
cos (A+B) cos (A-B)=cos-A cos‘B-sin^A siivB 
= ccs^A (1-sin^B)—(1-cos'A)sin“B 

— cos^A - sin“B 

= (1—sin^A) — (1 —cos^B) ^cos“B- sin^A, 

Ex. 1. Simplify : 

sin {45'"—x) cos (45°--y;+cos (45°-,r) sin (45'-jO- 
Let45°-.r = A and 45^—The given expression 
therefore=sin A cos B + cos A sin B=sia (A + B) 

=sin (90'’ —x + y)=cos (.r + >’).v_^ 

si n (^^ — (^) r 

Ex. 2. Show that - V*ct —tan^. 

cos a cos p 

sin (ct -^) sin a cos co s ^ —trnn P 

cos a cos P~ cos o. cos P 

^ ^ T ^ sin A cos A 

Ex. 3. It tan b= ..-. 2 “^ 

1 - ?i sin'^A 

prove that tan (A —B) = (l —n) tan A. 


.. tanx4-taaB 

tan(A—B) —TV* 

1 + tan A tan d 


. n sin A cos A 

tan A-T • 2 A 

1 - n sin^A 

, , .71 sin A cos A 

l-rtan A- ,-x 


tan A — n si n^A tan A — n sin A co s A 

1—n sin^A+Ti sin A cos A tan A 

=tan A—n sin^A tan A - ti sin A cos A 
—tan A—n (1—cos^A) tan A—n sin A cos A 

=tan A-n tan A+n cos^ A tan A - n sin Acos A 
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= (1 — n) tan A - n cos A sin A + n sin A cos A 

= (1— n ) tan A. 

Ex. 4. Prove that 

tan llA —tan 4 A —tan 7A = tan 1-A tan 4A tan 7A, 

tan 7A“l^an 4A 
tanllA = tan (7A-P4A)= 1 -tan'7A tan 4A 

tan llA-tan 7A tan 4A tan llA=tan 7A + tan 4A 
Hence tan llA— tan 4A—tan 7A=^tan llA tan 4A tan 7A^ 

EXERCISE XIII 


v/3 


], Prove that sin(30° — A) — ^ cos A 2 sin A. 


2. If sin A = l- and sin find cos (A-B) and 

sin (A —B) where A and B are both acute. 

Prove that 

3 cos 23°-sin 23° 

2 

sin (c4 —;Q) 


3. - 


=cos 53' 


4. 


5. 


o=cot /? —cot a, 
sin a sin p 

sin . sin (^-y) , sin (7—ct)_^ 


6 . 


sin a sin )Q sin ^ sin 7 sin T sin a. 
cos (A + B) 1-tan A tan B 


/. 


<;os (A—B) 1+tan A tan B 
cos (A4-B)4-sia (A-B) = (cos A + sin A) X 

(cos B —an BX 

Simplify into a single term : 

8. cos (A-bB) cos B+sin (A+B) sin B. 

9, sin ix-¥y) cos ,r—cos (x+3^) sin x, 

10. Prove that— 

(i) sin (60°+©) —sin (60° —@)=sin 
(h) sin (2n-l-l)@ sin @ = sin^(nH-l)©-sin*«©. 

11. ABC is an isosceles triangle, right-angled at C ; D 
is the middle point of AC. prove that DB divides the angle 
B into two parts whose cotangents are 2 and 3. 

12. If and tan find a 

W cos 9 

expression ior P 


simple 




ii* 
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13. In a certain problem R=ut-igt^ sin A. Find a 

, , 2v sin @ 

simpler expression for R, if u — v cos 6 and f —^ 

14. Prove that sin^A + sin^B = l —cosCA-B) cos(A+B). 

2-D sin (A + B) sin (A —B) 

15. tan^ A - ta B = ~ cos^A’ cos^B 

PA 4- R 

16. (cos A— CCS B)^+(sm A + sin B)2=4sin ^ 

A — B 

17. (cos A-cos B)^+(sin A-sin B)^ = 4sin2 ^ * 

18 cos^A—cos'*B=sin (A+B) sin (B-A)x 

{l + cos (A+B) cos (A—B)}. 

19. From the equation sin(a+yS)cos0 = 2 sin ct cos(/?-@) 

, 1 sin (,5 — 0-) 

show that tan 0 - ^ a sin ,5' 

45 By repeated applications of Articles 40 and 42 the 
trigonometrical ratios of the sum or difference of more 
than two angles can be easily obtained. 

Thus 

sin (A+B+C) =sin [(A+B)+C] • r 

=sin (A+B) cos C+-cos (A+B) sm C 

= (sin A cos B + cos A sin B) cos C 

+ (cos A cos B—sin A sin B) sin C 

= sin A cos B cos C + sin B cos C cos A 

+ sin C cos A cos B —sin A sin B sin C. 

cos (A+B + C)=COS [(A4-B)+C] /' a . 

= cos (A+B) cos C-sin (A+B) sin C 
= (cos A cos B - sin A sin B) cos C 

— (sin A cos B + cos A sin B) sin C. 

=cos A cos B cos C—cos A sin B sin C 

- cos B sin C sin A - cos C sin A sin B. 

tan (A+B+C) = tan [(A-|-B)+C] 

tan (A + B) + tan C 
"^l-tan (A+B) tan (T 

-t^nA+t^ + tan C 
1 —tan A tan B_ 


tai^tanB 

1 —tanA tanB 
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_ tan A + tan B+tan C - tai^^^tan^_tan_C_ 
~ l-tan"A~tan B-tan B tan C-tan C tanA 


Otherwise thus : tan 


(A-|-B4-C) = 


sin ( A+B + C ) 
CCS (A+ B 4-C) 


= (sin A cos B cos C + sin B cos C cos A+sin C cos A cosB 

— sm A sin B sm C) 

-7- (cos A cos B cos C — cos A sin B sin C— cos B wn C sin A 

— cos C sin A sm B). 


Dividing numerator and denominator by 


cos A cos B cos C, we get 
tan (A+Bd-C) 

_ tan A-f tan B-btan C-tan A tan^B tan 
”1 —tan B tan C-tan C tan A~ tan A tan B 

Cor. 1. I£ A+B + C = ^. then tan (A-l-B-bC)=0 and 
therefore tan A-htan B + tan C=tan A tan B tan C. 

Another Method. 

A+B+C=^ 

A+B^-^-C 

tan (A-f B)==tan (--C) 


tan A + tan B 


tan C. 


1 —tan A tan B 
tan A+tan B = — tan C + tan A tan B tan C. 
Hence tan A+tan B + tan C=^tan A tan B tan C. 
Note. —The first method is to be preferred. 


Cor. 2. 


If A + B + C— 2 • 



. tan A+^an B+tan C —tan A tan B tan C 
* *i-tan A tan B —tan B tan C —tan C tan A 


1—tan A tan B—tan B tan C—tan C tan A=0, 
Hence tan A tan B+tan B tan C + tan C tan A=l. 

Another Method, 





A+B+C 



addition and subtraction formulae 

■. tan CA+B) = tan^'^ -c J = cotC 
tan A+tan B _1 
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or 

cr 

or 


= 1 . 


1 -tan A tan B tan C a 

tan A tan C + tan B tan C = l —tan A tan B 
tan A tan B + tan B tan C + tan C tan A = l. 

EXERCISE XIV 

1. Deduce from Art. 45 formulae for sin 3A, cos 3A, 
tan 3A. 

2. Write down: sin (A + B —C); cos (A-B —C) ; 
tan(A-fB-C). 

3 Prove that tan(A-*B) tan (B-C) tan CC A> 
^^an’(A-B)+ tan (B-C)+tan CC-A). 

4 If A4-B-hC = 180° ; show that (?) cos A cos B cos C 

=cos’AsinBsmC + cosBsinC sin A + ccs C^sin A sin B. 

(li) cot A cot B+cot B cot C + cot C cot A —x. 

A R R C.C A 

(ni) tan ^ tan -^+tan ^ tan 2 2 

5. Show that 

6. Find tan (A+B+C) and tar. (A+B+C + D) in 
terms of Si. S^, S 3 , S.. where S., S^. S 3 , S, denotes the sums 
of tangents ot the angles A, B, C, D taken one, twc, three 
and four at a time respectively. 

46. Some Important Solved Questions. 

Ex. 1. It is often required to change the binomial or 
the two term expression a sin A-ffc cos A into an expression 
of the form r sin (A+ B) or r cos (A+B, where B is an 

angle. . • /a_ld\ 

Let us put a sin A + B cos A=r sin (A-b ti) a • 

f =r(sin A cos B+cos A sin B) 

sin A cos B + r cos A sin B. 

Equating coefficients of sin A and cos A on both the 

sides, we have r cos B=a 
and r sin B = h. 

Squaring and adding these last two equations, we get 

r2(cos2B + sin*B)=a*+b^ or r= 
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This gives r. Having known B is determined without 

ambiguity by the equations cos B —and sin 

r r 

cos B—-—— and sin ^ ^ 

v"\ + 

It may_be j;emarked that it is customary to take 

r=+ A a~-\-b^, that is. r is generally taken to be positive. 
We are thus led to the following method. 

In order to put a sin A + b cos A in the form 
r sin (A+ B), we proceed as fellows : 

Put a—r cos B 
b = r sin B. 


quaring and adding, r- —a'-j-Zr or r=\'a^-\-b^ and 
putting this value of r in these equations we get 

cos B= - ^ — and sin B= . 

A + A/a^+b^ 

Thus £3sm A-\-b cos A-\'£a"-i-6= sin (A + B), where B is 

a . . _ b 


an angle given by ccs B = 


and sin B= 


Similarly in order to put a sin A-ht> cos Afin the form 
r cos (Ad-B), we proceed thus ; 

Put a=r sin B 
b==rcosB. 

Squaring and adding these, we get or 


and sinB=^-= ^_and cos B= 

r A 

Thus B is found without ambiguity. 

a sin A+fc cos A—r sin B sin A-f-r cos B cos A 

= r cos (A—B). _ 

= A cos (A— B). 

Ex. 2. Show that sin .r + cos .r= 2 sin^ )* 

Here iiut *l=r cos B and l=r sin B. Squaring and 

adding weigetr*^2 orr— a' 2 . 
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and cos B= and sin 6 = -^ so that B=45^. 

V 2 \ ^ 

Thus sin ,r-[-cos \'2 sin (^x+ ^ ^ 

Ex. 3. Trace the changes in the value of sin 04-cos 9 
as 0 varies from—45° to 315^ and draw its graph. 

( 77 

0 4- - 

Case . When 0 = — , , sin 0-rcos 0=>O. 

As 0 increases, i.?.. decreases in magnitude the expres¬ 
sion goes on increasing because sin ^0-1—^^ncreases; where 


4 


0 =--^'then sin ©4-cos 0=v 2. 

Thus as © varies from — 45° to 45°, sin 9-hcos 0 increas¬ 
es from 0 to ^2, 


TT TT 

4'^ 2 


Case 11. When ©=‘^ , then sin 04-cos 0= v'2. 

4 

As © increases, sin^ 04- ^ ^decreases (since 04- 

then and remains positive. When 0= , then 

sin 04-cos ©=0. 

Thus as © varies from 45° to 135°, sin 94-005 0 decreases 
from 2 to 0, 

Case III. When * sin 0 -h cos 0 = 0. As 0 

increases, sin ^ ©-h now is negative, and it increases 

in magnitude, therefore sin 0-fccs ©is negative, but increases* 
in magnitude and when then sin ©4-cos 0 = — V2. 

Thus as © increases from 135° to 225° sin ©4"COS 0 
decreases from 0 to 

Case IV. When © = sin 9 +cos - .v'2. 
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As Q increasas sin ^ 0 j is negative and decreases 

magnitude and when 0 ==^then sin ^ 9 

Thus as 0 increases from 225^ to 325^^ sin @ + cos 9 
increases from — \ 2 to 0. 

Now if j;=sin 0-|-co-s9, then the following table of 
values will help to draw the graph as shown in the figure. 




V— 


^ 225 



-1 I-v/2 


i^r rr r' 
r r 




l/tBiw 


\z 




ksmiip; 




mmmmmim/imm 


inm 


um^ummm 


MMMm\ 


iBi 






tPIMUBI 




itmw. 


%mmn\ 

fBBI'_ 

mmmmmmmmmrn 

•mmmmmmmmmmmmmi 


iSB ■■■•»■« •■««! 

Mmrnmmmmmmmmmmmm 

MMmmmnmmmwBmmnm 

•mnmmmmmmmmrmmm 








■ ■■BBSIBBI 
BBBBBBIBF] 

'mm fLy 






BBBBB'irtBi 


iBVfli 


BBBBBB 


•V 


bBb 


.'BBBBBB 


r.BBBBB' 


bbbbibbbbbbjbbbbbbbbbb 
BBBB kBBBBB JBBaaaBJIBBBB 


BBBBBBBBBBIBBBBB 
BBBBBBBBBBBVBBliBBaaBBBaB 
mmmmmmmmM 

■BBBBBBBB 


Ex. 4. If @j, 9z be two values of 9 given by 
<i cos 29-hb sin 29=c^ then find the values of 
0) tan 01-l-tan 0:, (ii) tan 9i tan © 2 . 

Since sin cos 

•*> given equation becomes 
a(l"tan^) 2btan 9 _ 
l+tan*© ■^l+tan*©~‘^ 
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or tan^0 Ca + c) - 2h tan 9-{-c~a — 0 

2 h 

tan @i+tan 9i=^^ . 

a -rc 


tan @ 1 . tan /9-.= 


c — a 


c^r a' 

EXERCISE XV 


Show that 


1 . 

2 . 

3. 

4. 

5. 

6 . 

7. 

8 . 

9. 




= tan (45 —9 ). 


cos 29 
1+sin 19 

4 cos A cos —A) cos (60°+A)=cos 
1 + sin 26 —co s 29 - 

1 +sin 29-1-cos 20 

^ 1-f-cos 29 —sin 29 

Prove that - -— 

14-cos 29 4-sin 

sin 49 __ 1 — cos 49 

14-cos 49 sm 49 

^_2A _ cos 2A 

sin A cos A 


3A. 


29 / tt ^ \ 

_=tan(—j 


= tan 29. 


= sec A. 


cosec 2A =cot A - cot 2A=tan A4-cot 2A. 

sin (2A-B) cos (2B—A)-l-ccs (2A —B) sin 

(2B —A)=sin( A-f-B). 

cos (A 4-B) sin (A- B)4- cos (A—B) sin (A -hB) 
cos (A —B) sin (A4-B) — cos (A-|-B) sin fA—B) 

_ sin 2A 

sin 2B * 

tan 2A tan 3A tan 5A=tan 5A—tan 3A—tan 2A. 
tan 3A tan 2A tan A=tan 3A-tan 2A—tan A- 


12. tan 


TT 


+ tani 2 -4~tan 6 tan 



13. cos^(45^—BJ -sin~(45'- A)=sin(A4-B)cos(A—B). 
14- cos'^A—cos‘’B 

=sin(A-fB)sin (B-A){l-hcos(A-f B) cos (A—B)>. 
15. cos^2A—sin^A = cos A cos 3A. 
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16. ccs^A + ccr(12C°-A)+cos2(l20°-fA)-f. 

_ , stnAA —sin“B tan (A+B) 

17. Prove 

18- Prove that cos (;c4-3') cos(.a;-y) —sin (a:+ 3 ?) X 

sin ix-y) is independent of y. 

19- Ttcos(A + B) sin rC + D)=cos (A-B) sin (C-D), 
show that cot D = cot A cot B cot C- 

„ , sin 39 cos 9 + cos 39 sin © _ 

20. Prove that-^“c2e~sTnW-” 

21. Prove that^-^^-^, ^ (A—B). 

cot A + tan b 

22. Prove that cos 0 - ^ 3 sin 0=2 cos^©+ -g—^ and 
hence find the greatest value of cos 0- v'3 sin ©• 

23. Express \ 3 cos 0 + sin 0 in terms of the cosine of 
single angle. 

24. Put CCS OH- b sin © in the form \ cos (©—a) 

and hence find its greatest value. (P. U. 1934, 1942). 

25. -y sm 0-sim; g + 2 1“®“^ \T~ 2]- 


26. Show that (i) tan 50‘'=2 tan 10°+tan 40^ 

(ti) tan 70''=2 tan 50°+tan 20'*. 

_ , 1 —tan2AtanA cos 3A 


27. Prove that 


1 + tan 2A tan A cos A 


„ , tan (45"‘+A) -tan (45''—A)_ 

28. Prove that-^ (45“TAlT'tan (45°- A) “ 

29. Show that tan A tan (60°+A) tan (120°+A) 
tan 3A. 

30* Show that cos (A+B) sin C+sin (A+B) cos C 

= cos (C + A) sin B + sin fC + A) cos B 

= ccs (B+C) sin A+sin (B+C) cas A, 

31. Show that (sin A cos B+cos A sin B)* 

+ (cos A cos B — sin A sin R)*= 1 
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— cot A, prove that 



2 cos A 
' cos 2A' 


33. If A+B = —prove that (H-tanA)(l-f-tan B)-^2- 

34. Show that a cos Q-\-b sin @=c gives no real value 
of eif 


35. Find numbers a and h which make a sin (9 -30^). 

4-^? sin (04-600 identically equ^l to 2 sin G. 

36. Trace the changes in the expression sin B —cos G as 
G varies from 0 to 360® and hence draw its graph. 

CHAPTER VH 
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47. We have already shown that 

sin (A4-B)=sin A ccs B4-cos A sin B 
sin (A- B) = sia A cos B—cos A sin B 
cos (A4“B) ==cos A cosB —sin A sin B 
and cos (A —B)==cos A cos B + sin A sin B. 
Adding the lirst two equations, we get 
2 sin A cos B=sin (A4-B) 4-sin (A —B). 

Subtracting the second from the lirst equation, 

2 cos A sin B=sia (A4-B)-sin (A —B), 

Adding equations (3) and (4) we get 

2 cos A cos B=cos (A4-B)4-ccs (A— B). 


( 1 ) 

(2) 

'3> 

(4) 


we get 


Subtracting equation (3) from equation (4), we get 

2 sin A sin B=cos (A—B) — cos (A4-BJ. 

tv We have thus shown that 

I. 2 sin A cos B = sin (A4-B)4-sin (A —B). 

II. 2 cos A sin B = sin (A4~B) —sin (A~B). 

2 cos A cos B = cos (A4'B)4-cos (A —B). 

IV. 2 sin A sin B = cos (A —B) — cos (A4-B). 

A/ote.—Notice carefully the order of (A-^B) anc (A-BJinthe 
right-hand side of these formulae, especially in (IV). 

These four formulae are useful in changing the products 
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of two sines, two cosines or a sine and a cosine into a sum 
or a difference. 

Again, put A+ B=P and A — B = Q, 
so that A= and B = 

Substituting these values in each of the equations I, II, 
III and IV, we obtain 

P + Q P-Q 

V. sinP + sin Q==2 sin ^ * 

. _ „ P+Q . P-Q 

VI. sinP —sinQ=2 cos —^* 

P-fQ P-Q 

VII. cos p + cos Q = 2 cos cos , 

^ ^ . P+Q . Q-P 

andVIII. cos P-cosQ = 2 sin sin —^ . 

_Notice carefully the order of V' and Q in each of these four 

results, espcially in Vlll. 

These four formulae are useful in changing the sum or difference of- 
two sines or two cosines into a product. 

The eight formulae T.VIII of this article are of the utmost 

importance and the student is advised to bo thoroughly familiar with 

them, as no further progress can' be made until they haye been thorough^ 
ly learnt. 

"Hoit 2.—In the above results sin ©d-cos 0 is not included but if it is- 
put in the form sin 0d~sin ) then it can be expressed as 

product. 

Note 3.—At the end of the book the student can see the Geometri¬ 
cal method of proving the above result. 

Ex. 1. Express cos 59—cos 79 as a product* 

^ . 59+79 79-59 

cos 50—cos 79= 2 sm - 2 2* 

=2 sin 69 sin 6- 

Ex. 2. Express sin 39 sin 59 as sum or difference. 

sin 39 sin 59 = i 2 sin 39 sin 59. ^ 

[cos (59-39)-cos (50+39)] 

=i[cos 2^ - cos 89]. 
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Ex. 3. Express as a product COS 11°+ sin 11°. 

cosir+sin ll°=cos ll°+cos 79°=2 cos 45 cos 34 . 

Ex. 4. Show that cos 20°+cos 100 +cos 140 -0. 

cos 20°+cos 100°+cos 140°=cos 20°+(cos 100 

+ COS 140 ). 

=cos 20°+ 2 cos 120° cos 20° 

=cos 20°+2 (-4) cos 20° 

= cos 20°— cos 20° =0. 

, cos A+c os 3A+COS 5A+cos 7A 
Ex. 5. Prove t at A+sin 3A+sm 5A+sin 7A 

=cot 4A, 

The left-hand expression 

_ A4-COS 7 A) + (cos 3A+cos 5A) 

(sin A+sin 7A)+(sin 3A+sin 5A) 

_ 2 cos 4A cos 3A+ 2 cos 4 A cos A 
“ 2 sin 4A’cos 3A + 2 sin 4A cos A 
2 cos 4A (c os 3A + COS A) ^ ^ 4 a 

^ / /sin 4A (cos 3A+COS A) * 

ExTb. Show chat cos 20° cos 40*^ cos 80°— 
cos 2(r cos 40° cos 80°=i (2 cos 20° cos 80° cos 40°) 
=i{(cos 100°+cos 60°) cos 40°> 

= |jcos 40°cos(l80-80)°+~^ 

= I (cos 40° -2 cos 40° cos 80°> 

= I (cos 40°— (cos 40°+cos 120°) >=i 

Or thus : - 


cos 20° cos 40° cos 80°. 

_ 1 _ 

2 sin 20° 

1 


2 sm 20° 

1 

4 sin 20° 

^ sin 160° 

8 • 


2 sin 20° cos 20° cos 40° cos 80° 
sin 40° cos 40° cos 80° 


sin 80° cos 80' 
sin 20° 


sin 20° 8 sin 20' 


8 * 


It may be noticed that this method cannot be always 
employed. 
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Ex. 7. If @1 and 02 be two distinct values of 0 which 
satisfy ^he equation a cos 0-\-b sin @=c, prove that 

s.n(9.+©.)=(^^. 

From the given conditions it follows that 

a cos 9 i~hb sin 9 i — c 
a cos 02-\-b sin 02 = c 

Subtracting, we get 

<2 (cos @i--cos 02 )~\~b (sin sin @ 2 ) = 0. 
or 2« sin ®i±f?sin^'+26 =0. 


or a sin 


so that tan 


2 

0i-h0z 
2 

0 l ~\-02 


_T @1+02 

-bccs-^ 


4 4 


sin 101 + 02) = 


b 

a 

2 tan 


0t+9 


l+tan^ 



2 ah 


a^+V 


Ex 8. Prove the formulae for sin 3A etc. with the 
toelp of results of this Chapter. 

sin 3A - sin A=2 cos 2A sin A 

=2(1 —2sin^A) sin A 
=2 sin A-4 sin^ A. 

By transposition, sin 3A = 3 sin A-4 sin’ A. 

Similarly cos 3A + cosA=2 cos 2A ccs A. 

=2(2 cos* A — 1) cos A 

=4 cos’A-2 cos A. 

By transposition, cos 3A=-4 cos’A—3 cos A 
Again, v tan 2A=tan(3A-A) 

. 2 tan A _ tan 3A - t an A 

1-tan* A l+tan3AtanA’ 
Cross-multiplication gives 

(tan 3A-tan A)(l-tan*A)=2 tan A+2 tan*A tan 3A 
or tan 3AO-3 tan*A)=3 tan A - tan’A 

tan 3A=^‘;^5A:i‘an^. 

i—3 tan^A 
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EXERCISE XVI 

Express in the form of a product: 

1. sin20 + sm4©. 2. sin 50-sin 3@. 

3. cos30-|-sin30. 4. cos 50-cos 70. 

5. cos 50®-cos 20^ 6. cos (A+B) + sin (A—B). 

Put the following in the form of sum or difference : 

7. 2 sin 20 cos 30. 8. 2 cos 50 cos 40. 

9. 2 sin 0 sin 30. 

Prove that 

10. cos 17°~cos 77° = cos 43°. 

cos 0—cos 30 


11 . 


13. 


14. 


15. 


16 


17. 


19. 


20 . 


22. 


^=tan 0. 12. 


sin 204“sin 30 _ . 0 

cos20—cos30 2* 


sin 30—sin 0 

cos 2B+cos2A ^^^ (A-B) cot (A+B) 
cos 2B — COS 2A ' 

cos 2B-COS 2 A^^^^ 
sin 2B + sin 2A 

sin A+sin B ^ A+B -^“1? 

sin A sin B 2 d 

c os A+cos B 
cos B — cos A 
sin A+sin B _ 
cos A+cos B ^ 

hsin ^A - sin ^B 


A+B 

—tan " 2 “ ' 

A+B ^ A-B 
= cot — 2 — cot —^ 

A+B 


18 _£>sm .A - smn -_ =tan (A + B) 

sin A cos A— sin B cos B 


21 . -- 


/A+B\ , ^ „ A-B_ 2 sin A 
\ 2 / 2 cos A+co: 

, A-B . jA+B 

cos A cos B=cos^ —2 sin 2 ' 

sin A +2 sin 3 A+sin 5 A _sin 3A 

_ _ ■ ■ — M ^ ^ • 


sin 3A+2 sin 5A+sin 7A sin 5A 

sin A +sin (A+B ) +sin (A+ 2B) _ (A+B) 

cos A+cos (A+B) + cos (A+2B) 
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sin 9+sin 29-f-sin 494-sin 59 « 

cos 9-l-cos 29-f-cos 49-l-cos 59 
24. Show that cos 5A+cos 4A—cos 3A—cos 2A 


28. 


29. 


30 . 


= —4 cos 


A . A "7 A 

Sin A sin -j^A. 


2 wftfc* 2 

25. cos (36"-A) cos (36"-hA) 

+ COS (54"4A) cos (54°—A) = co&2A. 

26. cos A sin (B — C)-|-cos B sin (C —A) 

4cos C sin (A—B)=0. 

27. sin (B-C)sin (A-D)+sin (C-A) sin (B-D) 

+ sin (A—B) sin (C —D)=0» 
cos_C~sin_(A—2C)_sin^A 

2 sin (B—O cos C—sin (B —2C) sin B* 

cos 2A cos 3A—cos 2 A cos 7A+cos A cos lOA 




sin 4 A sm 3A - sin 2 A sin 5A + sm 4A sin 7A 

=cot 6A cot 5A. 

sin A+sin 3A _|_sin^2A + sin 4A _ sin 5A 


cos A + cos 3A cos 2A-Kcos 4A cos 2A cos 3A* ' 

31. If A+B+C-f-D = 180", then 

cos 2A — cos 2B -hcos 2C — cos 2D 
= 4 sin tA4B/ sm (B+C) cos (C-fA). 

32. Show that 

sin (B-fC-A)+sin (C + A-B)+sin (A+B-C) 

—sin (A-|-B+C)==4 sin A sin B sin C. 

33. Show that sin 20® sin 40" sin 60° sin 80"=r\, 

34. Show that cos 15°4sin 15°=^^, 

V 2 

and cos 15° - sin 15° =-^ 2 ' Wint. sin 15°=cos 75°.] 

Hence show that cos 15°= and sin 15"=^^“^ 


2V2 


2V2 • 


Show that 

35. cos 10°4 cos 20°4cos 40®+cos 50° 

=V3(cos 10°4cos 20"X 
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36. sin 10°+sin 20°+sin 40'’+sin 50'’=sin 70°H-sin 80°. 

cos ll®+sin 11° 


37. 


38. 2 sin 


cos 11° — sin 11° 

TT 


= tan 56 


( 


27r 47r , Ott , Stt 

COS g H-COS g H-COS g H-COS-g 


) 


= - sin 


Stt 


9 ■ 

39. sin A sin (AH-2B)—sin B sin (B + 2A) 

= sin (A-B) sin (A+B). 

40. If sin A sin C—sin (B-F A) sin prove that 

either A + B,+ C or B is a multiple of 

41. If and @2 be two different and distinct values of 9 
which s^sfy a cos 9-hb sin @“c. show that 




tan (@i4-@2) = 


2 ab 


42. Find the greatest value of sin @ sin Col— 0 ), a being 

a given acute angle. 

Important Formulae on Chapter VI and VII. 

I. sin (A+B)=sin A cos B+cos A sin B 
cos CA+B)=cos A cos B —sin A sin B 

tan (A+B)=,-^^HA+LajLB 

1 —tan A tan B 

sin 2A—2 sin A cos A 

_ 2 tan A 
1+tan^A * 

cos 2A=1—2 sin^ A = 2 cos^ A— 1 
_1—tan^ A 


tan 2A= 


1+tan^ A 
2 tan A 


) 


1 — tan^ A 
sin 3 A=3 sin A -* 4 sin^A 
cos 3 A=4 cos®A - 3 cos A 
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. _ 3 tan A—tan^ A 
tan 3 A i-3 tan* A ' 

sin (A -B)=sin A cos B—cos A sin B, 

tcos A — B)=cos A cos B4-sin A sin B. 

/- r A - n^ A" tan B 

tA ^^“i+tan AtanB* 
sin (A+B) sin <A—B) =sin^A-sm^B. 
cos (A+B) cos(A-B) =cos2A-sin^B 

= cos^B — sin^A, 

tan (A+B + C) * ^ 

_tan A + tan B-^tan C—t an A tan B tan C 

~l-tan B tanC-tan C tan A-tan A tan B 

sin A cos B ^ [sin ( A+ B) + sin (A— B).. 
cos A sin B = i fsin (A+B) —sin (A—B)]. 
cos A cos B—\ [cos (A+B) + cos (A—B)]. 
sin A sin B = A [cos ( A — B) — cos ( A + B)]. 

. X. . . ^ ^ . P+Q ___P-Q 


P+O 

sin P4-sin Q =2 sin - 


2 -cos 2 

^+Q . P-Q 

2 . sin 2 

P+Q P-Q 


sin P - sin Q = 2 cos 


P+Q 


sin 


cos P + cos Q=2 cos , cos - 

^ o o • Q+P - Q“P 

cos P—cos Q=2 sin , sin —^—* 

REVISION QUESTIONS V 

1. Show that sin (60°+@) — sin (60° —©) —sin @=0. 

2. Prove that sin 50° —sin 70®+sin 10^=0. 

3. cos 55'’+cos 65''+cos 175®=0. 

. cos 13°^sin 13° _ -qo 

•too H^ tsn • 


cos 13° —sin 13® 


„ ,, . 1—cos A+cos B-cds (A+B)__ 

Prove that i—, -x— —-n - 

1 + cos A—cos B —coi (A+B) 


tan 


tan 


„ , sin (A—B)+sm A+Sin (A+B)^«n A 

Frovc that sin (C-B)+8in:€+Si C 
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7. Show that if an angle ct be divided into two parts 
such that the ratio of tangents of the parts is n, the 

W ” 1 

difference P between the parts is given by sin P= —rt-sin a 
j, sin (A-fB) 1—A , . 

cos~(A'^= ITa' 


tan 


(4 -«)= 


A cot 




9. If b sin P=a sin (2a + ^), show that. 

(b^a) cot (o.~hP) — (b — a) cot a. 

10. If sin 9 —a sin (^-b2a), then tan + = tan a. 

^ ct 

@-h<^ 

11. If sin'9-l-sin= cos 9 + cos find tan — 

TT 9^ 3"^ StT 

12. Prove that 2 cos j^cos -f-coSj^- +cosjy =0. 


13. If A 

o cos 


g , prove that 


A + B 


a tan A-hfc tan B = ((j + fe) tan 
t£ sin (^ + @) cos (30^"— ‘f») 

tan 9= -—o tan P tan <i>- 
V 3 

15. If tan^ @=tan (9~<^) tan i9~P), prove that, 

2 sin a nn P 

tan 29 = 


sin (<i + ;S)‘ 


16. If X cos 9=y cos^@+2 ^ ^ = 


z cos ( 9 + 4 ^ 


)■ 


prove t^^t xy-byz^zx~0- 

4^ Some General Theorems ;— 

[/> Sum up the series _. 

sin a4-sin(a4-^)+sin(a-i-2^)-i-.-l-sin(ct+n-l^) 
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Let S=smtt+sin(d4-/3) + sin(a+2/?) + . .. +sin(a + '/ 

then 2 sin| S=2 sin ^ sin «+2 sin -| sin (a+^) 

+2 sin^ sin (a + 2^) + ... . +2 sin ^sin (a + n- i)^ 
But 2 sin 2 sin a=cos( a- ^)-cos( a+ ^ ) 

2sin 2 sin (a+;8)=ccs^ a+ ^-^-cos( a+ 

sini sin(tt+2^) = cos( a+^^^-cos( «+ ^ 2 ) 


^1/3). 


• • • • 


and finally 

o ^ 

2 sin sin 


(a-i-?i—1^) =ccs^ a + 


2w “ 3 Q ^ 
2 ^ 


Adding all these we get 


2 sin 


=2 sin ^ a-h ”“2~ ^ ) 


— cos( 

' a+ 


2n-l \-| 


2 ^ /J 

Nsin 



O' 


S== 


m( 


sini a4- 


n—1 Q \ . 

^ ^ j sm 


n|8 


: i8' 

sin2 


(2) Sum up the series 

cosa+cos (cf+^)4".+cos(a+ii-l^). 




Let S be the given series. Multiplying by 2 sin-^ and 

proceeding as above, the result is easily obtained, The 

( 1 \ wi® 

0.+ jsin-^cosec'^' 
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EXERCISE XVII 
Sum up the series 

1. cos a-hcos 3ct4-cos 5j8-H.to n terms. 

2. sin 2a4-sin 4a4-sin 6a4-.to n terms 

3 cos a sin a-l-cos 2a sin 2aH- cos 3a sm 3a-r. 

to n terms. 

4. sin a cos 2a-l-sin 2a cos 3a+sin 3a cos 4a +. 

to n terms. 

[Hint Put each term as the difference of two terms.] 

5 sin a sin 2ct + sin 2<x sin Sa + sin 3a sm 4^ -h. 

to n terms. 

CHAPTER VIII 
SUB-MULTIPLE ANGLES 

49. To express the trigonometrical functions of an 
angle in terms of the cosine of double the angle. 

We have cos 2 A = 1 -2 sin^A=2 cos^A— 1. 

Hence 2 sin^A=l-cos 2A and 2 cos2A=l + cos 2A. 

/1-cos 2A , . /ktcoS-lA- 

.-. sinA = ±Y/ —2- andcosA-±'y' 2 

A i /l-cos2A. 

tanA = ±Y/ 1 +cos 2 A 

Taking the reciprocal’s we obtian the other functions. 
When only cos 2A is given and nothing more is sai 

about A or 2A. the ambiguity of signs in the foregoing 
results cannot be removed. But when in ^^dmon to cos 2 
A is given or if we know in which quadrant A lies, tne 
ambiguity can be easily removed. , 

Ex 1 Find sin 22° 30', cos 22® 30 and tan 22 30 , 

Put A=22° 30' ; -*• 2A-45®. - 

__ • 1 —^ 

. . /I - cos 45° , A / ^ 

/. sin22° 30'= ± V/^-2- 2 

Similarly cos 22® 30' = i^V24- v^2. 

Now *.• A lies in first quadrant, therefore sin A and 
cos A are positive. Hence rejecting the negative sign. 
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we have 


sin 22“ 30'= ^ and cos 22= 30'= 

tan 22° 30'= ' 

^ 2+ \ 2 

Ex. 2. Find sin 15® and cos 15 . 
PutA^15°, and /. 2A^30‘. 


sin 


-v/ 



> o % 

and similarly cos 15°=it:--^i^. 

2 2^/2 

Now V A lies in first quadrant, therefore sin A is 

positive and cos A is also positive. Hence i ejecting the 

lower sign in the first as well as in the second result we have 

sin ^and cos 

d\ 2 2\/2 

noticed that these results agree with what 
we had obtained already. However, they can also be proved 
geometrically thus : 

Let angle XOP be 
equal to 30®. Take OP 
equal to two units and 
draw PM perpendicular 
to OX. 

Produce MO to N 

such that ON=OP. Join PN. 

Then MP=1 and OM = \^3 : also ON=OP = 2. 
Therefore NP= \ MP^-l-NM-^ v^l+(2+V3J^ 

-V8-f4V3=v^2(l+^3> 

Hence sin 15“=^^ = - —A_(V3-1) 



NP 


V2(l+ V 3)" 2 a/2 
^V3 I+a/3 


ico_ NM 

NP ~V2(1+V3) 

tan 15°== 


21/2 




NM 2+V3~-id-ay's 


« . 




A 
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(^/3+l)(V3-l) v'3-1 

- -(v^i)^ 3+r 

Hotel. Since ZMPN=75°. the same figure can be 

used to find the circular functions of 75°. 

Note 2—The method may be extended to angles of 

7i°, 3|° and the like. . . /x/rnp 

Note 3. A similar construction (starting with ZMUP 
= 45°) gives the circular functions of 2 lh , II 4 and the like. 
Afofe.—From the above we derive a very interesting 

result: 

2 CCS =2VK1-+cos A) 

= V4X Kl + cos A)=\/(2 + 2 cos A). 

A o A 

Changing A to-^, wc get 2 cos-^ 2 “ 


v/( 


Similarly 2 cos 


2^ 


* / 

v/( 


cos 


2 ^ / 


= n/[2+V{24-v (2-I-2COS A)}j. , , 

In the above statement A 13 supposed to be less than 

two right angles, so that all the radicals are taken with 

the sign p/M5 before them . A 2" 

Also it is clear that when the denominator ot A is -d 
the radical sign will appear n times on the right-hand side.. 

Thus 

2 cos A=v(24-V(2-I-V(2+... + i'(2+2 cos A))...).. 

^ A 

Squaring this and adding to the square of 2 sio 

4=4 sin2^ + 2+V(2+-..\'(2 + 2cos A)) ..) 

4 sin^^=2H- V( 2 + ...V((2+2 cos A)) ..) 

.*• 2 sin^= \/ 2 +V( 2 +V ( 2 +... + (2+2 cos A))...)’ 

the radical sign appearing n times as before. 

^ 0/\cj 


Thus 2 CDS 22° 30' =2 cos 


180" 
2^ 


k 
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V(2+ v/ (2-1- (2-1-2 COS 180^))) = v'(2-f- V'2) 

cos 22® 30'= a \/(2-|-\'2) as before. 

50, To express the trigonometrical functions of an 
angle in terms of the sine of double the angle. 

sin^ A -b c os^ A—1 
and 2 sin A cos A=^sin 2A. 

Adding and taking the square root, we get, 

sin Ad-cos A=zb \/(H-sin 2A), ...(i) 

Substracting and taking the square root, we get 

sin A-cos A=4;\/(i-sin 2A) -..(it) 

From (i) and (iO by a dding and subtracting, we get 
sin A=K± v'ld-sin 2Ait: \ l—sin 2Aj 
cos A=K^Vl+sin 2A^ v'l-sin 2A). 

Dividing sin A by cos A, we obtain tan A in terms of 
sin 2 A. By taking reciprocals, we get the remaining func¬ 
tions. 

When only sin 2A is given and nothing more is said 
about A the ambiguity ot signs in the foregoing results 
cannot be removed. But when in addition to sin 2A, A is 
given, the ambiguity can be easily removed. 

Ex. 1. Find sin 9° and cos 9°, given that sin 18® 
= ^ ^ ~ 1 
4 

Put A=9® in (0 and (iO above._ 

sin9®-|-ccs9°=:±:v 1-f-sjn^ ...(0 

andsin9°-cos 9*" = zt v/1 - sin 18®' ...(it) 

Now since 9° lies in the first Quadrant, therefore both 
sin 9® and cos 9® are positive Hence we reject the lower 
sign in (0. Also because cos 9®>sin 9®, therefore we reject 
the upper sign in (ii). Thus ambiguity of signs is removed. 
Hence 


sin 9’+cos 9°=+v^l+sin 18°=.- -^^^ 

and sin 9'’-cos 9“=-Vl-sin 18°== 
Adding and subtracting these, 

.i„ 9-- V3±!L 5-V5^ .i5. 

4 
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COS 9° = 


a/5 


Ex. 2. Given that sm A = SI and that A lies between 
90'’ and 120°, tind sin ^ and cos ~ . 

A A 

Here — lies between 45° and 60°: therefore both sin - 

A 

and cos^ are positive. Hence for this case the upper sign 

A A 

must be retained in (i). Also cos ^<sia ^ . theretore the 

upper sign must be retained in (u). 

, A. A . , -r-]—:—T- 7 
.. sm-TT—hcos-? 7 - = +V 1+sin A=*- , 

. . A A 

and sin ^— cos 


+ vl-sin A=-^- 

5 


. A 4 , A3 

. . sin ~2~^~5 ~~2 

Note: —For the convenience of the student we give 
here the signs which the expression sin A + cos A and 
sin A-cos A assume as A changes from 0 to 360°; the 
results can be very easily verified ; — 

L If A lies between —^ and 

then sin A+ cos A is positive and sin A —cos A is negative. 

TT StT 

II, If A lies between and —. 
then sin A+cos A is positive and sin A —cos A is also positive 

III. If A lies between -- and 

4 4 

then sin A-f-cos A is negative and sin A —cos A is positive. 

IV. If A lies between-^ and 

then sin A+cos A is negative and sin A—cos A is positive^ 
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51, To express the trigonometrical ratios of an 
angle in terms of the tangent of double the angle. 

tan 2 A=^:_-an2A* 

By cross-multiplication and transposition we get 

itan 2A tan^A+2 tan A— tan 2A=0» 


tan A= 


^±y 4+4 tan^ 2 A_ -l+Vl+tan= 2A 


2 tan2A tan 2A 


Other 


Thus tan A is found in terms of tan 2A and hence 

functions of A can be determined. 

Note 1—From the foregoing quadratic equation we see 
rchat one value of tan A is the reciprocal of the other with 

Its sign changed. , a • a a 

Note 2 .—When nothing is known about A, sin A, cos A 

have in general four values each. 

Ex. Given tan 2A = - jjg, find sin A and cos A. 

2 tan A 


^-tan 2A 

120-120 tan''A= -119x 2 tan A 
or 60 tan^A—119 tan A —60=0 
or (5 tan A -12) (12 tan A - 5) =0 

12 5 

5 


tan A= 


or— 


12 


12 


Whence sin A=±rj^y ±: 


1_2 

13‘ 


52. To find the circular functions of 18 and 72 . 

Let so that 59=90'* or 29=90"-39 

.. sin 29=sin (90"-3@)=cos 39 

or 2 sin 9 cos 9=4 cos®9—3 cos 9 

Divide both sides by cos 9 (which is not zero) ; 

2 sin 9=4 cos^9—3 

=4(1—sin^9) — 3 V 

= 1-4 sin^9. 

Transposition gives 4 sin^9+2 sin 9 — 1 = 0 

. « -2=t\/4+i6 -l±v'5 

sin 9=--Q-=- 4 • 

Now 18® is an acute angle and hence its sine is positive* 
[dence rejecting the negative value, we have -f 

•* on ^ 5*— 1 

Sin 18”= — — 
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Again, cos 18° = Vl-sin* 18"=\/ 

_. / , 6-25 V10+2v'5 

V ^ 16 4 ■ 

The remaining circular functions can now be found- 
Since 18*" and 72® are complimentary angles, therefore. 


sin 72"=cos 18°= ' 


10 + 2v 5 


and cos 72°==sin 18*^= ' 

4 


Sine and cosine being known, all other trigonometrical 
ratios of 18° and 72° can be calculated. 

53. To find the circular functions of 36* and 54° 


Let 36°=0, so that 
5©=180° or 2^? = 180°-3©. 

.*. sin 2©=sin (180°—39 ) = 5in 30. 
or 2 sin 0 cos 9=3 sin 9-4 sin^9. 

Divide both sides by sin 9 (which is not zero) ; 
.*. 2 cos 9=3 - 4(1 —cos^9) 

= —1-1-4 cos‘9 
4 cos^9 - 2 co s 9 -1 =0 

^ 2±V44-16 2dz2\ 5 ldrv'5 
cos 9=-n-= —r>—= ,— 


thereiore its cosine is 


Now 36° is an acute angle and 11.9 I 

positive. Hence rejecting the negative value, we have 

cos 36 =—, - • V 


sin 36° = V1 ” cos“ 36^ 




, 6+2V5 _V10 -2V5 

16 4 


The remaining circular functions can now be found. 
Since 36° and 54° are complimentary angles, therefore 


sin 54°=cos 36° = 
and cos 54°= siD36° = 


\/ 5+1 
4 ‘ 

V 10-2v^ 

" 4 


I 
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The value of cos 36" can also be deduced from that of 
sin 18" thus :— 

V5+1 

cos36"=l—2 sin‘'18'' = l”2|^ ^ y “ 4 

Thus sine and cosine being known, all other trigono¬ 
metrical functions of 54" and 36 can be calculated. 

exercise XVIII 


1. In the formula sin 2 


a/ 


—cos A 


, find the 


sign to be taken when A is (0 120". (n ) 240°, (f iO 40C . 

2. In the formula cos ' 2 “— ^ 2 ’ 

sign to be taken when A is (t) 48°, (iO 302 , (fit) 400°, 
(hO 560". __ 

A * / 1—cos A x* j ..L 

3. In the formula tan 2 =— ^ l-fcos A’ 

sisn to be taken when A is (i) 26°. (lil 200 , (tii) 400 , 

4. Find sin 157 

5. Find sin 292 “ 

. A 



A 

-- lie in the first Quadrant. 

^ ^ ___ 

7. In the formula cos ~ 2 '^ 2 Vl+sinA* find 

the sign to be taken when A is (i) 80", (ii) 280**, (iii) 380®. 

A A _._^ 

8, In the formula cos « “sin ^ =iVl“sin A, find 


2 

the sign to be taken when ^ is (i) 35^. (tO 50? (iit) 



0 
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9. Given that sin 30®=J, deduce the values of sin 15'’ 
and cos.lS**, 

v^3 

10. Given that sin 60°~~2 deduce the known values 

of sin 30® and cos 30°. 

11. If A=340°. prove that 


2 sin-^ =-Vl+sin A -f-v/J —sin A ; 

A 


and 2cos + A--\/l—sin A. 

12. If A=580° prove that 

2 sin^- = - ^/1 + sin A - \'i —sin A. 

2 ab 


13. If 9 is an acute angle and sin f»^d tan |. 

TRIGONOMETRICAL IDENTITIES 

54. When two or more angles are connected by some 
relation, we can find a relation existing among their circu¬ 
lar functions. 

The method of discovering such a relation is best illus- 
trated%^ examples. 

The student is advised to notice carefully the several 

steps. 

Ex. 1. A+B+C=^, show that 
sin 2A+sin 2B+sin 2C=4 sin A sin B sin C, 

We have sin 2A+sin 2B+sin 2C 
=2 sin (A+B) cos (A—B) + 2 sin C cos C. 

=2 sin (tt-C) cos (A-B) + 2 sin .C^Cos (A+B)] 

tNote this step.] 

"^sin C cos (A—B)-2 sin C cos (A-hB) 

=2sin C [cos (A —B) -cos (A+B)] 

=2 sin C (2 sin A sin B) 
rv =4 sin A sin B sin C. 

2. If A+B+C = ^. show that ' 

ABC 

cos A+cos B+cos C—1+4 sin 2 - 


2 


J30* 


] N T2T; M F.DI A 7 E- T Itl^ 


‘We have :l? 


i ■ 


cos A+cos B+cos C=2 cos 


A+B 


t.' 




COS 


A-B 


. ■ . 


+1*“ 2 sin 


A 


= 14"2 cos 


—2 sin 2 sin 


2 ) 

. / ^ A + B\ 

*^(2 2 } 


A-B 




=H-2sin 


A-B o • C 

cos —y- ~2 sin “2 


cos 


A+B 


- . ^ . C ( A—B A+B 

=1-1-2 sm-^ I cos —^ -cos 2 


= 1+2 sin 2 • 2sin“ 


B 


sin 


2 

B . C 

2 2 siri 2 

Ex. 3. If A+B+ C==7’-, show that 

• '7 A • _'5r> _ r\ A 


= 1 + 4 sin 


sin 




sin^^+sin^B—sin^.C = 2 sin. A sin B cos C. 

We have' sin^A+sin^B —sin^C 

=^sin^A+sirt (B+C) sin (B—C) 

—sin A siri'i’’’ — (B+CJ] + sin (tt —A), sin (B—C) 
=sin A sin (B + C) + sin A sin (B—C) 

=sm A [sin (B+C) + sin (B-C)] 

=2 sin A sin B cos C. 

Ex, 4. 'If A+B + C=7r, show that 

cos^A + cos^B —cos^C=l—2 sin A sin B cos C. 
We have cos^A+cos^B—cos^C 
= 4[2 cos^A+2 cos^B—2 cos^C] ■ 

= a 1 + cos 2A+1+COS 2B—2 .cos*C] 
=i[2+cos,2A+.cos 2B-2 cos^C] . . 

, =i[2+2 cos (A+B) cos (A - B) - 2 cos*C] 

= *[2+2 cos (TT-C) cos (A—B) -2 cos C 
M Xcos (tt-A—B)] 


=4 

-4 




2“2 cos C cos (A—B)+2 cos C cos (A+B)] 
]2--2 cos C{cos (A—.B)“C9S (A+B)}] 
=4L2—4 sin A sin B cos C] , 

= 1 - 2 sin A sin B cos C. 

\ * ^ I 

Anothsr Method 

cos^A+fcorfS - cos*C =? coj>“Atj- sin!B— co.s*P 
=l+(WA-sin*B)-cos*C^ ^ ^ 


% 
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0Jf Jl^ 

= Tr must also hold w'lien A, B. C are changed into. —2 

■■■ 


= l+coi^ATi-B) GPS (A“B)-cos®C 

= 1—cos C CDS (AvtB) “COS^C 
=1 — cos C £co^-(A ~ B) 4-cos C] 

= 1 - cos C [co^ .( A - B) + cos {180° - ( A+B) >] 

=1 —cos C rcos,.(A — B) —cos (A + B)J 
=1—cos Cx2 sin A sin B 
= 1—2 sin A sin B cos G- 

Note.^Any rclatioii which exists on the supposition that A-fB-j-C 

“ TT B 

2 "2 

« • 

' A 

or TT -2A, TT -2B and .tt -2C respectively ; for on the same 

o 2 

auppositiom the sum of these three ahg.lcs is also equal to tt. 

Thus from corollary, to Article 45 we get 
A B ^ C A B C 

cot ^4-cot^4-cot2=cot 2 cot ^ ^^^ 2 ' 

Ex 5. -In a triangle - ABC if sin 2B + sin 2C = sin 2A, 

show that either or _C=90°, 

Here sin 2B+sin —sin 2A 

or 2 sin (B+C) cos(B-C) ==2 sin A cos A 
or sin A cos (B-C) = sin A cos A 
or sin Atco^ :(.B“C) + cos (B+C)]=^0 
or 2 sin A cos B cos C=0. 

Now A can neither be 0 nor 180°, therefore either cos B 

= 0 or cos C=0, -*• B or C=90°‘_.. 

■ Ex. 6* If cos CU+cos/3 +cos 7 = 1 + 4 sin -sm^sing. 

find all the possible relations between a, fi, y. 

Wc will transpose 1 to the left and deal with the 

resulting equation. Thus 

• . o . a+p 0.-P - - . -V 

COS 4* COS j9 + cos y 1—2 cos 2 


(t+^ 

= 2 cos vr^cos 


2 


+ 1 —2sin^- 


o • 2 ^ 

2 

a 


Now, this Expression is to Be equal to 4 sin ^sin 2 

y 


Therefore kin ^ must ; be a; factor Pf 


this expression 
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and hence $m ^must be e<}ual t 6 either cos 7^^^' 


cos 


a-iS 


. Let. if possible, cos 


T_r O OL-^ ^ ^ ^ ' ? 

Hence 2 coScos-s— 2sm*^. < • .. . 

=2 sm^|cos- 2--®^^^i ■‘: ■ 

. y; .< 1 +P 

=2 sm 2 ( cos ^-^ 

= —4 sin ,c'sin,rsm;^* ' . ' 

c 2 • * .^ 

OL y * 1 

which shows that cos ^ does not fit in. ’ ^ 

% 

I 

Therefore we take now cos^^^^—sin^ (a) and now tl^ 

^ . y { a-fl . y ) 
expression = 2 sm^ j cos 

^ . y ( a-^ a+)3) 

-2sm cos -2'-cos~j 

. . 7 . a . jQ , . 5 

=4 sin 2 sin ^ sm 2 ^ . 

Therefore from (a) we have €08*^-^=510^=008^1.^111 


or <i-|-/?=4n^i(7r —y)^ . ui. 

■which gives all the possible relations between fi miy 

EXERCISE XIX 
If A+B+C=180° prove that 

L sm ^A+sin 2B+sin 2 C =4 sin A sin B sin C. j 
2. cos 2A+cos 2B+C0S 2C = -1-4 cos A cosBcosd 

^ ^ cotC+colC cot A=l. :’ J 

. 5. tan^ tan ^+ tan -| tan^+tei^ ; J 


• 4 

t 


\-v 
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• • 


« 


■4 


‘A B C A A B ^ C 
6- 2 "'’^2 ‘=°‘ '2- 

7. ''sin A+sin B + sin C=4 cos^ cos 2 ' ' 

(P. U. 1945) 
ABC 

8. cos APcos B+cosC = 1+4 sin 2 sin.^ sing- ■ 

' ' „ , . A . B C 

9. sin A-f sin B—sin C=4 sin g sing^ cos 

!0. sin ^+sin|+sin^=H-4 sin-‘^sin’" 


Sin 


TT-C 


4 


11 cos‘“A+ cos^B+ cos^C = 1 -2 cos A cos B cos C. 
12. cos*A+cos*0.-cos^C=l-2 sin A^in B cos^C- 

sin’y+sin‘ I + 5ta= f =.I -2 sin 2 riia ■ 

i, ..B ..I - A B - C 


13. 


14. 5in«t+sin^2 - sin^ =1-2 cosy cos ^ 

^ ^ ^ Ml n 


Sin 


3A 3B 3C 
15.:. sin3A+sin3B + sin3C=-4cos g-cos-g cos sg- 

ri-i-s 4A + COS 4B-f cos 4C =4 cos 2A cos 2B cos 2C —1 
16- Sr-Psin4B+sin^2C==2-2 cos 2A cos 2B cos 2C, 

A R C . ‘n'4-A TT-fB 

18. cos.^ + cos y-cos 2 -4 cos ^ cos ^ 


17. 


X 


TT-C 


•« ' COS 

19. sin (B4-C-A)+sin (C + A-B) + sin (A+B-C) 

^ =4 sm A sin B sin C. 

A B-C B C—A 

20. cosy cos 2 2 2 

’ +cosg cos‘^^=sin A+sinB+sinC 

21. ’ taiv 3A4*^n 3B-Htan 3C=tan 3A tan 3B tan 3C. 

Hence show that if xyz, then 

3x-s^ . 3y- K* . 3 *-a:^ . 3y- _»f , 3^^^. 

jF3^'‘*'l~3?'‘'l-32‘"l-3A^ l-3y* l-3z» 


43A 
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22 . 




23. 


tan A cot B Cot C-f- tan B cot ,C cot 
tan C cot A cot B=tan A,+tan B+tan C 

* . “^cbt A-f-cot-B+cot O 

cot A +cot 8 ^ cot B+cot G.. cot C+cot A ' 
tan A-f-tan B'^tan B-Htan C*^tan C + t'an 



24 If A-t" B+C = 180^ show that 

(A/24-B)-hsin2(B/24-C)+sjn2(C/2+A) 

“l + 2^sin'(A/2H-B) sin (B/2-I-C) sin fC/2+ A) 
25. If A^-B. + C-hD=2^, proyethat. 
sin A—sin B-|-sia.C - sin D 


. A+B . A+C 

= - 4 cos ^ sin 2 - 


i. 


26. 


A+C 

cos X 


cos 


27. 


28. 


i 




If A + B + C + D — 'Ztt, show that 
cos A+cos B + cos C+cns D=--4 

2 ^ i 

a+d 4 
2 

If a+/?=y, show that > 

cos^a fcos^^+cos^V =1 + 2 cos « cos cos V 
Prove that if AztzB^C is =cro,or a Wtiple of 
cos-A+cos2B+cos-C-2 cos.A co^ B^osC=l. 

A . \ahie of the expressloh sin B sin Cx 

cos A+sin A remains unchanged if any two of .the letters 
A. B. C are interchanged, provided that- A.; B C -are the 
angles of a triangle 

If A B. C are any angles and 2S-A + B + C, prove that 

30. 4 sin S sin (S-A) sm (S-B) sin fS-Q = 

A~cos-B-cos‘C+2 cos A cos B cos C. 

31. ?in (S - A) + sin (S - B)+sin (S —C) —sin S 


29. 


=4 sin 


G. 


sm 


A/ 


2 2 

Formula e of Chapter VIII 

l"Cos2A *' A _i 

i d. . \:os A = 4 


\/ 


3. tan A 




1—cos 2A 


■!-co^2A 

2 


1+cos 2AV'. 


4. 


-<5 TOO— ^'^ 10 + 2\^5 .. 

o. cos 18 :—^=sm 72^ 


sin 18*^= 

V • 


v'5.-l 


\ 


=cos 72\ 


. s 


•. M 






i 






4 '%• 


$ 

t. 
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6 . 


Gos36®=sin 54!*=. 


V'S+l 


7. cos 54® = sin 36®= 


v'10-2V5 


• \ 


1 . 


" MISCELLANEOUS EXERCISES 11- 

If A and B are acute angles given by cos- A = f and 
gjn B=rT* calculate the value of tan (A + B). 

2. If cos A = } and cos B=xl (A, B being acute) prove 

that A—B=60 . 

3. Verify that the formulae for cos (60® —45°) and 
cos (45® —30®) lead to the same value of cos 15°, 

4. Find sin 90® and cos 90° with the help of he for¬ 
mulae for sin (A4-B) and cos (A+B). 

5. Draw the graph of sin x, x varying from 0® to 360®. 
Draw the graph of—cos x, jc varying from 0° to 360®. 

Show that = 2 (cos 3A + cos A). 

Sin 

Show that cos*A4-cos*(120®—A) + cos^(120® +A)==f. 
Prove that 

tan tan (60°+@) + tan (120®+©) = 3 tan 3©. 

Ilsin ©=^;^q:^2^ind tan-^. 


6 . 

7. 

8. 
9. 


10 . 


11 . 

12 . 

13 , 

14- 


15. 

16. 


/.Ncot A-tan A * 

Show that (*>cot A+tan A-*"”® 

(«) tan A+cot A=2 cosec 2 A. 
Show that sin 2A sin A=2 cos A— cos^A. 

find sin 2©. 

b 

Prove the identities 

(t) tan (45®+©)+tan (45° — ©) = 2 sec 2©. 
(ti) cosec 2A+cot 4A=cot A-cosec 4A. 

^ , 1+sin 2© _ ^ ^ ( TT , ^ \ 

Prove that —:: 7 „ ^ ^ ^ 


If cot ©= 


1— sin 2© 


Show that cos®© -sin®©=cos 2© —J sin 2© sin 4©. 




17. cos ©= 


cos u e 


i i 


tan 


1 —e cos u 

© 


,prove that 


i-± \/s 


e 

e 


tan 


u 

2‘ 
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18. Given that cos 36°= —find cos'18L . 

19. Give that cos find cos-9®. 

4 

20. Show that sin 18^= ' ^^-^and determinjB cos 36°. 

Prove that sin 36^ sifi>72° sin 144° — ,»• 

21. Prove that 


(sin A—sin B)^4-(cos A-cos B)“ = 4 


. .A-B 


sin 




22. Show that cosec A+2 cosec 2A=sec A cot^-. 

23. Given tan ft = l-f \'2, find cos 2a. 

24. Find the circular functions of 30° and 15°. 

Show that tan 15°-f tan 30°4-tan 15° tan 30°=1. 

25. Express cos 5A in terms of cos A. Hence or other¬ 
wise find the value of cos 18°. 

26. Show cos 29 cos 40. ^ 

Zl. Show that sin 5A=5 sin A-20 sin’ A+16 sin’A. 
Show that cos 5A=5 cos A-20 cos’ A + 16 cos’A. 

29. If 9, and 9, be two distinct angles satisfying the eaua- 
tion a cos 294-fe sin 29=C:. show that 

cos^9.+cos’e,=‘*-+‘’"+^^ 

30. If show that O.v - 4.r^)"'f (3;j;" 4;i/^>*=l 

.. cole 

tan „„ I .5^. 

32. If cos 4^=«. find from this au eqaution for sin B and 


apply it to find sin -g . 

33. El^inate ©from the equation a cos 2©=^ 6 sin© 
and csin 2©=d cos ©.. ^ 

35. Prove that 16 cos ^g'fcos cos cos ^=1. 

(C uo 


4 
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35. .that sin 6^ sin. 42° sin 66° sin 78° 

cos 6® CCS 42° cos 66° cos 78° = j J. 


(B. U.) 


positive and acute, show that sin^ ^ 


40 60 

36. If ,cos A=:rj and cos and A and B are 

41 61 

A-B\ _^ 

. 41x61’ 

37* Show that (i) sin A=sin (36^-fA’ —sin ('36°—A) 

^ ■ H-sin('72"-A)~sin(72°+A)- 

(«) cos A==sin l54°+A)+sin (54°- A)-sin (18°4-A) 

-sin (18°-A). (B. U.) 
X 

38- If cos A^ ’- 7 - ., and cos B = ,, - , where A and B 


are positive acute angles, show that 

■2/A-B\_ ia-bY 

V 2 / (>+D(fo2-fiy 


39. If cos0=p-°^^ then C= 

1 —C cos <p 


tan 


Q 


(B. U.) 


— tan 


'2 ^ ^ 

tan^ - + tan 


- 

2 ' 


40. Show that .tan 15° +cot 15° = 4. 

r)V2^2- 


. : 
TT 


Show that sin 2j = i(l +V2 


2 

^B. U.) 
(B. U.) 


41. If the equation a cos 9 + h sin B=c has two distinct 
roots of B to be ct, fi each less than 2^, then 

Z L2 

cos + (B. U.) 

a+0*- 

42- If a, P be two values of 0 in a tan B-i-h sec 9=c, 

. . 2«c , . , ±2i(<2Hc’-fc')^ 

then tan (a+^) =-5—^ and tan (‘^^p)=-=^“n—?—• 

cr—c^ _ 2h^ — c^-or 

43. Prove that 4(sm 24°+cos6°)= 3+v 15 

sin27°=l (2V5 +v^5-V10+V 2). 

44. Show that tan -g- is a root of t^+2t -1=0. 


•t 


fHint, Let .@=^ soyhat 2@ =and 

=1 or t®+2c.r'l‘=0 where t=tan B]. 


tan 2<^=1 


2 tan B 
l-tan^ 
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45., Show that sin-^^. is a root of the equation 

- 4 jc* — 4 a; 4-1 = 0. 

[Hint. Let that 7©- ^ cc 

therefore sin 4@^sin ^ ^ ^~cos 30 

or 4 sin © cos^ @—4 cos 0 sia^ ©~4 cos^©~3 ccs ©]. 

46. It tan © +tan 2©--tan 3©. show rhat 0 must be a 

multiple of 60° or 90®. 

47. In any triangle ABC, prove that « 

sin (B-f-C-A) + sin (C+ A- B)H-sin (A + B-C) - 

sin (A+B+C)=4 sin A sin B sin C. 

4S, Prove that ^ - 

cos2A + cos^B+cos-C+2 cos A cos B ccs C = l. 

where A4-B4“C=^. 

If A4-B4*C=180°, show that 

49. sin ^+sin-|-4-sin'^ 

C + A A+B 
= 1-1-4 sin ^sin ^ 'Sin ^ . 

50. sin A sin B sin C=sin A cos B cos C 

-|-sin B cos A cos C4-sin C cos A cos B. 

51. sin 4nA‘fsin 47iB'f sin 4 >jC 

= — 4 sin 2nA sin 2nB sm 2nC. 

A ^ B , C 

52. cos 2 +0052 +005 2 

B+C C+A A+B 

=4 cos ^ cos ‘ ^ ■ cos —-—. 

53. sin®A+sin'B+sin^C=-2+2 cos A cos B cos C. 

54 If A+B+C + D^27r, show that 

sin A+sin B+sin C+sin D 

, . A+B . A+C. A+D 
= 4 sin —^sin " 2 - s^n— 2 ” . 

55. Prove that if c^<a^i-b- the equation 

a cos ©+fc sin ©=c 

is satisfied by two and only two values of 0 between 0 and 
2^.' If these values are © 1 , and ©2 prove that 

tan0+6an ) \ ^i 


50. 


54 


d3. 
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56, Show that 

- cot A cot Bcot-C=cot‘A+cot B-fcot C 

— cosec A cc^ec B cosec C, when A, B, CT, are angles 
of a triangle. ' 

57i- If show that ■ 

a:(1 - 3^^) (1 r (1 - (1 - ) -f(1 - x^) i\~y^)=4^yz. 


58. sin^ 


A+B 


Cos 


A-B 


, 2 A + B * 

H- cos* - - sin* 


A-B 
2 

1—^ cos^A—i cos^ B. 


9 


B 


59. If tan^'x = tan* tan^ ^ , then show that 


cos ©= 


cos A -4 cos B 
i+cos A cos B 


0 

60. Express cos © in terms of tan j■ 


^ 1—e+(l-he) tan^ 2 

If tan* » =-- — . , find cos 0 in terms of 

l+e+(l-e-) tan2 

e and cos </». 

61. If Bi and ©2 are the roots of the equation 
a cos 6-f-^> sin ©=^c, prove that 

a b c 


cos 


©I+© 


sin 


©1+©2 


cos 


© 1 -©/ 


2 ‘ 2 
CHAPTER IX 

INVERSE CIRCULAR FUNCTIONS 

$ 

55 . So far V7C have discussed the values of Circular 
Functions for a given value of the angle. In the present 
chapter the inverse process will be discussed, viz., that given 
the value of a circular function, to find the value of it& 
argument. Thus, for example, if sin ©=i, we can conclude 
that ©=30°. It will be seen that ©=150° also satilies sin ©" 
=h. Wc shall however see that for a given value of the 
trigonometrical ratio its argument is many valued. 

V 56-. betiveen 0 and .360° whose 

sine or cosecant is kiven. 


•t * •- j » 


i • V-. n f 'i: 
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INlERMEDlATE T^IGOf^OMETRY 

Let the given sine be k. k being positi>^;o‘r fiegative 



X X 



Take two lines X'OX and Y'OY catting at right angles. 

With O as centre and unity as rariius. describe a circle. Lut 

off a length OB, equal to b in magnitutk, 

positive, or along OY' if k is negative ^re 

cutting the circle in P and Pi. Then Z.XOP and XOPi are 

the angles having the given sine- 

For sin XOP=^p 

sinXOP,-Qp^ OP, 

Cor. It follows that there are two angles lying be¬ 
tween 0" and 360^ which have a given sine- 

Note /-—Observe that the construction tails it ft is nu¬ 
merically greater than unity, which is otherwise obvious. 
Note 2-—It the cosecant of an angle be given, then its 

sine is known and a similar construction holds. 

Notation. An angle whose sine is k is denoted by sm ft, 
which is read as ‘inverse sine fc.* Similarly^denotes 
an angle whose cosecant is k. Therefore if y sin .r, then 
'y;=sin y ; and if y —cosec *-V, then .'v coscc y» 

Notice that while sin ^ =^osec .v’ ** equal to 


,cosec"'.v' 


Ex. Construct an angle whose sine is 

(») i. (it) -J. (iiO (««) -S* ■ 

57. To construct an angle lying btfivee 
whose cosine or secant is given. 


360* 






INVERSE CIRCULAR FUNCTIONS 


lil 


Let the given coosine be k, k being positive or negative. 

Take two lines X'OX and Y'OY intersecting at right 
angles. With O as centre and unity as radius describe ai 



circle. Cut off a length OM equal to k, in magnitude, along 
OX if k is positixe and along OX' if k is negative. Draw 
PMPi=Y'OY cutting the circle in F and Pi. Then ZXOP' 
and ZXOPi are the angles having the given cosine. For, 


cos 


OM r j OM 

XOP=Q^=ft ; and cos XOPi— 



Cor. It foUows that there two angles lying between 
0° and 360° which have a given cosine. 

Note 7.—Observe that the construction tails if k is nu¬ 
merically greater than unity, which is otherwise obvious. 

Note 2.—If the secant of an angle be given, then its co¬ 
sine is known and a similar construction holds. 

^Notation, cos~'b denotes an angle whose cosine is k and 
sec denotes an angle whose secant is Therefore if 
y=cos \x, then :ir=cos y, and if y=^sec~Kr then .r=sec y. 

Notice that while cos - ; cos'^r is not equal to 

1 I 

, butcos~*A:=3.Jc . e.g; cos ‘ i=60° ; sac"' 2=60°. 

SC X 

% 

Ex, Construct an angle whose cosine is (0 f, («) -J. 
,Jro cdnstriict ail angle whose tangent or cotangent is 
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V L^ the given tangentibe k. i^ibeiagi pffsitiv^,or.negative. 

, Take a straight line X,'OX. Cut..off lengths OM and 


.'..n . . 


V 

« X 


(.A 


■/ X 


/ ! /; 




V j 

/ 


OMi equal to unity in magnitude, and ajbng OX and OX' 
respectively. At M and Mi draw MP am MiPi at right 
angles to X OX, and equal to b in magnitude, upwards and 
downwards respectively, if is pds'tive, and'ddwiiwards and 
upwards if ^ is negative. 'TheTt"/XOP "arid XOPi are the 
Required angles. 

For tan XOP= and tan XOPi=^=;^. 

Cor. It follows that there are two angles lying be¬ 
tween 0° and 360° having a given tangant, 

Notp 2. —Observe that the-construction never fails, 
which is otherwise obvious. 

Note'2—It the cotange-ntof an^ngle be given, then its 
tangent is known and a simitar conduction, holds 

J^otation. tan'7.'denotes -an angle whose tangent is it; 
and cot ‘^denotes an angle whpse; .cotangent is ft, so that 
if 3 ;=tan“^A*, then A;=tan y, and if .y= 3 got“*,a:, then A*=cot v: 
e.g., if tan 45""= 1 then tan“‘ 1 ^45^, ^ 


Notice that while tan .v” 


cot .r' 2 


1 

cot 'x 


tan }x. is not equal to 

k : 


coscc 


£x. Construct an angle wh 

.. The. £unctiQq§ sin 

iCC^Xi*, sec'lr are called'six inve 





nsent,i^ (i), j («) -!• 

"Vrt cot'Kx, 

cular functions,... 

•• ^ V 
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N«fe 2.—If may,be clearly understood that fin-J a; means an ancle 

1 ; i ^ ■ ' * • * 1 * 

•whoae sineif » and it does not mean y-—. 

Note 3.—It should be noted'tbat sin~* (sin 0) = Q, 

EXERCISE XX 

Find the values of the, following angles wHich lie 
between 0*^ and 90° : 

(a) sin-'('^^). («) sin:^( J 2 )- 

(ji;) cot“^ (1). (v) sin“‘(*i3l03>. (v?) tan“*( 2836)- 

2. Find the'values'of the following angles which lie 
between 0° and'360°: 


f t 


w ^ ^ ^ 

(j) cos~'^—(ti) tan"^(V3). (in*) cosec'H —2). 

4 * 

3. Solve the following equations, getting numerically 
the least values of @ — 

(i) sin^0=l. uj) 2 cot“ @=^cosec“ 6. 

{Hi) 2 sin^@+\ 3 cos @+1=0. {iv) tan 5@=cot 2@. 

4. If cos (A - B) =4 and sin (A + B) = 4, ^nd the small¬ 
est positive values of A and B. 

59, Some hnportant Relations between Inverse Circular 
functions :— 


-i 1 


' ■ 3 


(a) (i) sin ^ x~cosec * (H) cos~^ x = sec 

X X 

(iiO tan"^‘x=cot“*^' t 

(0 Lety—sin“^Ar 

. 1 -il 

:c=sin V, I eM''=cosec 3 ; or cosec ^■~=v. 

. ' X X 

This proves the tesult. Now (j?) and (mi) also follow 
exactly the ^me "wayi ; 

(6) \(i)y^n~^ x+sin“* y=sin~’(x\/l-y^+y v' l-x^) " 
cos“* x^cos“* y=cos“^[xy —V(i~xO(l'ry^)J 


/iiiO tnn ^ x+ 


g \ 


1 

. y-W' l±xy 


, <i) Let sm'"*x=@ ; sih .^^—4*. sin © and y=sih <f> 

• • Left-hand side cx'pi:Vssion=©+ ^.' ' 


• • 4 
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Right-hand side==sin“*(sin©/I—sin*^S+sln sm*^ 

=sin'’’(sin9 cos S^-hstn ^ tos'©) 

=sin’* sin 

Hence the result 

(li) This also follows as above, 

(itt) Here let 

tan”^r = ^, tan“* y~(^ 

.t=tan 5>=tan <#>. 

-1 { t an O + tan </> \ 

\l + tan B tan 
—tan"* tan (0+^). 

EXERCISE XXI 
1. Show that:— 


tan“* :t:ttan * 
and tan 


1 ( ^4jA= 

U-t-A-v/ 


tan 


(i) tan"* tan'*^- (h) cos"' (L-2.r^)=2 sin"* x. 


(Hi) sin"* ,(3x—4x^)=3 sin*'* x. 
(iv) tan * 


Show that; 

2 . 


1-hcos 9 2 


3, 


sin"* I- 


+ sin"* i?=sin"* H 


cos * J+tan * f=tan"* 11. 


4. cos * x—2 sin 


-1 


l-x 


=2 cos“* 


v/ 





5. 

6 - 

7. 


tan"* 4+tan"* J-f tan"* i + tan * 1= 


tan * n+cot * =tan"* (n^+n-f 1). 


n- 


Solve the equation tan"* 2.t+tan * 3x— 


IT 




[ 


TT 


4 

2x+3x ‘ 


tan^ =l=tan (tan * 2A:+tan"*3A:) 


• » 


/■' 




a 




5a:= 1-6:»:^ or 6x^-f-5;r"l=0, or jt=-l or J.] 

8. Draw the graph of cos"* x, 

[Hint .—Let ji=cos"* X .r=cos y andjthus the gr^pL 
bears the same relation to OY thaVw cun^. ijh |Vtt. 35 
bears to OX.] ' 


•l ^ • I ^ . 


I i 
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9, Show how to construct geometrically an angle 
whose cosine is a known negative quantity. Divide a rt. angle 
into two parts so that the cosine of one part may be double 
that or the other part. Give geometrical construction. 

(b!u.) 

Trigonometrical Equations 

60. To find the general expression lor all angles whose 
sine is zero. 

We have to solve the equation sin @=^0. 

The sin of an angle is zero only when the revolving lino 
coiqcides with^OX or OX'. Hence when sin @ ^ must 

be 0. or or +2^* or ±3:^ and so on. 

All these values are included in where n is a 

positive or negative integer or zero, 

Hence if sin 0=0, then 0=nTr, 

where n is a positive or negative integer or zero. 

61. To find the general expression for all angles whose 
cosine is zero. 


We have to solve the equation cos 0=0. 

The cosine of An angle is zero when the reviving line 
coincides with OY or OY'. Hence when cos 0^, 0 must 

be equal to ^ ^ 

TT . .5^ , 

ot X ”2 ^ 

All these values are included m the exprcssioi^,. 

0=(2n+l) , where n is a positive or negative integer or 

zero 


Hence 


if cos 0=0, 0=(2n-M) 


where n is a positive or negative integer or zero,/J. 

^ 62 , To find the general expression for alL Angles 
having a given sine. ^ 

Let a measured in radians be the smallest po^^e or 
negative angle having the given sine, and 0 any’^angle-^Wir^ 
ing the same sine. \ • 

We have then to find the most gcneraLsMlue of 0 which 
satisfies the equation ^ 

sin0=s2»^v ^ 


e or 
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t.e. 


sin 9—sin a=0, 
@+d . ©-a 


or 2 cos 


sin 


. , n 

either cos —=U 


or sm 


=0 

e-g. 




=^0 


which gives 

2 =(2p+l)''2- 


TT 


which gives 
©—a 

=r7r 


i.e., © —(2p +1 
The expressions (1) 


(1) i.e., ©=2r7r+a. (2) 

and (2) are both included in 
©=n7r-f (—1)” Cl, where n is zero or a positive or .negative 
integer. For when n is odd this expression agrees with 
(1) and when n is even it agrees with (2), 

Another Method* Suppose a is the smallest positive 
angle which has the given sine. Then we want to find ^ 
from the equation 

sin6=sina. 


< 1 . 


Evidently one value of © is a. To this value we may 
add any number of complete revolutions without changing 
its sine. Thus a morc'gencral value of © is given by 

©=2p»+a (^) being 0 or an integer). (1) 

Again .*• sin a=sin —a) 

sin ©=sin (^—a). 

V 

Hence another value of © is - a. To this also we may 
add any number of complete revolutions without altering : 

its sine. Hence a value of © more general than a is given ^ 
by ■ ©i=2r7r+ff-a 

= (2r+ll^-a(r being 0 or an integer) .f2) 
As before, the results (1) and (2) are both included in 

one single formula © = n7r4-( — l)“*a. ' 

n being^O or an integer, positive or negative* even or odd. 

Cot; Since all angles which haue the same sine have also 
the same cosecant, this last expression includes all^angles 
which have the same cosecarU as <x* 

Ex. 1. Solve the equation sin ‘ 


J 




iJ 


sin ©=^ 


©=„,r+(-l)tf-. . 


1 » 


U' • 


J .'1. 




TRIGONOMETRICAL EQUATIONS M/ 

I* 

. Ex. 2. Solve the equation sin 9=—-^ 

• • • 2 

: sine=-sin:^=sin(— 

i9 = M7r+(-l)n or . 

general expression for all angles 
v/hich have a given cosine- 

Let a measured in radians be the smallest positive or 
negative angle having the given cosine and /any other 
angle having the given cosine. ^ 

Then we have to solve the equation cos ©=cos « • 

COS —cos a=0 


or 2 sin^/sin^ or-2.sin'^siiv /=0 


« • 


2 ™ 2 

either sin ^^ = 0, 


which gives 


^ . 0-(x ^ 

or sin ^=0, 


@+<x 

=w7r 


■ which gives 

i 9 -a 


rTT 


( 2 ) 


^ « - s • 1 • 2 »■ . 

®=2pir-c<. (1) I (9=2rir+c(. 

=2 Jfe Xrn°s ^2) ate both included 7n 

Another Method 

angle which has the given cosine smallest positive 

^from the equation S-^cosX 

Evidently one value of a** Tr, *^ul t 

“a'c" Mr' r-ss 

@= 2 » 7 r + a k • pt e IS given by 

Arfffn ^ . - ^^oeingO or an integer) 

Again, . cos «=cos (- a) .v cor©=cos ( - a) ' ^ 

• nence another value of <9 is - a i 

add any number of rnmrii ' ^ ^ ?* A® also we may 

,« c»,«. . H™„ .„„Aer 

A. .irS? feTbS,.™ „ 
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n being 0 or an integer, positive or negative, even or odd. 

Cor. Since all angles which have the same cosine have 
also the same secanu this last expression includes all angles 
which have the same secant. 


Ex. 1. Solve the equation cos 9~ 


cos ©= } 2 ^cos ^ 


@=2n7r± 


Ex. 2. Solve the equation cos 


cos ^ = cos 


2n 


2Tr 

^=2n'n’± o 

o 


= 0 ; 


^ 64. To find the general expression for all angles. ^ 

having a given tangent. , , . 4 

Let a be the smallest positive or negative angle having 

the given tangent and let © be any angle-having the givetv^ 

tangent. , . ^ 

Then we have to solve the equation tan ©—tan <x. 

, sin © sin a_„ 

We have 

cos u cos a 

sin © cos a-cos © sin 
cos © cos a 

sin©cosOL-cos©sina.=0^:_or sin (©-a)==0. ' 

Hence ©-a=nrtTe^(,'K;©=n<t4-ct.^^j^ * ^ I 

where n is =ero or a positive or a negative integer' ' | 

Another Method- Suppose a is the smallest positive'! 
angle which has the given tangent. Then we want tof 
find © from the equation tan © = tan a. 

Evidently one value of © is a. To this value we may 
add any integral multiple of 2^ without changing its tan-" 
gent. Thus a more general value of © is ©=2pw+a. 

(p being 0 or an integer). \ 

Again v tan a=tan (ff+o) .*• tin ©=tan (w+a).. Mi 
Hence another value of © is ^+a. To this also We 
may add any integral multiple of 2^ without altering its. 

tangentnee ^ q£ g ggtieral than w+a is \ 

©==2rTr+Tr+®^ 

= (2r+l)ir+* (»■ being 0 or integer). (2> 
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As before, both these are included in 
n being 0 or an integer positive or negative, even or odd. 
Cor. Since all angles which have the same tangent have 
also the same cotangent, this last expression includes allangles 
which have the sa77ie cotangent as ct. 

Ex. 1. Solve the equation tan B~ \''3. 

TT 

Here v'3 = tan-A- 


tan 0= tan 2 ; ^ = n"+ ^ 

Ex. 2. Solve the equation tan@=-l. 
tan@“— l = tan ^6=«7r— 

Ex. 3. Find the most general value of B satisfying the 
^cIlowing equations simultaneously : 

- 1 

(i) cos @=~^ 77 .and 6'/) tan @=1. 




TT 

cosB- ,r,-cos~~ 
^ 2 4 


B^2n7r dz 


TT 


( 1 ) 


when n is an integer, positive or negative. 

Again tan @=l=tan^2) 

when m is an integer, positive or negative, even or odd. 

Now (0 and (I'i) are to be satisfied simultaneously 
therefore we have to select an answer for B which is com- 

■^TOon'to (1) and (2). Such an answer is 2fe7r-f- r 

■- . d 

js an integer* 

^ iVote.—The ordinary methods for so’ving algebraic equations are 

often rsed in •olymg trigonometrical equations. 

Ex. 4. Find the general value of B for which the foU 
I6_wing equations are simultaneously satisfied : 


cos B— —^and tan B—1, 

\ 2 


Stt 

cos -77> = C0S—i- 

v2 4 


.*• ^==2nTrd: 


3w 


4 
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■which is of the form (2p+l)wi 


. n 


TT 


Also tan@=l=tan . @ = m^+ - - 

4 4 

The form of 9 found in both these expressions is ' 

Otheriifise thus : Let us consider angles lying bet¬ 
ween 0'^ and 360°. The equation cos 9= -^ is satisfied 

\ ^ 

Stt 5^ 

for ^ and0= and the equation tan @=1 is satis¬ 


fied for Y and 9 = ~ . 

4 4 

Therefore both the equations are satisfied for 9= 


Sir 


‘■"’^ence the most general solution is 


e=2k-^ + 


or @=^(2fe4‘l)^ + 


ir 


Ex. 5, Solve the equation 4 cos^ @-'4 sin 0=1* 

The equation can be written as 

4(1—sin*@) - 4 sin 9 —1=0 

or 4 sin^©4-4 sin 0—3==0* 

or (2 sin 0+3) (2 sin 0—1)=0, 

« 1 A 3 

sm 0= or sin 0= “ 2 ‘ 

But sin 0= — J must be rejected, because sin 0 is never 
greater than unity numerically. 


Hence sin0= ^ =sin‘^' 


© = M7r + (-l)^ 


TT 


Ex. 6. Solve the equation sin 0+cos 0=V2. 
Transposing, cos 6 = V2~sin0, 

Squaring, we get • . ' 

cos^0=2-2V2 sin 0+sin^0 
or l-sin*©=2—2v 2 sin0+sin®0; 

2 sin*0- 2V2 sin 0+1-0, » ^ 

whence sin0— 

v2 
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Substituting in the original equation, we get cot 

The equations sin©=^ and cos are to be satis¬ 

fied simultaneously. 

The first is satisfied for ©=„»+(-l)»-’[ and the second 

4 

IT 

for 0=2tn’r±-^. The form common to the two is given by 


^=2i^7r + 


TT \ 

4* 


■/ 


EXERCISE XXir 

Find the most general values of B satisfying the equat¬ 
ions : 


1. 

sm ^—~2 • 

2. 

. ^ V3 

sin B ~— 

3. 

sec © = V2. 

4. 

cos @= — 4 . 

5. 

tan @=1. 

6. 

tan @=- V3. 

7. 

n 

0 

II 

1 

• 

8. 

sin 2©=1. 

9. 

cos 3®= ^ . 

10. 

tan 5B= — 

1 

V3’ 

11. sin*©= 

!. 



12. tan^@—13. 3ec*®=4. 
14. sin cos a. 


sin @=^sin (~2 

Find the most general value of B satisfying the follow¬ 
ing equations simultaneously : 

15. sin@=-iand tan @=- 7 „. 

2 v3 

16. cot 0=—VS and sin 


- f » 


2 • 


• s 


_ ♦ V . • 

Solve the equations: 

17. cos (A—B)=i and sin (A+B)—i. 
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18. tan(A—B)=l and cos (A+B)==-^. 

19. tan (A+B-t"C) = 
tan(A—B + C)=l 

tan (A+B—C) = -^. 

VO 

Solve the equations : 

20. 2cos"(9-7cos©+5=0. 21. sec^@-6 sec^0+8 = O. 

22. tan^@-sec @ —1=0. 23, 4 cos^@—4 sin 1=0. 

24. 3 tan*6 + 2 \ 3 tan @ — 3 == 0. 

24. cos^^i- 4-sin :i-=l. (P. U. 1945). 

65. When different circular functions of the same angle 
^ or the multiples of @ are involved in the equation, wc 
have sometitnes to transform the equation. 

Ex. Solve the equa^n 
j , \'3 cos @-+«n 6=V2, 

' Let \ '3~ r sin <j> (t'. 
and l=r cos (n). where r is positive. 

Squaiinfi and adding (t) and (n), we get 

r^=4, so that r = 2. 

♦ * 

Dividing (0 by (n). we have tan </>=V3. — 

The equation now becomes 


r sin cos @4-r cos sin \/2, 



r sill (^4-@)= ^72. 



■or 

2 sin (-1 +9 )= 

\'2 


or 

sin{ ©+-f-) = 

^^2_ 

2 

1 Tf 

4 

• • 


TT 

-4 • 


Hence 


tr 

"~3 • 



T^ote .—Notice that r taken as positive and i> is takep^ 
»o that it satisfies both (0 and (it). 
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Now wc shall take the general case of which the above 

is only a particular one. 

66. To solve the equation 

' a cos 9+b sin @=c, . 

Put a~r sin <t>, b=r cos 4*, 
where r is positive. 

-Squaring and adding wc get _ 

The angle ^ is known from the equations 

sin cos and tdLV\4*— . . 

r ;. ., r o 

Observe that as r is positive. ^ must be so taken that its 

sine has the same sign as a and its cosine the same sign as i. 

The given equation therefore becomes 
r sin 4 cos 9-hr cos ^sin 9=c 


sin (9 + 4*')~~ 

X 


_ 


» c 

Now let an angle V be found such that sin a= which 

is possible only when c is not greater than\'a^-hb^. 

sin 

V a^-f 2)2 

Hence = —l)"a, 

he., ©=n^+( — l)“ <*—*/*. 

T^ote. —Notice that the equation a cos 0*f b sin @ = c can 
also be solved by the substitution a=r cos 4. b=r sin 4. 

Ex. Solve^the equation \/3 cos ©H-sin 0=V2. 

Let V3=rcGS<^. 

l = rsin^. r^=4 or r=2. 


Also tan ^ = 


TT 


V 3 ^'"^6 


4 = 


i I 


The equation becomes r cos 4* cos ©+?* sin 4* sin © 

2 1 


= v2 


or cos ( ®--j)="7 
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Hence d-r* = 

o 


^ ^ ^ TT , IT 

T-, or @=2nfl’rt:~+^. 
4 4 6 


Note. Observe that this answer to the equation ap* 
pears to be different from the answer which we got in the 
previous article. But it is easy to identify the two answers. 
In fact whenever we get two apparently different answer^ 
to the same equation by different methods, the two answers, 
can always be identified. 

By solving the above equations in two ways we got 

(i) . - and (it) 0 = nTr±:^ 

^ J . 4 • 6 

* 

We shall show that (t) is the ^tne as (it), 

V/hen n is odd the answer (t) takes the form 


i.e.. 

When n is even, answer (i) takes the form 

(2m4-l) ^“4 + nr 

So that the first answer is of the form 

j 2 ■ 

Q ^ S^r _TT TT TT ■ TT TT 

12 -4 +6 12=~4 

Hence the first answer can be put in the form 

4-^~, which is'the answer (ti). 

Solved Examples 

Ex. 1 . Solve the equation sin 49-sin 29=cos 
Sol. sin 49“sin 29“2 cos 39 sin © ^ 

2 cos 3© sin ©=cos 3©. 

cos 3© (2sm ©- 1 )= 0 . ' 

cither cos 3©=0 which gives 3©-(2n+l) '’^ 

(2n+l)?r I tt • >• ^ 

^ f or sm which gives 

(9 = „7r+(_l)nZ_^ ■■ \ . 

o 


IT 


12 


* - • » 
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Ex, 2. Sol/e the eouation sin w@=cos nB. 
First Mctho4. sin m@==6in ^ ^ 


—i)‘‘ 

or (-l)‘‘n@=fe^+(- 1)*^ ^’^"nT+T^'n^ 

Second Method, cos ^ ^ ~w@^=cos nB 

TT 

~2~ 

-mB^2k-rr±n9, or 0=^ — -. 

2 mihn 

Note. —It is easy to see that the two answers are of the 

same form. 

Ex. 3. Show that the equation a cos @+f)sin@~c 

B 

can be solved by the substitution tan ~ =t. 


cos 9= 


1 - ^ o ^ ^ 

^ 2 l-t" , • ^ 2 _ 2t 

9 “l + t= 14-. 2 ® l+‘" ■ 

1 + tan^ -;r 


2 * * 2 

/. the equation becomes 

^ t-(a-hc) -26t-f-c- ci=0. 

This gives two values of ( or tan 2 from which 0 can 

be found. .. . 

The solution is possible only When 
’ ^ (c—aKc+fj)>0, 

t.e.,’ ^ a^4-b^>c^ 

Note. —This method 4S convenient for numerical cases.. 
■ Solving the quadj^atic for t we get 

B _, 2bdzV.4h^.-: - a^ } ■ x-: 

2_(a+c) 

a + c 


wl 
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=tan a or tan 


tain‘^2 =^An a 


2 ^=2n7r4-2a and tan | =tan P 

^=n^4-/? or 0=2n7r+2n’r;3. ^ 

Hence 0 = 2n~+2o. or 2n7r4-2)8, where a and ^ are th^'' 
least angles whose tangents are r 


t-f \ » i—v^a^+fc* —c* 

-i- and . 

a-rc a+c 


\ 

^ _ y' 


Ex. 4. Solve the equation ^ 

3 cos‘@ —2\/3 sin 0 ccs @-3 sin®0=o.o5^''‘\ 
Dividing throughout by cos^O, we have>, VS' C ^ 

Cl — O. *3 * 2/a — A \ w 


3—2 \ 3 tan 9— 3 tan^@=0, 

tan©=-\^3 or 4^ 

\ 3 

^ TT 

9~n~~ or @ = n"+ 
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EXERCISE XXIII 

Solve the equations : 

1. sin @+cos ©= \ 2. 2. sin ©-cos @= v'2. 

3. ^ 3 cos © + sin ©=\'2. 4, »'3 sin ©-cns fl= 


5. cos .r+\ 3 sin .'l= 2. 6. cos 3it+sin 3.v = — 

V 2 

7. 2^ 2 sin ^ cos 0 = 1. 8. sin20=sin3©. 

9. sinm0=sm )i0. 10 cos m0+cos n0=O. 

11. tan w0 = tan n0. 12. tan m®=cot n©. 

13. sin 0-fsin 30+sin 50=0. 

14. sin 50 cos 30 = sin 90 cos 70. 15* sin 30=8 sin^ 

16. cos20-cos 0 sin 0-sin*0-l. 17. 2 sin ^©+cos^@=l 
18. taiif (rr cot ©)=cot tan 0). 19. sm^=sin^. fB.Uj 
.^.0. siry3.v4-sin 2.r+9in .v=0- . (P, U. 1945) 

^ J Formulae on Chapter IX 


^ '3sin @-cos0=\/2. 

I _! r\ 1 


1. sin‘“\%“ cosec 


-3 1 


2 . cos~*;r—sec~^ 
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4 

3. tan"*;«=cor‘ 


4. sin“^r4‘ =sin~ V i- “ jV 1 -Jt*)- 

5. cos"^;c+cos“*^=cos~H:v^^—\ (1—>’^)i 

6. tan"':ic± tan'V=tan~* 

7. If (a) sin@ = 0, then B=nT^ 

Cb) cos@—0, then @=(2n+1) 


TT 

2 


(c) sin 0—sin a then 9=n7r+( - l)«a. 

(d) cos6=cos a, then @=2nTr + a, 

(«) tan0 = tan then@ = n'n‘ + «. 

REVISION QUESTIONS VI 

1 If ©is an acute angle, find its value from the equa¬ 
tion 3 tan ©+cot ©=* 5 cosec ©. 

2. If tan x = 2— \^3. find the value of x in radians. 

3 If sin (jc+y) cos 2 — sin cos y, show that y~z. 

is a multiple of or x an odd multiple of ^ • 

4. Find the general expression for all angles having a 

given sine* 

Given sin A= Hind the general value of A, and also- 
find the four least positive values of A. 

Solve the equations : 

5. sin^©+cos^©=0. 

(i -®)+ cot( j-0)=4.. 

TT 

4" 


6. tan 


7. tan 


(t«) 


3 tan ^ ^ —© y 


8. cos2©=2cos‘ 


(-7 -!-)■ 


9. sin A +COS A=v^2. 


10. Solve sin 4©== 


V3 


Fin d all the values of ©<180“ which satisfy this equation 
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11. In an examination it was required to solve the 
equation sin — i. One candidate found, the- answer to 

be nTT—(-D^-^and another — ^ . 

o .0 

Explain why both the answers are correct. 

12. Solve sin9 = cos 2^ in two, different, ways and 
identify the two answers. 


13. Solve sin 70—sin @“sin-3@. 

14. Solve cos 0-hcos 30+cos 50+cos 70=0. 

15. Solve sin 50 cos 30=sin 90 cos 70. 

16. Find the solution of tan*Af + cot^:t=2. jr Kind 
between 0® and 180®. 

17. Prove that 


sin ^A;4*sin ^y;=sin — 3 i*-f vv'l—.-t*]. 

18. Find X if 

X . X 


tan 


-1 


l+x 


+ tan 


, =tan”'2* 

1-x 

CHAPTER X 


(B. U.) 


RELATIONS BETWEEN THE SIDES AND THE 

ANGLES OF A TRIANGLE 


The angles of triangle A,B,C ar? usually denoted by the 
capital letters A, B, C and the sides opposite to these angles 
are respectively denoted by a, fc.c, ' - 

67i The Sine Formula. 

To prove that in any triangle ABC, 

a__ b _ c 

sin A sin B sin C 


J. e., the sines of the angles are proportional to the 
-opposite sides. 

I-et ABC be the A and let one of the angles, say B be 
acute ; C may then, be jcute, obtuse or right* 





,1 


M 


SIDES AND ANGLES .OF A TRIANGLE 


;I5‘) 


Draw AD±BC or BC produced. 

Da 

Then wic =sin B. .*• DA=c sin B. 
BA 


(O 


DA 


If C is acute as in Fig. (1), ^^=sin C 


DA 


If C is obtus^ as in (Fig, 2), =sin / ACD 

==sin (tt —C) = sin C. 
DA 

If Cis right as in Fig, (3), =l=sin C. 

Hence in each case, DA = fe sin C. 

From (i) and (n). we have h sin C = c sin B. 

b __c_ _ 

sin B siii C‘ 

o- 1 1 ^ ^ ~ ^ 

SimilarJy ^ .. ^ ^ 

This is known as the bine Formula. 

Ex. 1. In any triangle ABC prove that 
a cos A+^ cos B = c cos (A— B). 

Sol. In any triangle ABC 

^ ^ ^ =j^ (say) 




a 


sin A sin B sin C 
a=k sin A, h—h sin B, c=k sin C. 
a cos Ad*^ cos B=k sin A cos A+fe sin B cos B. 


= ~ (2 sin A cos A+2 sin B cos B) 


_ k 


2 

b 


(s'n 2A + sin 2B) 


Ex. 2. 


— ^2 x2 sin;(A+B) cos (A—B) 

=k sin (A-l-B)'cos (A —B) 

=it sin C cos (A—B) ; v A+B 
=ccos(A —B). 

In any triangle ABC prove that 
B r Cs^bjT'C A 

2 <' > *7 .. • ^ 


^~C 


sin 


cos 


2 • 


I • 




• S< V 
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Sol, la any triangle ABC, , 

^ (say) 

sin A sin B sm C 

Then a~k sin A, b = ksm B. sin C. 

h-~ c_k B — k sin C _ sin B — sin C 

<1 /? sin A sin A 


2 cos 


2 sin "A CCS 


B + C . B-C 


sin 


cos 


cos 


(i “ 2 )*' 


B4“C + A 
2 


sin-p" cos 


A\ . B^c 

itV 

A 


. B-C 
sm 


Sin 


B-C 


sin 


cos 


cos 


A ' 


B — C A 

By cross multiplication, sin —^cos 

Ex. 3. In a triangle ABC. if B^cm c 

a b c ' 

prove that the triangle is equilateral, 
c 1 ^ ^ c 

OOl* * A • ^9 

Sin A sm B sin C . 


cos - 


* sin A sin B sin C .(*) 

cos A_cos B cos C ^ . ' 

Also ^--(given) { 

From (i) and (ii) by multiplication, 

cot A=;COt B = cot C. 

/. A=B = C. A is equilateral. 

Ex. 4. If a straight line be drawn bisecting the angle 

A of a triangle ABC td meet the opposite side in D, show# 

that the segments of this side are 

<3 sin C , a sin 6 
sin Ctsin B sin C+sin'B 

BD ^BA__ 

DC AC b sin B 
BD ^_DC _ ^l^DC _ a 

sin C sin B sin C+sin B'sin B+inTC ** 

so that Rn=- ^ ^ ^ ^ a sin B 

sm C+sm B “ sin C+sin B" 
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SIDES AND ANGLES OF A TRIANGLE 

EXERCISE XXIV 

In any triangle ABC show that 

^ . B — C_b-c A 

1. sm ^-^ cos 

- A-B ^ t. c 

2. c sin —^ =(a—o) cos-g-. 

3. {c-\-a) sin -^=bcos—^ . 

4. a sin A-{-b s in B+c sm C = 

sin^A+sin^B + sin’C ^ 


l6l 


5. 


i3 sin (B-C)_^ sin (C-A)_c sin CA-R> ' 

68. Napier's Analogies. 






To prove that 





- .V 

tan 

B- 


b —c 


A - ~ 

(0 

2 


b + c 

cot 

2 * 

m 

tan 

C- 

2 

A^ 

_c —a 
c-fa 

cot 

B 

2 * 

(Hi) 

tan 

A- 

2 

B= 

_a —b 
a "Hb 

cot 

C 

2 • 


As the proof is similar in all the three cases we here 
prove only (i). 

From Sine Formula we have 

b _ c 
sin B sin C 

. _sin B 

• • 

c 


sin C 

, b—c _s in B — sin C 

**i>+c sin B+sin C 


r 

‘ • * . A 




0 . B-C 

J cos—sm 


O • B+C 
2sin—=— cos 



t 

J 


'vssi 
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B + G B--C 

--•cot 2 tan 2 , 

tan 

, A B-C 

= tan 2 tan —^ 
fan ^ A 

'2 - h + 2 


TL* 


B-C 

2 


69. Thi Cosine Formula. 

lo Drove that cos C= ^ ,— . 

2ab 

Let ABC be the and let one of the angles, say B, 
be acute ; C may h> then acute, obtuse, or a right angle. 

[See figure, Art- 67.] 

Draw AD BC or BC produced. 

From Fig. (1), AB^-BC^-f-AC^-aBC.CD, 

CD 

But “COS C, or CD = fo cos C. 

c"~ crIr ~ 2ab cos C. 

From Fig- (2) AB'-BC^+CAHZBC CD. 

CD 

But , cos ACD=cos C) = —cos C. 
b 

c'=<r-f cos C. ^ 

From Fig. (3) AB^=BC^4‘CA^=a^4-^>^“-2fli) ccs C \ 

(V cos C=cos90®=0)/ 
Thus in all cases, c"—a^-\'b^—2ab cos C 

2ab cos C = a*b^~ 

^ a*+b*— 

or cos C=^— 7z~i —. 


t 

, and cosB= 


cHa*-b2 

2ca 


^ 2ab ■ 

Similarly cos A= —^ cosB=— 2 ^^^— • 

These are known as Cosine Formulae. 

Cor* The square of <^y side^f a tfian^le^the stim of 
the squares of the other tit>o sides minux twice their product 
and cosine of included angle. 




SIDES ANi>‘ANGLES.OF A TRIANGLE 




r » 


Remember,:—With usual notation, in a A ABC :— 
\ a*==fc^+c^- 2hc cos A 

y h^=c^r^a^~~Zac cos B 
f=y-^b^-2ah cos C 
In a'triangle ABC, A=60°; prove that 
(fl+t+c)(6 + c’“rt)==36c. 

♦ 4 

W4-^£_^2 1 

Sol/ COS A= - =cos 60°=*^ . 

• ^ a^=hc 

fe^+c*+2fec-a^=3fcc, or < ^+c)^ - (r = 3fcc. 

(fe + i:+(2)(?)4-c- a)=3fec. 

Sin 

Ex. 2. If 2 COS B= . prove that the triangle 

Sin V-^ 


18 


isosceles. 


,, ^.. sin A 

Since 2 CCS B— 


• • 


cl±a--h^^ a 
ca c 


or or i^ — lr ) 

; c=fc. 

Hence the triangle^is isosceles. 

70. The Projection Formulae > , 

To prove that a=^h cos C+c cos B. . 

See Figs, of Art. 67. 

From Fig. (!}, BC=BD+DC, _ 

BD T> j Dc: ^ 

but BA""'^^® ^ AC^^°® 

so that BD“C- cos.B and D^ h cos C, 

a=c cos B + ?) cos C. 

From Fig. (2), BC—BD-CD ' 

jp i 3 =C cos B —0 cos / ACD 

= ccosB-6cos(7r-C) 

=c cos B + b cos C. 

From Fig. (3), BC—c cos B 

=c cos B + o cos C 

eosC = cos 90° = 0). 

Thus in all cases,’ 

a=b cos C-f c cos B 

Similarly b=a cos C+c cos A, 
and c=a€OsB+bcos A. 
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Ex 1. Deduce from the Sine' Formulae (a) Cosine 

Formulae and (b) the Projection Formulae. 

From the Sine Formulae . ^ 

a = k sin A, b==k sin B, c = sin C, 

— (siti^B -psin^C ~ sin^A) 

= {s’n^B-t-sin (C+A) sin (C-A)> 
= /?“ [sin^BH-sin B sin (C —A)] 

= B [sin (C-f A)-hsin (C-A)! 
= F sin B 2 sin C cos A 
— k sin B-2i^ sin C cos A 
= 2&c cos A. 


c'os A= 




26c 


(6) From sin A=sin (B+C) =sin B cos C-fcos B sin C, 
we get by the sine formulae 


a 

k 


= 7 cos C-Pcos B-^ 

k k 


whence a=6 cos C + c cos B. 


.4 



Ex. 2. Deduce from the projection Formulae (a) the 
Cosine Formulae (6) the Sine Fotmulae. 

Given a=-6 cos C-pc cos B . (i) 




b = c cos A+a cos C 
c=a cos B+fe cos A. 




(ti) 


(tit) 


(a) Multiplying (i) by -.<%(«) by b and (itt) by c and 
adding, we get ^ t 


i 


“a^-p6^+c^= (-ii6 cosC —<Jccos B)+ 

{be cos A-P6a cos C)-p(ac cos B+6c cos A) 
=26c cos A 




CCS 


A= 






26c ’ similarly the other two formulae 

follow. 

(6) From a=b cos C-Pc cos B 

and 6=c cos A+a cos C; we get 
a — 6 cos C — c cos B==0' 
and ~a cos C+h'-c cos A—X). * 

Solving for a. 6 and c, we have . l . 


•d 








cos C cos A+cos B cos ft cps G^-cm A'” 1- 

' * • » %% I 





A 
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Now cos B— -cos (A-f C)= —cos A cos C-t-sin A sin C 
and cos A= —cos(B-hC)=^~cos B cos C + sin B sin C 

d 


• • 


or 


a _ __ _ 

sin A sin C'~~sin B sin C~sin^u 

a h.C 


sin A sin B sin C’ 

Ex. 3.' To deduce from the Cosine Formulae (a) the 
Sine Formulae and (b) the Projection Formulae, 



ulae are cos^^ A 


Cosine 


cos B=—^-, cosC = 




2hc 


2ac 


2ab 


{a) -r-%-r = 

sin^A 


a 


V. 2hc ) 


{2hcy-{h^-¥c^-a^f 

__ 

^{2bc^¥+c^~a^){2hc P-cH«-) 

__ 

(<3 + fc + a)(fc + c-a (c + a-&)(a-f-^~c) 
a symmetrical expression in h and c. 

b^ -2 

In the same way it follows that . g t, and - o ^ also are 

sin o sin’ C 

-equal to the same expression. 

a h c 


Hence 


, because sin A, sin B and 


sin A sin B~sjn C 
«in C arc all positive. 

(6) 0 cos C-fc cos B = t>-;r—; +C 


2ab 
2a^ 

~2b 

a=i cos C+c cos B. 


2ac 
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Similarly it follows that a 

cos cos C and c^a cos B-f-& cos A. 

Ex. 4. In any triangle, prove that ' 

X{b^-c^) tan B tan C=0, 

Here dividing both the sides by tan A tan B ton C we tfo#- 

' .(0 

Tg I 2 2 ~ 

Now cos A= 267^ and sin A=i&ii etc.. , 

(.) „ 4 ■ 

kabc . 


(*) 


1 


!.e., i;(fe-cO(fc^+r-a*)=0 which isHc. 

. '« « triangle ABC if D be the tniddl. 

point of Be then AB-+AC^ = 2 (BD’+AD^) * 

(Media® Theorem) 

Herder angle ADB=0 ZADC=l8D°-© 

Also AB-=AD^+BD- -2 AD.BD cos ZADC 

/=ADHBD=-2AD.BDcos© /ca 

and AC- =-AD=-1-DC“-2 AD.DCcos /ADC. 

=AD=+DC^ + 2AD.DCcos@. " 

Adding (i) and (ii)and putting DC=BD we get ’ 
ABH AC^=2 (AL-+BD^J which is the required result 

EXERCISE XXV 

In any triangle ABC show tl^tt : 

1. cos =2 sin ifh4-c=2a. 

2. sin 2A+ —sin,2B + sin 2C=0. 

3. rt'sin (B-O + h^ sin (C-A)+>sin VA-'mlrt. 

5 at 5® ~ tr t CA-B) =0. 

. cosC=«+5+c. 

■ sinCB-fO-*^' 

cos A^cos B ^coj C gt+b'+ c! sin B 

^ c ,2^c '-2asinC 

. I sin C sin A 

' t 26 sin "A 2 q; shx B 


w tl-tftt 

if hie 


7. 
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8. bhin 2C+c^in 2E==2bc sin A, 

9. a(4> cos C—c cos B) = 6*-c*. 

10. cos A-f-ca cos cos C). 

11. ia^-b^+c^) tin B = (a^+62—c^> tan C. 

b^~c^ A .. r. I d^-b^ ^ „ 

12. -cosAH-r—cosB+ cos C-=0. 

a 0 c 


13. 


cos B_c—6 cos A 


cos C fe—c cos A‘ 

14. (&+c) cos A+(c+a) cos B+(a+^) cosC = a+6+c. 

15. If the sides of a triangle be 4, 5 and 6, show that 
the greatest angle is double the least. 

16. If A, B, C be any three points on a Ime and if P be 
any point outside the line then prove that 

PA^BC+PB^.CA-hPCKAB^-BC.CA.AB. 

(Stewarts Theorem). 
(The proper sign is attached to the segment on the line) 

Sol. Here let ZPBA=@ 

' ZPBC = 180®-@. 

By cosine formulae from As PAB and PBC we get 

PA^^PB^d-AB2-2PB.AB cos 9 ... ({) 

and PC'=PBHBC2-f2PB.BC cos 0 ....[[qO 

Multiplying (i) by BC and («) by AB and adding we get 

PA2.BC-f-PC^.AB = PB2(AB-f-BC) + ABlBC+BC2 AB 
PAIBC+PC2.AB=PB2.AC+AB.BC (ABH-BC) 
PA^.BC+PB^CA-f PC2. AB= - BC.CA.AB, 

which is the required result. 

71. To find the sines of half the 
the sides. 


angles in terms of 


But 


cos A •=1 — 2 sin^ 


• • 


2hc 


= 1-2 


A 

2 

A 


sin 


2 sin 


= 1 - 


26c 



16&' 
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‘2hG \ ^ * 


•. ' 


It. 


_ ib^+j^-^Zbo) 

2hc 

_ a^-(b-cY 

2bc 

_ (<2 + & —c) (g —&+c) 

26c 

Now put 25=a'f 64-c 

a + fc —c=a4'6 + c—2c 

=25-2c = 2(5-c). 

Similarly a -6+c = 2(5“6) 

••• From (i), 2 sin^ ^ = 2(s-c)2(s- ^, 

2 2bc 


/ 


or 


sin 


sin 


A _ (s—b)(s—c) 


2 

A 


and 


sin 


v/ 

v/ 

1 / 


6c 

(s-b)(s- c) 

_bc^ _ 

(s-c){s - a ) 

ca 


v- 


(0 


g 

I 




(s—a)(s"b) 

ab 

Since A, B, C are angles each less than 18C® therefore 

ABC , 

2 ’ 2 * 2 acute. Consequently the above 

radicals must be taken wjth a positive- sign. 

72. To find the cosines of half the angles in terms of 

the sides- 

6^-fc^ - 

26c ’ - 


a 


1 


cos A = 




But 


2 cos^ 


cos A=2 cos* “^*'-1 

A ,_ 6 * 4 -c*-a* 

2 ^'^260 


« • 
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2 cos^-^ =1+ 




2bc 

2fcc+ 

2bc 

(b-h cy-a ^ 

■2hc 

(i^ c+—a ) 
2bc 

2sX^s-a) 

2bc 


cos^-^ = 


A 5(5—iz) 


or cos 


A 

2 


J CO, ^ 


s —a) 

be 


s( s—c) 
ab 

The radicals are taken with the positive sign because 

A B C „ ^ 

~ 2 ' “ 2 ” acute. 

73 . To find the tangents of half the angles in tern-.s 
of the sides. 

sin-— y/<5-b)(5-c) 


. A 
tan-^ = 


be 


cos 


\/ 


5 ( 5 —a) 

be 


^^(s-b)(s—c) 


s(s— a) 


B 


Similarly tan-^= \/ — 

2 sCs-'b) 


and 


C (s—a)(s-b) 


The radicals are taken with the positive sign because 

B , C 

^2 and ^arc acute. 

Another method. 


cos A 


2hc • 


1— tan^ 


But cos A= 


14* tan* 


A ' 
2 ” 


InjI 


170 


INTERMEDIATE TRIGONOMETRY 


1 — tan* 


14-tan* 


^ a* 

2hc 


A 26c-fe*-c*4a* 


tan^^ = ‘ 


2 ~2bc-hb^+c^-a^ 

:a ^-(b~ cy 
(b-hc) ^~er 
_ 4^—c) (a — &4c) 

(a4&4c)(fc4c—ij) 

(25“2c)(25-2fe) rr, ^ 

“ 2s(2s-2a) [Putting 2i-a+6+c] 

» 

The radical is taken with the positive sign because 
is acute. 

74. To find the sine of any angle in terms of the. 
sides of a triangle. 

sin A = 2 sin-^ cos ^ 

\/^s-b>fs—c) A^/s{s-a) 2 , ,-- ^ -—--- 

^ ' -Vc -- ^ ~b^ =bc v^s(s-a)(s-b)(s-c). 

Similarly sin B=—• ^/s(s —a)(s—b)(s-c). 

ca 


\ 


and 


sin v^s(s-a)(s-b)U-c). 


Cor. It follows that _ 

^n A^sin B_sin C_ 2/5(5"a)(y t)(5-*c) 

~ c ” abc 


L 


a 


Ex. 1. In any 


-(a-6)( 


A . B 


tan ■5r-+ tan-^ V 


triangle ABC show that c ,(tan ^ 

I * ’’O'* 
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a 


Here we are to prove that 


A 


B 


tan-^— tan 
A ' B 

tan~-^“tan^ 


or 


M-c 

— a+ fc-f r 


tan 


tan 


B 


Now'fU- V''-‘ 


s(s-b) _s-b 

—<■ - X 7-7T7 - s — " 


tan 


B (5'-a)(i—c) 5—a 

2 ' 

a +c—b 

b-^-c — a 

Ex. 2./In any triangle ABC, prove that 
[/ yi, V . A « . B . C 

{b-f-c—a) sin~Y =2a sm ^ sin 
2a sin^l sinj=2a -t-O j ^ ^ (s-aHs-b) 


ca 


ah 


(s—b)( 

= 2(s-a)^ 

=( 25 -2a) sin*=(6+c—a)sin ^ 


2 ‘ 


EXERCISE XXVI 

In any A ABC show that: 

B . » /I A » /iC 


B 


1. s=a cos^— cos^-^ =b cos^.«' + c cos^— 

^ ^ Cl 


— c cos 


A , 2 

T 2 


2 . be cos^-^ -i-ca cos‘ ^ + <3^ cos^ ^ 


5^ 


3. 


2(a + &) 


2 C _ 
2 


sin“ =cos A+cos B 


A B 

4. (s-a) tan 7 r = (5-^) tan o=(5-c)tan"* 


• 2 


2 


5. a(cos B+cosC)==2(i)+c) sin^ 



m 
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2^(2 si 


* S ^ I -9 

sin*-^+c 




A B C 

7. If cot cot Y and cot-^ be in arithmetical pro- 

A C 

gression, then cot• cot-y=3. 

8. If 3a =5 Z>+c, prove that cot y cot "^=2. 

9. If in a triangle c tan C + fc tan B=(c+&) tan 
then show that c=b. 

10. In triangles ABC and A^B"C', the angles B and B* 
are equal and the angles A, A' are supplementary. Show 
that aa' = bb' + cc. 

11. If cot A+cot C=2 cot B, show that c*+a^=2fe*. 

A C 

12. If 3 tan 2 fan ^ prove that a, b and c are in 
arithmetical progression. 

13. If the cosines of two of the angles of a triangle arc 
inversely proportional to the opposite sides, show that the 
triangle is either isosceles or right-angled. 

14. If the cosines of two of the angles of a triangle be 

proportional to the opposite sides, show’ that the triangle is 
isosceles. 

15. If sin (A —B)=2 sin C, show that a*—fe*=2c^ 

angle A of a triangle ABC 

meets BC in D. Show that 


. p. 2bc A 
AD=j^ cos -2 


<B. U.) 


17 In a triangle ABC, right angled at C, prove that 

®_ <l~“b .JQ _;_jB , A fe#4-C 

2 " ~a+h' TT ■ 


• « 

Formulae on Chapter X 


^ sin "A=riirB=sW (Sine Fotinultt) 
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2 . (,)tan-^=^- cot ^ ^ 

(n) tan^y^=*^ 4 .“^ 0 

2 c+a 2 


(ui) tan 


A—B a—h 


cot 2 (Napier*s Analogies). 


3. ( 1 ) cos A= -;^r-, (if) cos B-=- 


2bc 


2ca 


(ttt) cos C= 2ah~' Formulae). 

.4. (i) cos C+c cos B 
(«) b—a cos C+c cos A 

(Hi) c=a cos B +6 cos A. (Projection Formulae),. 


5 . (0 sin -2 

(ri) cos 2 = 

.... A /(j-i)(j-c') 

On) tan 2 = V —^a) ’ 


2 

fee 


6. sin A= r '/5(5 —tj)(s—fe)(5—c). 


REVISION QUESTIONS VII 

1. Given that the sides of a triangle are 
x^—1, and 2:r+l ; find the greatest angle. 

2. Show that if the sides of a triangle be in Arithme¬ 
tical Progression so are the cotangents of its semi-angles. 

sin 

3 . If in a triangle ABC, cos B — —x , show that the 

d sin A 

triangle is isosceles- 

4. In any triangle ABC prove that 

a sin A—fe sin B=c sin (A— B). 

5. In triangle ABC, a=3. fe=2V3 and A = 40®, find B. 

6. Show that if the cosines of two angles of a triangle 
be directly proportional to the opposite sides, the triangle is 
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isosceles; but if they are inversely . proportional to the oppo- 
r^ite sides, then the triangle is either isosceles or right angled 

7. In any triangle ABC, if A-=60°. then 


b-\‘C—2a cos 


B-C 

2 


8, In a triangle ABC, a=3, and c=7. Show that 
triangle is obtuse-angled and find he obtuse angle. 

9. Show that the smallest angle of the triangle whose 
■sides are 10, 17 and 21 is less than 30°. 

10. In any triangle ABC, c—a cos B+b cos A ; deduce 
that sin (A-i-B)=sin A cos BH-cos A sin B. 

11. Show that c^ = ia-{-b)‘ s\n- cos^-Y* 

12. If D be the middle point of the base BC of a triangle 
ABC, and L and H the points where the bisector of the 

vertical angle and the perpendicular from the vertex respec¬ 
tively meet the base, prove that DL : DH as a^: (fe^-c)^ 

13. In a triangle ABC. show that 

(b-c) cot 2 ' -f (c-rt) cot cot- 2 '= 0 . 


14. In any triangle ABC, show that 


5 —c = a sin“ 


B , , . o A 


15. 


16. 


In a triangla ABC, C is a right angle. Show that 
I ftau = ( r-tan 

In any triangle ABC, show" that 

2 A 1 o B . 1 «C 


1 . A . 1 o B . 1 «C (a+h+cy 

~ COS^ -h r- COS“ X + - cos “7> = 7~l- 

a 2 b 2 c 2 4abc 


17. In any triangle ABC, show that 

A , . B , , C a-hb+c ^ C 

cot 2 +cot^+cot 2 "2 

18. In any triangle ABC, show that 

0 

4bc 


rr 

S' 


•t 


sin® ^+4ca sin® ^ + 4a6 sin* 


_ _ - 

— 2tzb+2bc+2ca - a*— i*— jcV " 
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19. In any triangle ABC, show that 

. B-C A . , . C-A 

a sin- A coscc —2— 


cosec 


B 

2 


, . A-B 

-rc sin —X-' cosec 


r-0. 


Show that the result is still true if all cosecants be 
changed into secants. 

20. If A+B+C=180°,'show that 


A^ A 

tan 2 ' + cos -2 


B C ^ B. B C 

sec 2 ®^*- ^=tan^i-cos ^ sec ^ sec 


2 


= tan 


^ J COS /y 


see 


A 

2 


sec 


B 

2 


— ♦ 


2 ^ g^sin (B—C) sin (C —A) . sin (A~B 
sinEl + siriC sinC + sinA sin A+sin B 

22. From g=& cos C+c cos B and two other similar 
results’ deduce that 

cos^A-i-cos^B-|-cos^C=l—2 cos A cos B cos C. 

23. The bisector of the angle A of a triangle ABC 
meets, BC in D, Show that if the square on AD is equal to 
three quarters of the rectangle contained by the sides AC, 
AB, then the sides of the triangle are in A. P, 

24. If ABC be a triangle then show that 

sin 3A sin (B -C) 4-sin 3B sin (C— A) + sin 3CX 

‘ sin (A-B)=0. (B. U.) 

If A-f B-bC-bD=2^ prove that 
cos (B-bC-bD) + cos (C4-D+A)4-cos (D4-A+B) 

+COS (A+B+C)+4 cos-J^cos 


25. 


A+D - 

cos ^ “0. 

M * 


(B. U.) 


AC B 

26. If g,f>,c be in A. P., prove that 2 sin "^sin^=sin 2 • 

27, The three sides of a triangle are in arithmetical 
progression, and the greatest angle exceeds the least by a 
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rieht ancle ; prove that the sides are,in the ratios \ 

a/7+1: a/7: V7-1. 

28. Prove that in any traingle ABC, 

2 At • 2^\ 4 . 1^ 

2 

C 
" ■ — • 

2 


^C5. rtove tuat iii any LcaiiiKic 

(b sin^^+c sin^ tan sin 


=^asin^? + & sin^?) tan 


) 


2 ■ “ ““ 2 

CHAPTER XI 
LOGARITHMS 

I 

75. The logarithm of a certain number N to a base a is 
the index of the power to which the base a must be raised in 
order to make it equal to the given number. It follows there¬ 
fore that if a“—N then the logarithm of N to base a is n. 

Ex. 1. Find the logarithm of 3 to the base 81. 

Let X be required number. Then 8P=3. 

4x=lorx=i. ^ 

Ex. 2. Find the logarithm of 128 to the base V 4. 

Let a: be the required number. Then (a/4)*=128 : 

X , 2a* - 21 

a '\ ^7 O’r—07 

or t.c„2 * —2^. 3 6 

76. The logarithm of N to a given base a is written ds 
logaN. Hence the two equations a'==N and j: = logaN have 
the same meaning. The student is advised to be quite 
familiar with this notation and to be able to derive readily 
one equation fr<im the other. 

Important Conclusions — 1. Since a*'—I, therefore the 
logarithm of unity to any finite base a is zero ; t.e.* logal=0. 

2. Since a'=a, therefore the logarithm of the base 

itself is unity logaa=l. ' 

3. The logarithm of zero to any base other thaii 
zero is infinite- 

4. The logarithm of a negative number to any 

positive base is not real. ' 

Examples 

1. Since 2^=32, log232=5,. , 


2. Since 










.e k • 


I I i U t • % 


+51 
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1. 3^=243. 

3. 10-2=0-01. 
Solve for x : 

5. x=log525, 

7. logx4 = §. 


2 . 2^ = 16. 

4. (16P=64. 

6. A:=logiool0. 
8. Iogxl25 = 3. 


9. Show that — 


[Let Then by definition 

lOgay=logaX ' y=x] 

10. Show that logafa’') = a;. 

[Let loga(a*)=y. by definition 

a^’ = a^ ,\ y=ix,] 

laws?/'' already familiar with the following 
0 ) a^Xa^—a^+'i. 

(a) a"’-Ha“=a“'“'and (in) (a“)°=a™". 

. f 1 1 we have three fundamental 

laws of logarithms, namley. _ . 

(0 loga (mn)=logam + Iogan. 

(ii) loga ^^j=Iogam-Iogan 

and (hi) logam" = n.logam. 

articles 

*7^® logarithm of the product of two factors is 
equal to the sum of the logarithms of the factors, i.e., 

,loga<mn)^loga»i + logan 

^og^m=Xr so that m~a\ 
and let logan—y, so that n—a^. 

mn.~a^-a^=a^+y^ 

Icgi mn==x-hy 

-loga m+logan. 
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Note.—The method of proof is perfectly general and 
is applicable to any number of factors. Thus logalwnp 

^ =Iogam"|-logan + logaP + ... 

79. The logarithm of quotient is equal to the loga¬ 
rithm of the numerator diminished by the logarithm of the 

denominator ; i.e., - . 

loga - logan. 

Let logam—so that 

and let loga«=y. so 




Hence 


tn 

n 


_ ± =a*-y 


a 


by definition, loga (-^)=*-y=logam-login. 

80 . The logarithm of any power of a number is equal 
to the product of the index of the power and the logarithm 

of the number ; i.e., 

logiM°=n logaW. 

Suppose logatn = ^ ; 

Hence = ■ 

Iogam" = nJC—n logam. 

Ex. 1 . Show that _ 

log = * log a+y log b-m fig l-r log p, 

\/ X p / 

r. t. any base. 

log(g-3 =lo« - log ^ 

^ =log a*-log 6^- (log l“+log pO i 
=x log a+y log h-m log I-r log p. 

Caution -.—The student is advised to note carefully that 
ioga (m+n) is not equal to logatn+Iogan. In fact there is no 
formula for loga. (m+n) connecting it unth /ogatn+Zo^an. 

81. Natural Logarithms. When the base used is e 
which stands for the infinite converging senes : 

1 1 

14.14.—+-g-..the logarithms are called Natural 

Logarithms. Tt caii.t«»ieasily proved that e lies between 2 



7 

f 



LOGARITHM^' ' 




and 3. Tills system is used only in Higher Mathematical 
investigations and is not suitable for numerical calculations. 

Common Logarithms or Briggs System. When the base 
used is 10, the logarithms are called Common Logarithms. 

This sy^em 'has got several advantages as we shall 
shortly see. 

I 

We shall at present restrict ourselves to the study of 

the common logarithms. 


82. The logarithm of a number is not always integral. 
Thus since 10 =100 and 10^=1000, the logarithm of a num- 

1000 lies between 2 and 3 and is 
therefore equal to 2+ a positive proper fraction. Similarly 
^^ 0-2 lies between 001 and 01, i e-, between 10~^ and 

10 , the logarithm, of 00845 is greater than —3 and less 

1 X 7 ^” equal —3'f-a posiiire proper fraction. 

Whenever a logarithm consists partly of an integer ( positive 
■or negative) and partly of a positive proper fraction, the 
integral portion is called the characteristic and the positive 
fractional portion is called the mantissa. Thus, 5 234 be 
the logarithm of a certain number, then 5 is the characteris¬ 
tic and 234 the mantissa ; if—4+T095 be the logarithm of 
a certain number, then —4 is the characteristic and T095 
the mantissa. Note that -4 +T095 =-3'8905. But-3 is 
not the characteristic, nor -'8905 is the mantissa. A 
tractiona] portion, in order to be called a mantissa, must 
be positive and only then the integral portion can be 
called the characteristic. If the fractional portion is not 
positive, make it so before calling it a mantissa. 


Ex. ■ The logarithm of a number is —8*236. Find the 
characteristic and the mantissa. 

- 8-236= - 8- *236 - - 9 +1 - ’236=- 94- *764. 

Characteristic is—9 and mantissa is '764. 


Notation .—For the sake of brevity—9+’764 is written 
as 9*764., .The ‘student should note that in 9*764, 9 alone is 
negative, wWIe '764 is positive, but in— 9*764, both 9 and 
'764 are negative. 9 fs read as nine bar. ' ' 



180 


INTERMEDIATE TRIGONOMETRY 


83. Advantages of the Common SysUm, The comtroa 
system of logarithms possesses the follp,wing two very im¬ 
portant advantages. 

(1) The characteristic of the logarithm of any number 
can always be found by inspection. ■ 

(2) The mantissae of the logarubms of all numbers 
consisting of the same digits arrafi^^ in the same order 
(t, e., of numbers, which differ from each other only in the 
position of the decimal point) are always the same. 

It is now proposed to prove these'two-statements in 


next two articles. 

84. To show that the characteriHic the logarithm of 

any number N can he written down by inspection. . ' 

(j) Let the number N be greatet fhan unity having.n 
digits in its integral part. • 'V • . 

Then since 10° = !. ^ r :. ' 


*\ • • *1 I 


102 -100. ■ •: ’:' 

10 ^ = 1000, and so ori, " 

it follows that a number having one digit in its integral part 
lies between 1,0® and 10' ; a numbet bavihg tWo' digits iri its 
integral part lies between 10' and lO^; a number having 3 
digits lies between 10^ and 10^ ; and so on. Hence the given 
number N, having ri digits in its integral part, lies weteen 
10 ”“^ and 10". 

* 

Hence where ^ is a positive proper fraction, 

log N = (n-l) + fc. . 

Hence the characteristic is n—1. o . . 

Therefore the characteristic of the logarithm of any 
number greater than unity is one less than the number of 
digits in the integral part of the numbier. ' ‘ 


(ii) Let the number M be positive and less'than unity : 
also when converted to decimal forrrij’Teb:N have n cyphers 
immediately-after the decimal point. ?• 

\ Since 10® = L 


lA-a—*ni 

. ! ,10“3=*00i,ahdsodn/. - ' 

it follows th^t a decimal fraction havih^ AQ byphet iminedi 
ately after the decimal boiAt Uihg gfeater'thah 1 and tes 

' • • \ k * ’ • 
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than 1, lies between *10“* and 10°; a number having one 
cypher immediately after the decimal point being greater 
than'01 and less than •■■ 1 . lies between 10“^ and 10*^; a 
number having two cyphers immediately after the decimal 
point being greater, thin 001 and less than *01, lies between 
10"^ and 10“^ and so on. Hence the given number N, hav¬ 
ing n cyphers immediately after the decimal point, lies 
between and i0~". 

Hence N = 10“*'’+*^'‘'\ where b is a positive proper 
fraction. 

Therefore log N = —(n-hl) + fe. 

Hence the characteristic is — (n + 1). 


Therefore the characteristic of tbe logarithm of a 
decimal fraction is negative and numerically greater by 
one than the number of cyphers immediately after tbe 
decimal point- 

ThusJ:he characteristics of the logarithms of the num¬ 
bers 5678, 56'72 and ^87*2 are respectively 3, 1, and 2 : and 
the characteristics of the logarithms of the numbers 0025, 
'02506. and '50208, are -3,-2 and -1 respectively. 

85. The mantissae of the logarithms of all numbers 
consisting of the same digits arranged in the same order (i.e., 
of numbers which differ from each other only in the position 
of the decimal point) are always the same. 

Let N be a given number and let i be the characteristic 
and f the mantissa of its logarithm, so that the logarithm of 
N is i+f. 


Now in ord.^r to obtain a number which differs from N 
only in the position of the decimal point and consequently 
has the same digits arranged in the same order, we multiply 
N by IQP where p is ah integer, positive or negative. 

But log (Nxl0P)=log N+log lOP 

Hence since i and p are both integers and consequently 
i-\-p is an integer, flic^ mantissa f has not changed ; it is the 
same for well as for N x 10^ 

Ex. 1;. Giv-en th^f log 2-*3010, find the .number of 
digits in 2^^ and the position of the first significant, figure in 

2 “^. 



182 


intermediate trigonometry 


We have log 2^®=70Io^ 2=76 X-3010 . 

=22*?760. ^ ; 

Since the characteristic of the logarithm of 2^ is 22. it 
follows that in 2^® there ^re 23 digits. ■ • 

Again, log 2"3'=-35 log 2=—35x‘SOia^-^lO-SSSO 

= lT4650. 




Of X — ^ 


0 

Since the characteristic of the logafithm of 27^?^ is —11, 
it follows that there are 10 cyphers folloying the decimal 
point, i.e., the first significant figure is in the eleventh place 
of decimals. 

Ex. 2. Given that log 3 = '4771»log 7=*3451;and log 11 
=1’0414, solve the equation 

Taking logarithms, we have 

Iog3"+log72’‘-+i = logir+'. 

a- log 3+ (2^+1) log 7=(a+5) log 11 ^ 

a Hog 3+2 log 7—log ll)=5,log 11—log 7; 

_ 5 log 11-log 7 

log 3+2 log 7^1og 11 
_ 5‘2070--8451_ 

"^'4771 +1*6902-r04l4 
4*3619 _ , ■ 

EXERCISE XXVIII 

1. Find the values of : 

(0 log4256. («) logdl6. (m) Iog8i243. 

2. Given that log 2=*3010, find th^ vdlues cf 

(i) log -0005. (ii) log (6-4)-’. ' 

Given that log 2=‘3010, log 3='4771, log 7=*8451, find 

the following logarithms: s- ;S ; - \ 

3. log 14. 4. log 49. 5. log 98. 6. log/6. 

7. log 300i> ‘ i ■ 

8. Given that log 3 =^^‘4771, find the titimber of digits in 

(0 3« (it) 3*^ (nO 3®*. uv. 

9. Find tliie pbsitich of tbe fifst signiftp^t figure in . 


(fi) 3^«‘krid 3- 


• ■ 


t t 
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10. Solve the equation 

5 ?-x« = 2*+\ given that log 2— 3010. , - 

11 Given that log2--3010, log 3--4771 and log 7- 

•8451. solve the^equf^ons^^^ 

Cin 7*+yx32'+'-9; 3*+' =3’x2* ^ ^ 

12. given log 2='3010 and log.3=‘4771, find the log- 

arithm of 12 to the base 40- 

13. Show that ( |"-) is greater than 100,000. 

14. Show that 3^>2^ 


15. Prove that 2 _li loga 1]* 

X V X ^ 

[Hint: Rationalise the fraction ] ^ ^ 

86 . Tabular Logarithms. / 

As the sine and cosine of an an^ are never greater 

than unity, the characteristics of t^r logarithms are nega¬ 
tive: and the same is true for t^tangent of an angle less 
than 45° or the cotangent of ayangle greater than 45 and 
less than 90®. In such cases the introduction of negative 
characteristics is avoided by using another system of loga¬ 
rithms called tabular logarithms defined thus : . . 

The tabular logarithm of any trigonemetric function is the 

common logarithm of that function increased by ten. For the 
sake of brevity, tabular logarithm is denoted by L instead 

of log. // . 

Thus L sin/© = 10-|-log sin 6. 

L t^@=10+log tan ©, and so on 
Ex. Gv^n log 2=*3010 and log 3- 4771, find 
/L sin 45®, L. tan 30®, L cosec 60 . 

sin45°=^2=^2^”’ 

log sin 45“=--|-log 2= - ■i505==T8495. 

Hence L 45‘’ = 10-l-log sin 45°=9-8495. 

tan 30”= 

log tan 30”= log 3= -■2382=T,7618. 



if 
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and.-. L tan 30°=10+log tan 30<>=97618 ? " f > 

cosec 60°= = 2 x( 3 )~^ 

log cosec 60°=log 2 —Hog 3 ! 

=•3010--2386=‘062 4, 

and log cosec 60°=10+log cosec 60°=10’0624. 

I ^ ^ 

87. To show that logam=logbm X logab. 

Let logam—^, so that a*=m ; 

also let logbnt=^, so that h^=m. 

Hence Ioga(a*) = loga(fe^) 

But loga(a’‘)=-jclogaa=^. 
and loga(&>)=i' logab; 

x^ylog^h. 

Hence logam=Iogbm X logab 

Cor. 1. logi,ni=!^ 

This formula is used when it is required to transform 
logarithms from one base to another. 

1 

Cor. 2. Iogb 3 = j-~^(putting m-ain Cor. 1). 

Also thus Let Iogba=:t. 50 that b*=a. 

Now, since a=b^ therefore raising both the sides to the 

♦ 

1 - 
power we have ~b. 
a: 

1 * 1 

Hence by definition logab=—=T'—. 

• X Iqgba 

Note. It follows that logabx logba=I. 

Ex. 1. Find the value of logzS, given that 

. Iog2 = -3010 and log 3=-4771 " 

logio2“-3010~^^^- 

• 1 

Ex. 2. Evaluate logalO to two decimal places given that 
logio2=*3010. ‘ iir ... . 
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1. Prove that loga&xlogba = l. 

Evaluate the following logarithms to two places of 
decimals ; 

2. logzS. 3. log 32 . 4. logilO. 

5. log2764. 6. Iog.3o2, 

Ans, 1*58. *63. 2*09, 126, 'i'SL 

88 . How to Use the Four Figure Log Tables ; 

(1) To find the logarithm ot a given number. 

Note.—Only the mantigsae arc given in tbe&e tables, the characteris¬ 
tic in each case being found by two well-tnown rules, given before, 

Mantissae ot logs ot all numbers form 1 to 9999, i.e., of 
numbers consisting of four significant digits can be found. 
The following directions indicate the method of using such 
a table : 

(0 The extreme left-hand column, at the top of which 
there is a vacant square, corresponds to the first two signi¬ 
ficant figures of the numbers. 

(ii) The next ten columns are headed 0,1,2...9; 
correspond to the third figure of the given number, 

(Hi) The small columns to the extreme right (generally 
■called “difference columns “) are similarly headed 1, 2...9 : 
and these figures correspond to the fourth significant figure 
in the givep number. 

The method of using the tables is illustrated in the 
following example. 

Find the logarithm of 4597. 

In the first column look for 45 (first two figures in the 
given number, in the same horizontal line as 45 and in the 
column under number 9 (the third figure in the given 
number) we get the number 6618 : under 7 (the fourth 
figure in the given number) in the small difference column 
and in the same row as 45 we find 7. This means that 
"6618‘and*7"-are to -be added : their sum being 6625, the 
mantissae in the log of 4597 is *6625, and the character¬ 
istic (not given in the tables) is evidently 3. 

Heiice , log 4597=3*6625. 

Similarly log 45*97 = 1*6625 . 

and log *04597= 2*6625. 
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(2) To find the number who^ logarithm is given. 
Tables of anti-logarithms are used in this case and they 
are used exactly in the same way as logarithm tables ex¬ 
plained before. . . > I 

Ex. Find the number whose logarithm is 2'9072. 

Let .r be the number, log ,r=2'9072. 


To find X we leave the characteristic 2 for the present 
and take the mantissa '9072 only. 

Turn to anti-log tables : run down the first column till 
*90 Ithe first two figures in the given log) is reached ; then 
in the horizontal rouf containing *90 and under the column 
headed by 7 (the third figure) is the number 8072 ; and ia 
the difference column headed by 2 (the fourth figure) and 
in the same horizontal rou' as *90 is found the numBef 4. ThiS: 
4 is added to 8072 and the sum 8076 is the number corres-;* 
ponding to the mantissa 2*9072. Now since the given chafac^ 
teristic IS 2, therefore ;c shall contain three figures in its 
integral part and hence combining the two facts, .j:== 807'6. 
Similarly the number^ whose log is 1*9072 is 80*76 and 
the number whose log is 2*9072 is *03076. 


(3) To find the trigonometrical functions of an angle* 
from their tables. This has already been explained before,. 
(See Chapter III). 

(4) To find the angles corresponding to a given tri¬ 

gonometric function from their tables. This has already 
been explained before (5ee Chapter III), . , 

(5) To find the logarithmic trigonometric ratio of a 
given angle. 


The tables give (i) the logarithmic trigonometric funct 
tions of all angles from 0® to 90® at intervals of 6' : (it) and 
also contain difference cdlumns of angles 1, 2,3, 4,5 minutes* 
The method of using the tables is illustrated by the 
following example. 


Ex. 1. Find log sin 49® 36' ^ . 

(rt) The first column in log sine psige degrees 

look for the row;cpntaining 49®'; ‘ t, Vi 

(b) Look fpt the 0\uthn WVch is heWaeai36'; 

(c) At and the 
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coJt/mn we get the number 8817, which is the mantissa of 
log sin 49° 36', the characteristic 1 being shown only in the 
column under O'. 

Note .—The number shown there is 9. but according to the tabular 
logarithms it is 10 more than the required result, t.e., characteristic is- 
9_10 = —1). 

log sin 49° 36'— i'8817. 

Ex. 2. Find log sin 48° 35'. 

Here 35' is not found at the top of any of the columns, 
the mean difference columns are, therefore, to be used. 

(a) Take the row containing 48°. 

(b) Take the column headed 30' (which is less than 35' 

and which is found at the top of a certain column) and we 
get at their point of intersection 8745, which is the mantissa 
of log sin 48° 30'. Now we have to find the difference for 5'. 

(c) Look for the number in the same row as 48° in the 
difference column under 5 and we get the number 6 there. 
This 6 is to be added to 8745 obtained above, thus the sum 
is 8751 and log sin 48° 35'= 18751 

AW.—It appears from the tables that log sin 48'^ 35'and leg sin 
4S® 36' arc the same which is evidently absurd. The inference is that 
they are equal up to 4 places of decimals only—there ti.ubt be some 
difference somewhere alter the fourth place of dectmtils. 

(6) To find the angle corresponding to a given logari¬ 
thmic trigonometric ^nction e g., 

given log sin x== 1*9182 ; find .r. 

The given number 1*9182 cannot anywhere be found in 
the table ; but we get 9181 which is nearest to 9182 and less 
than it. We get 9181 under 54' and in the row of 55°. This 
shows that log sin 55° 54' is 1*9181, Now the difference' 

between 9182, the given mentissa, and 9181 is 1, and this 
difference 1 found in the difference columns under 1, and 
this 1' is to be added to 55° 54'. 

f.e., x = 55°55'. 

ATote.—As the angle 0 increases from 0* to the difference is. 

additive in the case of log sin S ^nd log tan Q and subtractive in the case 
of log cos B and log cot 0. 

as- 


Ex. li Find the value of 


(435)^ ^ -056 
(380)^ 


as accurately 


you can with the fielp of.four figure log tabl^s^,, c-r, . , 
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„ , - (435)V-056 

Sol. Letx= ( 380 )< 

A log x—3 log 435H-4 log ‘056 — 4 log 380 
-3X2*6385+ix 2*7482-4x2*5798 
= 7*9155-1+*3'41-10*3192 
= - 3*0296= -4+1 - *0296 
=4-9704 ;c=*0C09342. 

Ex. 2. Find the value of x 0078 1 

( 005)* 

as accurately as you can. 

^ (3-142)3 xr078)^ 


SoL Let X— 


(*005)* 


A log x==3 log 3*l42+i log *078-i log *005 
=3 X 0*4972+J X '2*8921-i x '3 6990 
=r4916+i(-3+1*8921)-i(-4+re990) 
=r491b-l+*6307+l-'42475 
=1*69755 

= 1*6976, correct to 4 places of decimals. 

.r=49*84. 

Ex. 3 . The period T of small oscillatioj^ of a simple 

pendulum of length I is given by T=2^ 'y/Calculate 

the value of g when it is abserved that the period of oscill¬ 
ation of a pendulum 46*2 cm. long is 1*36 sec- 

Taking logarithms, we have 

log T=log 2+log TT+J log ^-Hog g ' 

A. log g=2 log 2+2 log 22— 2 log 7+log 46*2—2 log 1*36 

= *6020+ 2*6848 - l*6902+re646 
= 2*9242 
A g=986*8. 

EXERCISE XXIX 

With the aid of fhur figure log tables, fin d the value o f: 
, 3-274X-0Q59, « 15-38x-0137. , ^ 0137X-0296 

14‘83 X ‘0077 • ‘276 x 0038 V 873‘5 ’ 
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4 _ The mean propotional between 2 87 and 30 08. 

5. The third proportional to *0238 and_7’^5 ^_ 

6 . The mean proportional between V '3473 and i/*256.4' 

7. Find log tan-^(given log 2=0*3010300 and log 3= 

0-4771213) when ^z = 18, fc = 20, c=22. (C. U.) 

8 . If Rs. P are invested at no compound interest ic 

amounts after n years to Rs. A where A=P^ 

A if P = 250, r = 4 and n= 12. 

9. Simplify: (*008)"^ +(*35)"-. [Hint. Simplify each 

term separately]. 

10. Find X from the equation 4"" =9. 

11. Solve for x : 4^*—8x4^ + 12=0. 

89, The principle of Proportional Parts. 

If we are required to find the logarithm of a given 
number whi h is not continued in the tables or the number 
corresponding to a given logarithm not given in the tables. 

we apply the Principle of Proportional Parts which states 

that the increase in ike logarithm of a number is proportional 
to the increase in the number itself. 

Similarly if we are required to find the trigonometrical 
ratio of an angle which is not contained in the tables, or the 
angle corresponding to a given trigonometrical ratio, we 
apply the fact that the change tn the trigonometric ratio of an 
cin^lc is pTopoTtional to c stncill change in the cn^ie itself. 

Note.-^The changes referred to above must be small otherwise 


errors are bound to appear, 

For-.example, let it be given that log 2=’3010 and log 3 
=•4771 and let us find log '25 from the above principle. 

log 3=-4771 
log 2=-3010. 

For a change of a unity in the number, the change in 

the logarithm is -1761 ; therefore for the chan^^^ ’5 m the 

ntimhcr the change in logarithm must be OooUd* 

Therefore log 2’5-—'3010+•08805='38905. 
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But from tables log 2'5=.3979. Thus th«" result is 
correct only up to the first place of decimals* 

Ex. 1. Given that log 93T5=1'9691, 

and log 9316 = 1*9692, find log 93*155. 

Since log 93*16 = 1*9692 

and log 93*15=1*9691. 

difference in the log for •01=*0001. 
difference in the log for *005= 

= 00005. 

log 93*155=1*9691+*00005 

=1*96915* 

Ex. 2. Given that log sin 21^3'=“1*5553, 
and log sin 21° + = ~l'5556, 
find log sin 21°3^ 20" 

Since log sin 21° 4'=~1*5556, 
and log sin 21° 3'=r5553. 
difference for 6C)''=*b003 

proportional difference for 20" = •0003xi = *0001 

log sin 21° 3' 20''='i-5553+*0001 

= 1*5554* 

It may be remarked, however, that with four-ligure table 
we can only aim at finding angles correct to the nearest minute ; in many 
cases we cannot do even this with certainty; therefore while using four- 
f )gurc tables, we shall seldom use this principle. 

Solved Examples 

Ex. 1, In the triangle ABC, c=70 ft., a=42 ft. C=90°, 
;nnd A, B and h* 

sin A= — 

c 

log sin A=Iog a—log c = log 42—log 70 

=1-6232-1-8451 =--2219 
= 1-7781- 

A=36‘’52'. B=90°-A=53° 8'. 

Again ~ =sin B, or b—c sin B 

c 


log fc=log C+I 05 sin B = log 70+log sin 06 \S 

^ =r8451+~l*9031 : 

=17482. 
fc = 56-01 ft. 

Ex. 2. In the triangle ABC, b=7'771, 
iind A, aand 

^ =tan A, or rt = t an A. 

0 

:. Jog a=log 6+16g tan A __ 

=log 7*771 +log tan 39 
=•8905+ r9084 = 7989 

^=6*294. 


Again 


O _ "r) 

— =sin B 
c 


90 ' 


sin B* 

log c=log —log^sin B 
=log 7771 -log sin 5r='8905- i*8905=l. 

c=10. 

Ex. 3. • Given that 

b=93-24. A=53°31', B=49° 36'. 

a h 
sin A^sin B 
b sin A 


a= 


sin B 


2 . 

iind A 


log a=log fc+log sin A-log sin B 
^ =1*9696+' i-9052-‘T-8817 
=1*9931 
=98*42. 

'exercise XXX 

Solve to three places of decimals^ ^ 

In the triangle ABC, C =90 , c=32 3 and a— 16 7^ 

« 1 • 

# ft 
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3. In the triangle ABC. C=90^A-=32M3^ a== 16-83, 

find b and c. 

4. In the triangle ABC, C=90^ c-=2v 9 and B = 56^38\ 

find a and A. :. . 

7 

5. Given that-r^-T = ~--,find a when fe=33‘2, 

sin A sin B 

A=43^ 31' and B=52" 20'. 

ah 

6. Given that —T = —b* B when <2=98*42, 

sm A sin B ^ 

i)=93*24 and A=53° 31'. 

7. Given that tan ~ 

<2=4, 6=8, c=ll. 


v/ 


U-6»(5>c) 
. 5(5—a) 


.find A when 


X 


II 


REVISION QUESTIONS VIII 

1. Define logarithm. Prove that 
< 2 " Hence stiow that 

Find the lagarithm of 3 tos the base 2. 


IV 


2. State and prove the advantages of. the. common 

system of logarithms. ■ ■”* 

With the hejp of tables, find the g^eon^etric mean bet¬ 
ween ( 03569)'^ and(2.879)’. ' ' 

« • 

3. Find the logarithm of the product or‘fhe quotient of 
two numbers in terms of the logarithms of those numbers. 

Also prove that log m"=M log m* ' 

If, A', y. 2 be in H. P., prove that .. . 
log (A+z)-hlog (A-2y+-z) =2 log Xx-z)- 

4 . Distinguish between characteristic and mantissa of 

a logarithm. . 

^^ving given log 2 = *30103. find the number of digits in 
2 and the position or the first significant figure, in 

rt=345‘6 and 6=^3'5. Fincl the vaiiie 6f Va*—6* 


‘k; 


• i •«!; 




! \ 
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Find the value of 


(0 




1728x1*21 

245' 


C439)^x(147)' 

GO i 

(*0062)^ 


6 . Write down the values of 
(0 tan 62° 31'. (ii) sin 59° 21'. (in) cos 78° 43'. 

(iv) log sin 80° 16'. (v) log cos 84° 36'. (i^O log tan 9° 19'- 

7. Prove that 

logani = logbm X loga^. 

Show how to convert logarithms of numbers from the 
natural to the common system or from the common to the 
natural system. 

8 . If a, b, c be.in G, P.. show that 

logaAT, logb^t, logc^ are in H. P. 

9. Prove that 


(0 Anti-loga* X anti-loga'=anti-loga*'^^, 

(h) Anti-loga"^ = (anti-IogaO^ = (anti-logaO • 

10. The post-office 5 years cash certificates for Rs. 500 
are obtainable at an issue price of Rs. 440 as. 10. Find the 
rate per cent. 

[Hint: use the Formula 
Amount=Principal ^ 

11. Solve : log (jc •"9)^-hlog (a: —4)^ = 2. (B* U.) 

12. If P, the centrifugal force on a rotating body is 
find the value of P when w^=28, i^=4*65. g=32‘2 and 

gr ’ 

r=r88. 

/12 ^ E I 

13. In the formula N=30^'y/ ^^4 * ^ 

TT =3*142, g=32*2, E=180xl6®. u; = 0‘28 1=48 and 1=0 0564. 


CHAPTER Xn 

THE SOLUTION OF TRIANGLES 

90. The three angles and the three sides of a triangle 
are called the six elements of the triangle. When any three 
elements of a triangle are given at least one of them being a 
side, the triangle is in general completely known. The pro¬ 
cess of finding the unknown elements from known ones is 
called the Solution of the Triangle. 

The student is already familiar with the methods for 
solving the triangle when it is right-angled. We shall now 
discuss the'case of an oblique-angled triangle. The differ¬ 
ent cases to be considered are : 

Case 1. The three sides given. 

Case 2- Two sides and the included angle given. 

Case 3. One side and two angles given. 

Case 4. Two sides and the angle opposite to one of 

them given. 

It may be observed that in every case of a solution of a 
triangle the best check on the results obtained by calculation 
can be done by drawing the figure to scale and measuring 
the required elements. 

91. Case 1. To solve the triangle when the three sides 
are given • 

Let the three sides a, b, c, of the triangle ABC be given. 

Then 5, 5 —a, s — ^ and s—c can be found. 

Also tan 

^ ^ s{s-a) 

A 

log tan ^=1 [log ( 5 —b) + log (s—c)-log 5 -log ( 5 —a)] 
A ** 

Whence ^ can be obtained with the help of the tables. 
Doubling the result we get A. Similarly B can be found 
from the formula for tan ® and then C is known from the 

equiton C=180®-(A+B). 
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Note 1—The expression for sin, sin 


B , . C 
and sin-^ 


tangent formulae 

arc the r^st convenient as the logarithms used in finding 

log tan 2 the same as those required for finding 

B (2 

log tan -2 and log tan 

TS/ote 2.—If the numbers involved are small then the 

equation cos A= —and two such others can also be 
used to find the angles 

Ex. Given a==31-9 b = 56-3: and c=90'27 : iind the 
angles of the triangle ABC- 

. 3r9+56-31+40-27 . 

s-=64-24 

s-a=64 24- 31-9=32'34 
s-fc=64'24-56-31= 7-93 
s-c = 64'24-40'27=23-97 


\/ 


A 


log tan- 2 -=i (log 7-93 + lDg 23-97-log 64-24- 

,r„ log 32-34) 

= i [0-8993 4-1-3797 -1-8078 -1-50971 
=i(-10385)=- -51925= 1-48075 
= 7-4808, 

correct to 4 places of decimals- 


Again, tan 


“ 2 “ ==16" 50'and 

B 

2 
B 


A=33‘^ 40'. 




<s- a)(s~c) 
sis ~ h) 




3 4 X 23'97 
r24 X 7*93 


log tan -^=Mlog 32*34+Iog 23*97-log 64 24 


places of decimals. 

B 


— log 7*931 

= 4 [1*5097 4-1-3797 - ] -8078 - 0-8993] 

= 4 X •1823 = -09115=-09]2. correct to 4 


I =50“ 58'24" and 


B=101° 56' 48". 
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Also C = 180° - A - B = 44^ 23' 12*'. 

But if the Principle of Proportional Parts is not used, 

then =50° 58' and B=101° 56' 

and C=44°24'.’ 

EXERCISE XXXI 


1. Find the greatest angle of the triangle whose sides 
are 75*2, 86-4. 94'8 ft. 

2. Find the greatest angle of a tiianglc whose sides are 
6, 7 and 8 inches. 

3. The sid^s of a triangle are 32, 40, 66. Find the 
greatest angle* 

4. Find the smallest angle of the triangle whose sides 
are 181, 18'9, 18*5, 

5. Solve the. triangle, given a = 31*9, 5=56*31, and 
c=40‘27. 

Solve the following triangles and check the solutions ; 

6. a=17'6; 5=60*24; c=33*4. 

7. a : b : c=5 : 7 : 8. 8. a=l‘3 ; 5=1*4 ; c=l'5. 

9. a=428: 5=283; c = 317. 

10. a=87 6; 5=57*4; c=46*8. 

11. a=58*73; 5=49*24; c=52*3L 

12. u=15: 5=22; c=9. 

13. If a=32, 5=40, c=66, find the angle C. (P. U. 1941) 
92. Case II. To solve a triangle^ given two sides and the 

included angle. 

Let, 5, c, A be given. Let 5 be greater than c. From 
the formula 


B-C_5-c ^ A 

we get, by taking logarithms 

» B-C 

log tan ‘“x- 


5- 

5+ 


tan 


(w-A) 


= log (6—c)—log (i)+c) + log tan^90' 
B-C 


A 

2 


)■ 


from which we find 

B+C_rtrto A 1 • 1 /B+C\ 

Also =90- 2 » which gives y —^ j 
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By adding and subtracting, we get B and C. 
The side a can be found from the formula 


a 


^ . from which a = ^ 


sin A sin B’ " . " sin B 

hence log a = log h + log sin A—log sin B. so that a is 

known. 

Ex. 1. Given fe=130, c=72 and A =42°. solve the triangle. 
^ B-C h-c A 130-72 29 

2 “fe-Hc 2 “130-1-72^°^^^ ~ 101 

/. log tan—29 —log lOl + Iog tan 69° 

=l-4624-2-0043+'4158 
= -'1261=1-8739. 

B-C 


« • 


Also 


2 =36° 47' 46". 
^^= 90 °—^= 69 °. 


Adding we get B=105° 47' 46". 

Subtracting, C = 32° 12' 46", 

. b sin A 130 sin 42° 

Again a- g ]05° 47' 46"' 


log rt=log 130+log sin 42° 

-log sin 105° 47' 46" 
=:2T139+i‘8255-Iog sin 74° 12'14" 
=21139+18255-1-9833 
=1*9561 
a=90‘38. 


But if the Principle of Proportional Parts is not 
used, then 

B = 105° 48'. C=32° 12'. 
and a=90'38. 

Ex. 2, Given i=68. c=27, B —C=70°, solve the triangle . 


^ B-C h—c A 
^ 2 ~b+c 2 
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68-27 




. oco_68-27 1 41 1 

• 68 + 2/ A -95 A 

tan tan ^ 

A 4L 1 
2 “95* tan 35"* 

•• log tan-g- =log 41-log 95-log tan 35° 

=r6128-r9777-T-8452 
=2--2107 = i-7899. 

:^ = 31°39', j.e., A-63°18'. 


and 


Now, 


B+C=lS0"-63° 18'-116‘» 42'. 

Also B-C=70°; 

2B=186®42' /. B=93°21' 

and 2C=46'’42' C=23° 21' 

Now, ... a = 

Sin A sin B sin B 

log a = log b +log sin A —log sin B 

=log 68+ log sin 63° 18'-log sin 93° 21'. 

= 1'8325+1-9510—log sin 86° 39' 

=2 7835-1-9992 

=1-7843 

a = 60-85. 

EXERCISE XXXn 

Solve the following triangles and check the solutions. 

1. fe = ll,c=9, A=32°30'. 

2. a=29-8 : c=:i2-42 ; B=-26° 14'. 

3. 6 = 52-92 : c=36-04 ; A=62° 17'. 






4. a=872-5 ; 6 = 632-7 ; C = 80°. 


(P. U.). 


5. 6=82-9 ,-c=25l: A=60°; find Band C. 

6. 6=27 ;c=33-48:A = 60°: finds and C. 

7. a = 17-6 ; 6=24-03 . C=12r 38'. 

8. a = 681 ; B =50° 42' 6=243. 

triangle in which A=42° 54', 6=25-07, 


=26° 55'. 


-2% triangle in which 6=37'2. c=22‘3; 

11. Area=2457 ; a = 79, c = 97, 
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12. Two sides of a triangle are in the ratio 16 : 9 and 
the included angle is 102° 48'. Find the other angles. 

13. AOB is an equilateral triangle and C and D are 
points in AB such that AC = CD = DB=2(j. Find by calcu¬ 
lation the amount by which the angle COD exceeds one 
third of the angle AOB. 

93- Case Ilf. Given one side and two angles, viz., a, B, 
C \ to solve the triangle. 

The third angle A can be found by subtracting the sum 
of B and C from 180°. 



The sides b and c are obtained from the relations 

sin A""sinB""slK^’ 
u sin B , a sin C 


^ U j U Mil Ky , 

shTA shTST’ 


log b~log a-blog sin B -log sin A, 

and log c=log a-hlog sin C —log sin A, 
so that b and c are obtained with the help of the tables. 

Ex. 1. Solve the triangle when B=64° 23' ; C=72° 43' 
and (2=18‘92. 


A = 180®-'(64° 23'4-72° 43')=42° 54' 
gsinB ^ 18 92 sin 64 ° 23' 

sin A sin 42® 54' 


logh = logl8'92+Iogsin64°23' 
=l-2770-hr9551 -1*8330 

=1*3991. 
h=95 07. 

A _18*92 sin 72° 43' 

Again, c--^ 54 , 


log sin 42° 54' 


A log c=log 18'924-Iog sin 72° 43'-log sin 42° 54 
=1*27704-1-9799+i-8330 
=1 4239 
c=26*55. 


Ex. 2, In the quadrilateral ABCD, AB=193, 

/BAC=37®, Z.CAD=21°. ^ABD=59°. ZCBD=23°. find 
CD. 
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D-C 


_ , 123 

sin 59°“sin 63° 
log AD=log 193 
H-Iog s.n 59° 

—log sin 63° 

= 2*2866+ 1-9331 
“ i'9499 
=2*2688 
ad=1857. 

From triangle ABC 
AC 193 

sin 82° sin 61° 

•*. log AC = Iog 193+log sin 82® - log sin 61° 

=22856+r9958 -T9418 
=2339 AC=218*6. 

Now from triangle ACD 

^ D-C d-c A 32*9 

' 2- = d+-c^°' 2 =4^3 79“ 30' log tan ^ 

=Iog 32-9-log 404'3+log tan 79° 30' 

=l'5172 - 2-6067+ 7320 

= r6425. 

2 approximately and^^^=79° 39'. 

D=103°12'andC=55'’48'. 

Ai,„ CD 1857 

sin2r~sin55°48' 

••• log CD=log 1857+log sin 21“- log sin 55° 48'. 

= 1-9056. CD=80-46. 

EXERCISE XXXIII 

% 

Solve the following triangles and check the solutions ; 

1. a=226 9; B=73° 35'; C=39° 45'. 

2. Base=7 and base angles are 129° 23' and 38“ 36'. 
rind the length of the shorter side. 

3. Two angles ate 180® 20'and 11® 40'and the 

side IS 1000 ft. Find the shortest a^e* 
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4. A=72n9'; B-=83Mrj c=92‘03. 

5. B=-64° 23' ; C=72® 43/ and C2-18-92. 

6 - B = 118°37'; C = 3r 45', a=20-95. 

7. A=66° 38^ ; B=26®14' and c = 32-42. 

8 . A and B are two points ICO ft. apart on r^ie same 
bank of a straight river; C is a point on the opposite bank 
and the angles CAB and CBA are found to be 47^ and 56° 
respectively. Calculate to the nearest foot the width of 
the river. 


9. Two men are stationed at A and B respectively, and 
they observe a point C ; the first man finds that the angle 
BAC is 47° 22', and the second man finds that the angle 
ABC is 63° 5'. If AB=100 feet, how far is C from A ? 

94. Case IV. Giventwo sides, b, c, and the angle B 
opposite to one of those sides, to solve the triangle. 

Angle C may be found from the 

, . sin C sin B , , . 

relation so that log sm C— 

log c+log sin B—log b, which gives C. 

Let one value be x°, then 180°is 
another value of C, which satisfies the 



inadmissible if, when added to the given angle B, the sum 
is greater than 180°; and A=180°-B-C, so that A has 
two values if the two values of C found above are 
admissible. 

The third side a may be found from the relation 


~^r~n a=log fe+Iog sin A —log sin B 

Sin /V sin o 

which gives a, there being two values for a, in case A has 
two values. 

Ex- 1. Solve the following : fo=82'5 ; c=182 5 ; and 
€=72° 15'. 

sin B_sin C . . „ & sin C 

“T- . • sin B =- 

DC c 

log sin B=Iog 5+log sin C —log c 

=Iog 82*5+log sin 72° 15'-log 182-5 

=1-9165+-1-9788-2-2613 

= 1-6340, 
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B=25" 30' or 154'* 30'. sin (180" -B)=:sin B, 

The oStusa value of B is inadmissible because when it 
is added to C, the sum is greater than 180". 


A = ie0° - B - C = 180" - (25" 30' + 72" 15') =82" 15'. 


Now 


_ a _ _c_ 

sin A sin C’ 


log t7=Iog c+log sin A —log sin C 

=log 182‘5+log sin 82" 15'-log sin 72® 15' 
=2’2613H-T9961 - T9788 
=2-2783 A a=190. 


Ex. 2. Solve the following* a=82‘31, c = 72*95 and C= 

42^ 27'. 

sin A _ sin C . . a sin C 

- - .. sin A=-. 

a c c 

log sin A = Iog (3+log sin C—log c 

= log 82‘31-hlog sin 42" 27'=iog 72‘95 
=r9155+ 18293-1*8630 
= r8818. 

A = 49" 37' or 130" 23'. 

Both the values of A are admissible because the sum o£ 

the^ohtuse value of A and the value of C is not greater than 

180 . 


Let the acute value of A be called Ai and the obtuse 
val ue Ao 



=180^-Ai-C=18C®-49°37'-42" 27'=87"56' and 
- A.- C = 180" -130" 23' - 42" 27' = 7" 10'. 


Now there will be two values of b. say bi and h t 

hi ^ _c 

sin Bi sin C 

log f)-=log c-f-log sin Bi-log sin C 

=log 72*25+log sin 87^ 56'-log sin 42" 27' 

= 18630+1*9997-■1-8293 
=2 0334. 

^ 1 = 108 . 

Similarly log b 2 =log c+Iog sin Bj—log sin C 

=log 72’95+log sin 7® 10'-log sia42® 27 
=l-8630+T9958+T8293. 
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=1*1295 

13*48. 

EXERCISE XXXIV 

Solve the following triangles and check the solutions ■ 

1. In a A i£a=3.= A=30Mind B. (C U) 

2. &=9463, c=7590. C-43° 47'. 

3. *2=13*3. fe=87, B = 33°20'. find A. 

4. B=30®, c=924-3. 6=123*4. 

5. A=20° 41'6=137. ^2=115. 

6 . a=324‘7. c=42r7. C=35°. 

7. a=942. 6=1413, A = 40^ 

8 . *2=52-48, 6=27*24, A = 56" 28'. 

9. a=30'28, 6=21*85, B=46® 12'. 

10. a = 342*9, 6 = 745 9, A = 43^ 3o . 

11. In a triangle, A=94° 16', 6=5038, c=6840. 

Find B and C. (P. u. 1938) 

[Notice here since c >6 Napier’s analogy in the form 

B-C _6 —c A . I I , TT 

tan “2 -<^ot " 2 - is not applicable. Use it in the 


form tan 


C-B,c-6 
2 c +6 


cot 


A 


.] 


12. rt = 42'24, 6=47*75; A = 2r 6 '. (P. U. 1942) 

95. Discussion of the Ambiguous Case. 

In case IV above, we have s^en that with the given 
data sometimes one trianple is possible, sometimes two and 
sometimes none. We shall discuss this case now in detail. 

Geometrical Discussion. 

Let 6 , C, B be given. 

(a) Firstly, let B be acute. 

Take the angle XBY = ZB. along BY cutoffBA=c» 
From A draw AL=ip) ± BX. With centre A and radius^ 
equal to 6 , draw a circle. Then 
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(0 if the circle does net cut BX and hence no 
triangle is possible. 

(u) if 6=p, the circle touches BX at L and only one 
triangle (right-angled) is possible. 

(m) if there are three sub-cases to be considered: 

1. When b<c. the circle cuts BX into two points C 
and Cl. In this case two triangles ABC and ABCi are pos¬ 
sible with the given data. 

This is called the Ambiguous Case 

2. When b^c the circle wnll cut BX in two points, 
but one of these points coincides with B and hence in this 
case also only one triangle is possible. 


A 



3. When b>c, this circle cuts 
BX in two points which are however 
on opposite sides of B, Hence in 
this case also only one triangle can 
be drawn with the given data. 


(b) Secondly, let B be obtuse. 

Proceeding as above, the reader will find that there is 
no triangle possible except when b>c. 

Trigonometrical Discussion. 


sin C = 


c sin B 


. . « 

(a) Firstly, let B be acute. Then 

0) If f)<c sin B. sin C is greater than unity, which is 
Impossible, hence no triangle is possible in this case. 

(it) If b=c sin B. sin C=1; therefore C=90°. Hence 
only one triangle (right-angled) is possible. 

(Hi) Iffc>csinB. sinC<l; therefore there are two 
values of C having as their sine, one acute (say Ci) 


and the other obtuse (say Ca). Both of them arc not how¬ 
ever, always admissible. Then sub-cases arise : 

1, When h<c, then B<C. and therefore C may cither 
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be acute or obtuse, so that both values of C are admissible 
This is known as the Ambiguous Case. 

2. When &=c. then Q=C. Only the acute value of C 
is valid, hence there is only one triangle possible. 

3. When fe>c, then B>C. Therefore B being acute 
C must also be acute. Hence only one triangle is possible.' 

(b) Secondly, let B be obtuse. 

If fo be < or =c. then B is < or =C. so that in both 
cases C would be obtuse. As a triangle cannot have two 

obtus 2 angles, the triangle would be impossible. 

If b>c, then B>C, Hence the acute value of C would 
be possible and not the obtuse- Hence there is only one 
sDlution. 

Algebraical Discussion. 

We have b^~c^+a^—2ac cos B. 

— 2ac cos B -f- (c^— b^) = 0- 
By solving the qua dratic in a, w e obtain 

a=c cos B± \ b^- sin^ B 

(a) Firstly, let B, be acute. Then 

(0 If b<c sin B, the quantity under the radical is nega* 

tive so that s/b^—c^ sin^ B» is imaginary. Thus in this case a 
is imaginary, and hence no triangle is possible- 

(ii) If b—csin B. the quantity under the radical is zero. 
Thus in this case there is only one value of a. f.e., a=c cos B 

which gives cos B= ^ showing that C is a right angle. 

Thus only one triangle is possible and it is right-angled, 
(in) If fe>c sin B, there are two values of a. But since 
a must be positive, the lower sign in the value of a would 
give the positive result only when 

\/b^—c^ sin^ B <c cos B 
i.e,, b^~c^ sin^B<c^ cos^ B 
i.e., b^Kc^ (sin^B+cos^B) 
i.e., &^<c^ i.e., &<c. 

Thus there are two triangles possible only when b> 
c sin B and b<c. 

(h) Secondly, let B be obtuse. Then c cos B is negative. 


t 
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Thus one value of a obtained above is always negative. 
Positive value for a would only be obtained when 
h cos sin^ B is positive 

i.e., sin^B>c^ cos^B 

i.e.. sin^B + c^ cos'B 

t.e., b^>c^cr6>c. ... i u 

Thus when B is obtuse, a triangle is possible only when 

r Siw 

*^’From each of the foregoing discussions it follows that 
the only case in whi:h an ambiguous solution can arise, it it 
arises at all, is when the smaller ot the two given sides is 

ThL'°giv^'ti®fc " B,to triangles are possible only when 
(0 b>c sin B and (ii) h<c. 

96 Other cases in which a triangle may be solved. 

The cases which have already been examined inay be 
called the four standard cases in the solution of triangles. 
However a triangle may be determined m various other 

ways- as for example a triangle IS fixed when its base, its 

height and one of its angles be given; or in general, a 
Sgle is fixed when any three independent quantities 
connected with it are fixed, provided that at least one of 

the quantities is a length. 

We shall illustrate this fact by a few examples. 

Ex. 1. Given the base, one of the base angles, and the 
height of the triangle, show how to solve the triangle. 

Let h be the height, a the base and B the base angle 
given. 

Then h=c sin B so that c is known. Thus two sides a 
and c and the included angle B are known and the triangle 
can be solved. 

Ex. 2. Given the perimeter and two angles, show how 
to solve the triangle. 

Let the given perimeter be 2s and let the given angles 
he B and C. 

Now A=180®-(B+C), so that A is known. * 

a __ h c „ a+b+c 
Also since * sin B sin C sin A+sin B+sin C i 
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^ 25 

sin A+sin B-1-sin C* 

Therefore A+sin B+sin C similar expres- 

sions for b and c. 

Ex. 3. Given the three altitudes of a triangle, show 
how to solve the triangle. 

Let, p, q, r be the perpendiculars from A. B, C on the 
opposite sides and S the area of triangle. 

Then S=\ ap— '\hq= i cr, so that 

2S , 2S 2S 

a = » 0 =—, c = —, 

P Q r 


and therefore 5 = S 




Substituti ng these va lues of 5, a, c in 

other similar equations, 
we get A, B and C, the unknown S cancelling out. 

Thus the three angles A, B, C are known. 

Also p = c sin B, so that c is known. Similarly a and t 

are known. 



Ex. 4, Given the base, the difference between the two 
sides and the vertical angle of a triangle, show how to solve 
it 

Let Oyh-c and A be given. 


Then we know that -—^= 

a 


sin 


B-C 


cos 


• • 


log sin 


B-C 


=log ( 6 -c)“log< 2 H-log sin 


Thus ^ 2 " known. 

Also being equal to 90® " is known. 
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Hence B and C can be found. 

The sides h and c can be found by using the relations 

Thus the triangle is com- 


c _ <3 


sin B sin A sin C sin A' 
pletely solved. 

EXERCISE XXXV 

1 . In the triangle ABC „ 

A=110°. a=500. i)-c=60, find B and C. 

2. Show how to solve a triangle when two angles and 

one ot the medians are ^ An-anfi 

If A = 58®44', C = 73 38 and the median AU-4U0 

inches find the side AB of the triangle. ^ ^ 

3. ’ Show how to solve a triangle having given the base, 

the height and the difference of the base angles, the base 
angles show how to solve the triangle 

ABC.' 

REVISION QUESTIONS IX 

1. Show how to solve a triangle when its three sides 

ara given. __ 

In a triangle, £2=18, fe=20, 

. T A 

Calculate the value or L tan ^ • 

2. The sides of a triangle are 2, 3, 4. Find its greatest 
angle. 

3. Solve the triangle, given 

a=52-48, 6=27-24. c=62 37. . 

4 . Given B, c. a, show how to solve the triangle. 

Two sides of a triangle are 3 and 5, and the included 

angle is 120°. Find the other angles. i o r 

5. Given 6=540, c=420. A=52 6 ; find B and C. 

6 . The sides of a triangle are 50, 36, 28- Find the 

greatest angle- 

7. In any triangle show that 

A-B_a-b __ C 
tan —2 -Jipt 2 ' 

Two sides of a triangle arc 1 and 3, and the included 
ancle is 40^ Find the other angles. 
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8. Can a triangle be found in which 118. h=235 and 

A=3r 8' ? 


9. If a, b, A be given and and if c, c' be the t^'o 
values of the third side, then 

c^—2cc' Cos 2A-Hc'^=4a“ cos^ A. 

10. In a triangle. A. B, c are given. Show how to solve 

4 

A=33^ 40'. B^lOl"" 48'. c=40‘27. Solve the triangle. 

11. In a triangle ABC the parts, a, 6. A are given, and 
a <6. sin A ; prove that there are two solutions; and 
that* it c, c be the two values of the third side, then 
c-\-c'=2bXcos A. and cc=b^-a^< 

CHAPTER XIII 
HEIGHTS AND DISTANCES 

97. We have already seen some of the simple appli¬ 
cations of elementary trigonometry to the measurement of 
heights and distances. 

VT^e are now in a position to take up a few more applic* 
ations of trigonometry and show in what way trigonometry 
helps the surveyor, the civil engineer, the military engineer 

''xhU wilTbe^best illustrated by the solved examples that 


Ex 1 A person, wishing to find the height of an in¬ 
accessible' vertical pillar standing on the horizontal plane 
observes that at a certain point A the angle of elevation of 
the top of the pillar is : atter walking a distance a towards 
the foot of the pillar he finds that the angle of elevation is 
yS. Calculate the height of the tower and its distance from 

the second position of the man. 

Let CP be the pillar and 
let A and B be the two posi¬ 
tions of the man so that 

AB=a. 

Let CP=Jt'and BC=y. 

APB, ^ xa 


PB _ 


From the triangle 

AB 


sin 


a sin (^- 0 .) 
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a sin <t ^ 

^®~sm (;8-a)* 

Hence ;c=PB sin — 

and v=PB cos P = <^os fi. 

Thus X and y are determined by means of expressions 
suitable for logarithmic calculations. 

Note -—This gives us a method of finding the height and 
the distance of an inaccessible object on a horizontal plane. 

Another method for finding the height is explained in 


Example 3. 

Ex. 2. 


In example 1, if ^—55 , ^ 25®, and a 100 feet, 


find the height .r. 

^ ^ cm ft—sin 55®- 

^%inT^-«) sin 30° ^ 

... log <=log 100+logsm25'>+logsin SS^-log sin 

=2-1-1*6259+f9134-1*6990=1*8403 
/. r=69‘23 feet, nearly. 


30' 


Ex. 3. A person wishing to find the height of a vertical 
pillar standing on a horizontal plane observes that at a point 
A in the horizontal plane the angle of elevation of the top 
P of the pillar is a. Then he walks to a pomt B, AB being 
^ feet, and ZPAB being /3, and finds that ZPBA is V. Find 

the height of the pillar. 


From triangle APB we have 

AP _ sin AB P 
a sin APB 
_ sin Y 

sin iiso^-P-y) 

_ sin Y_ 

sin (^+Y) 

, AP— a sin y 

so that AF + 
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Now from triangle PAC, we have 


^=AP 


sin a= - 


a sin y 


sin 


sin a. 


Hence a; is determined by a formula suitable for log¬ 
arithmic calculations. 

Note that the above figure is not in one plane. In fact 
PAC and PAB are triangles in two different planes. 

Note .—This gives another method for finding the 
height of an inaccessible object standing on a horizontal 
plane. 

Ex. 4. A person wishing to find the distance between 
two inaccessible objects P and Q measures a distance AB— 
feet. At A he finds that Z.PAQ=a. ZQAB=^ and /PAB 
=*11; at B he finds that /PBA—9 and /QBA^?^. Indicate 
a method for finding the distance PQ suitable for logarith¬ 
mic calculations. 



From triangle PAB, we have 
AP_sin P BA _ sin B 

a sin BP A s^n' (180° ~B -V) 

sin B 


so that AP= 


sin (@+y)’ 
a sin B 


have 


sin (O+'Tf)* 

Similarly from triangle QAB we 


AQ^ ^s in ABQ /__ sin ^ 

a sinBQA sin (180° 


_sin ^ 

sin 


so that AQ 


a s in 
sin 


Thus AP and AQ are determined by expressions suit¬ 
able for logarithmic calculations. 

Now in triangle PAQ, AP and AQ are known and the 
included angle PAQ is known, the triangle can therefore be 
solved by the method of Art. 91, so that PQ is determined. 

Ex. 5. An endless belt passes over two pulleys, whose 
radii are R and r and whose centres are distant d apart. 
Find the length of the belt, assuming it to be taut through¬ 
out. i 
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The belt may be open or crossed. In the former case the 
two pulleys rotate in the same direction and in the latter 
case they rotate in opposite directions. 


n 



p 


The figure is drawn for the case when the belt is open. 

AT, AiIi. AP and AiPi are radii to the last points d£ 
contact of the belt and the pulleys. AT and AtTi are parallel 
and so are AP and AiPi; also AiM' is drawn perpendicular 
to AT. AM=R—r. 

Let the angle AAiM be 9 radians so that 


sin 9— 


AM 

AAi 


R- r 

d 


% 

This determines 9. 


Now ZAiAT" ~^~© and therefore angle at the centre 

subtended by the portion of the belt in contact with the 

larger pulley is 27r —2 —©^=^ + 29 and length of 

belt in contact is R(’r-b2@). Similarly length of belt in con¬ 
tact with the smaller pulley is r(‘»r-2©). Also TTi=MAi= 
d cos ©. 

Hence total length of belt is R(^-f*2©)4*r(ir-2©) + 

2d cos 

^^(R+r)+2@(R-r>4-2(R-r)cQtf. 

If the belt is crossed it can be similarly shown that ila 
length is it- 

^(R+r)+2(R+r)(©+cot©). 

EXERCISE XXXVI . " j 


i 


1. A statue on the top of a pillar subtiea^ 
angle a. at distances 9 and 11 yds. from the pillai^ M ' 

the height of the statue. tP* (/• t 
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2. The angles of elevation of a building as seen from 
pom^ B and C are respectively 55° and 25", the points B 
and C being at a distance of 100 feet from one another in a 
horipntal straight line which if produced could pass through 
the base of the huilding. Find the height of the building. 

o 17 .u . • A , \P.U.19'20] 

3. From the two points A and B one mile apart on a 

horizontal plane the angles of elevation of the top C of a 
mountain are found to be 26" and 41° respectively ABC 
being in a vertical plane. Find the height of the fountain.’ 

4. A man observes the elevation of a tower to be 15". 
he walks directly towards it for a distance 2a when he finds 
the elevation to be 75 . Show that the height of the tower 


IS 


<7 

V 3 


5. A tower subtends an angle a at a point on the same 
level as the foot of the tower, and at a point k feet above 
the first the angle of depression of the foot of tower is 8 
Find the height of the tower. 

6. Three stations A, B. C, are in a horizontal line 

psssin^ through th© foot of a tow6r» and the an^lss of ©Is- 
vation of the top of the tower at the three points are found 
to be 90 °—29 respectively. 

If AB=a, BC = fe. prove that 
a==2 (a-^ b) ers 29 and that the height of tower is 

ivi3a-{-2b) (^2 + 26),(3O°<0<45°). [B.U. 2929] 

7. An observer sees due North at an elevation of 30° 
and at a height p above the ground an aeroplane travelling 
horizontally due East. If the speed of the aeroplane is v 
miles per hour, prove that its angle of elevation as seen by 
he observer after k hours is 


8, The angle of elevation of the top of a vertical tower 
standing on a horizontal plane is observed at a point A in 

-10 

the plane to be tan ^ is drawn in the plane at 

right angles to the line which joins A to the base of the 
tower and 40 ft. in length and the elevation of the top of 
the tower from B is tan"^ 2. Find the height of the tower. 
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9, The angle of elevation of a tower from a point A 
due south of it is ^ and from a point B due cast of A is y. It ■’ 
AB=/. show that the height h of the tower is given by 

h^(cot^y--coi^x)=P. 

10. A ring, diameter 2 feet, is suspended by six equal 
strings from a point 6 inches above its centre, the strings 
being attached at equal intervals round its circumference* 
Find the length of each string and the angle between conse¬ 
cutive strings. 

11. From the top of a cliff the known distance a be¬ 
tween two buoys is observed to subtend an angle while 
their depressions are ct and P ; prove that the height of the 
cliff above the sea is 

a sin a sin P ^ _ 

Vsin^ct4-sin^/3—2 sin a sin P cos ©' 


revision questions X 

1. A path up a hillside consists of two straight por¬ 
tions AB and BC ; AB is 70 yards long and is inclined at 19® 
to the horizontal: BC is 30 yards long and is inclined at 16® 
to the horizontal. Calculate to the nearest yard the vertical 
height of C above A. 

2. The angles of elevation of the top of a tower from 
the top and the bottom of a building h feet high sare a and 
P respectively. Find an expression for the height of the 
tower suitable for logarithmic calculation. Find^thc height 
of the tower when /i=250 feet, a=50® and P=^75 • 


3. ABCD is a rectangular courtyard on level ground* 
and AB=400 ft., BC-300ft., AP is a vertical tower on 
which stands a vertical flagstaff PQ. If angle PCA—16 42 * 
and angle QCA=19° 17', calculate AP, AQ and hence find 
the height of the flagstaff. 

4. ABCD is the floor of a room of rectangular plane 

and of height 10 ft.; X, Y are the points of the ceding that 
arc vertically above A and B respectively. If AD=15 ft, 
and tan XBA=4, find the angle BDY. ^ 

5. A person in a balloon observes that the angles 
depression of the top and the bpt;tpm of. a tower iwt Jn, 
are « and P. Find expressions suitable fot io’ggnraMc 
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culation for the height of the balloon and its horizontal 
distance from the foot of the tower. 

If /i=200, a=60°. and P=70°, find the height of the 
balloon. 

6. A and B are points at a distance a apart on a 
straight road running East and West, and B being East of A. 
A point P is a North of East from A and ^ North West 
from B. Show that the perpendicular distance of P from 
the road is 

a tan a tan jS 
tan oL + tan P * 

Calculate this distance when (3=950 yards, a=37° 30', 
^=70° 40'. [Hint : This can be put in the form 


a sin ^ which is suitable for logarithmic calculation.] 
sin 

7. A vertical tower stands on a horizontal plane, and 
is surmounted by a vertical flagstaff of height h. At a point 
on the plane the angle of elevation of the bottom of the 
flagstaff is a. and that of the top of the flagstaft is P, Prove 
that the height of the tower is 

h tan a 

tan — tan a* 

Evaluate this expression when h=22 ft., a=30° 5'. ^=40'*. 


8. P is a point on a horizontal plane through the base 
A of a vertical mast; Q is a point on the line AP produced, 
so that P and Q are on the same side of the mast, and 
AP=100 ft., PQ=30 ft. If the angle of elevation of the top 
of the mast as seen from P is 75° 50', find to the nearest 
degree the angle of elevation of the top of the mast as seen 
from Q. 


9. The angle of the elevation of the top of a mountain 
observed from each of three points A, B, C, forming an 
equilateral triangle of side a on the plane, is a. Show that 

the height of the mountain is "^^an a cosec A. 


10. Observations to find the height of a mountain are 
made at two stations A and B which are on a horizontal 
plane, the distance AB being 4,000 feet; the angle of eleva¬ 
tion of the top P of the mountain at A is 60°, and the angles 
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PAB and PBA are 75° and 60° respectively. Find the height 
of the mountain. 

11. A vertical tower PQ stands on a hill which is inclin¬ 
ed to the vertical at an angle a. At two points A and B, a 
feet apart on the side of the hill, in the same vertical plane 
as the tower, the angles subtended by the tower are and 7; 
Show that the height of the tower is 

a sin sin /3 
sin a sin {f-PY 

12. In the above question if a=l,000 feet, ct=30^ 
^= 45 ®^ find the height of the tower. 

13. The ang’e of elevation of the summit of a hill from 
a station is oi; after walking a feet towards the summit up a 
slope inclined at an angle 0 to the horizon the angle of ele¬ 
vation is y. Show that the height of the hill is 


a sin a sin (7—^) 


feet. 


sin (7 -a) 

14. The angle of elevation of the top of a tower at a 
place A due south of it is ©. and at a place B due west of A 
and at a distance a from it the elevation is <t>. Show that 
the height of the tower is 

a tan © tan ^ 


Vtan^©-tan^^' 

15. A tower 51 feet high has a mark at a height of 25 
feet from the ground ; find at what distance the two parts 
subtend equal angles at an eye at the height of 5 feet from 
the ground; 


16. At a point on a level plane a tower subtends an 
angle ct, and a man a feet high on its top, an angle P. Prove 
that the height of the tower is 

a sin cos < a+ff) 

sin P 


17. A tower on the side of a hill is observed to subtend 
the same angle at two points a feet apart on the same 
of it on a horizontal plane. Show that if the angles of 
vation of the top of the tower at the two places arA Qt ana ^ 
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. . , , . , r t • <2 cos (a+^). ^ 

respectively, the height of the tower is 

where the points are in the same vertical plane as the tower. 

18. A llagstatf stands in the middle of a square tower, 

A man on the ground opposite the middle of a side of the 
tower, and distant 100 feet from it, just sees the flag ; re¬ 
ceding another K 0 feet, the elevations of the tops of the 
tower and the flag are found to be and ^ respectively, 
where tan tan ^==- 5 . Find the heights of the tower 

and the flagstaff. 

19. A tower a feet high stands on the top of a chtt b 
feet high- Find at what point on a horizontal plane passing 
through the base of the cliff an observer must place himselt 
so that the cliff and the tower may subtend equal angles. 

the height of the eye being h feet. 

If <2=150 ft., fc=80 tt. and/t=5 ft-, find the position of 

the observer- _ 

20. On the bank of a river there is a column 200 feet 

high supporting a statue 30 feet high. The statue, to an 
observer on the opposite bank, subtends an equal angle with 
the man 6 it. high standing at the base of the column. Find 
the breadth of the river. 

21. A man on a hill observes that three towers on a 
horizontal plane subtend equal angles at his eye and that 
the angles of depression of their bases are Oi, ^3 ; 

prove that . ^ 

sin ( 9 a~~Q 3 ) _|_ sin (§i — 9i) | sin (^1 -Bi ) 

hz sin Q\ hi sm @2 ^3 sin @3 

/ii, /i-., /i 3 . being the heights of the towers. 

22. At each end of a base of length 2a the elevation of 
the top of a mountain is A, and at the middle point of the 
base the elevation is B. Prove that the height of the 
mountain is 

<2 sin A and B_ 

^sin (A+B) sin (B-A)’ 

23. An inclined plane risas from the floor of a room at 

an angle a with the floor and a wheel of radius r is rolled 
straight up the plane. When the point of contact is at a 
distance x from the line where the plane meets the floor, 
show that the highest point of the wheel is at a height 
above the floor given by the expression :csina+r (l+cos a). 
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Find the radius of the wheel, if it just touches the ceil* 

in^: whc ft.» a = 40^and the height of the room is 

10 ft. 

24. From a stationary balloon at a hferght of 200 ft. aa 
observer notes two points A and B on a st. level road : the 
bearing of A is due East and that of B is 60'' E of N, and 
their angles of depression are 30° and 45° respectively. Find 
the distance AB. 

CHAPTER XIV 


PROPERTIES OF TRIANGLES 

98. To find the area of a given triangle ABC. 

Draw AD (=p, say) _L BC. 

Then area A of the given triangle 
ABC 

A ^ i#BC.DA . (l) ^ 


But DA=c sin B. 


V ^ 


D C 


A = 2 ca sin B j 

Similarly A = -|- be sin A=-~ ab sin C j 

2 _ 

Now sin A=^Vsis-a)U-b)\s^c)‘ 


Hence 


A=^ b. c. ^ a^ 5(5—a)(5—6)(5 -c) 

= V s(s-a)(s-b)(s-c), 
a ^ h c 


Again, s = 

sin A sin B sin C 


Hence 


6 sin A j 6 sin C 
sm 6 sm B 

^~~2 ® 


( 2 ) 


...(3) 






i • I* 


b sin A 6 sin C . rv ' 
sin B • sin B 
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Similarly A — 


1 

sin A sin C 

2 

sin B 

1 

sin B sin C 

2 

sin A 

1 

sin A sin B 

2 

sin C 


(4) 


and also A- 3 sin C 

2^;Qte .—Form (1) can be used when a side and the cor¬ 
responding altitude are given; form (2) when two sides 
and the included angle are given ; form (3) when all the 
three sides are given: and form (4) when one side and two 

angles are given. 

99. To find the circum-radius R of a given triangle 

ABC. * 

[Def.— The circle through A, B. C, the three vertices 
of a triangle ABC is called the circumcircle and its centre 
as the circumcentre. The latter is a point where rt. bisec¬ 
tors of the sides meet.] t • j j 

Let O be the circumcentre. Join BO and produce it to 

cut the circle again at D. Join CD ; then ZBCD. being in a 

semi-circle, is a right angle. 

Now ZBDC=A It A is acute, otherwise ZBDC=- — A. 



B§-»” 


In either case, sin ZBDC—sin A. 

Buc ®§=sin^BDC. A ^ =sin ZBDC 

Hence 

Similarly 2 sin C 


=sin A. 


Hence R= 
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Another Expression'^ R = x — 

2 sin A 


2 x Vs{s—a){s — b){s-c) 

giving the radius in terras of the sides. 
Note ,—It follows that 

. =2R 

sin A sin B sin C * 


abc 
4A ’ 


so that the above may be regarded as another proof for the 
sme formulae 


sin A sin B sin C’ 


100. To find the inradius r of a given triangle ABC. 

^ circle touch all the three sides of a triangle 
internally, Its centre is called the In-centre and it is the 
point where internal bisectors of the angles meet.) 

Draw the internal bisectors of the angles of the given 
triangle to hnd the m-centre 1. Draw ID, IE, IF, perpendi¬ 
culars to BC, CA. AB respectively to find the points of con¬ 
tact ot the in-circle with the sides Then r = ID=lE=TT7 

A ABC=ABIC+ACrA+AAIB 

1 1 

f.e., A=-o“ ar-h-A- br+icr 


=--^r(a+fe+c)= 2 r. 2s=sr 


r= 



Another expression : The two 
tangents drawn from an external 
point to a circle are equal. 

Therefore, AE=AF, CE=CD 
and BD=BF. 

•• 2s=(AE+AF)+(BF*fBD> 

+ (CD+GE) 

or s—AF+BD+DC 
«AF+a 
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or 


or 


AF = 5**a. 


iF 

AF 


A 


r=(s —a) tan 


Similarly r = (s—b) tan 


2 ’ 
B 


and 


r=(s—c) tan 


Ex. 1, Show that 

. B . C 


a sin ^ sin -- 


r= 


cos 


A 


r • C . A 
b sin —sin ^ 


COS . 


. A . B 
csin 2 


cos 


a=BC=BD+DC = ^.ID+y^ . ID 


. B , ?C 
= r cot "2 2 


r B 

I cos -X 

y J - ^4- 

' i U * 


\ . B 

( 2 


cos 


sm 


I'- 

^ j 


. B C , B . C 

• sin 2 cos -^ + cos--^sin 2 

= -. B “C 

sin 


=r 


. B+C 
2 

. B . C 
sin-2 sin-2 


r cos —2 

. B . C 
sm '2 sin-^ 


B+C_ ^ _ A \ 

V ' 2 2 2 / 


r= 


. B . C 

a sm “sm ^ 


cos 


Another method : 

B C 

g s in-ysin ^ ^ / (7^ (T^)^ J{s- a)(s-b y 


cos 


ac 




fo > 
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J be j./s(s-a iU~b)(s-c )_ A 

^ 5(5 —a) 5 J 

It may be observed that the same steps could be carried 
out in the reverse order also. 

. A . B . C 

Ex, 2. Show that r = 4Rsin -^sm sin 2 * 


A . B . C 4ahcAj (.!<-b)(s-c) 
4R sin 2 


X 


J (5- c)(5'-a ) J is-a)(. 
V -- ab 


ca 


r, -a)(.‘!-h^(s-c') s(s - a'^ (s-b)(s-c ) ^ A“ ^ A _ 

--- ■ _ A ^ A . 


A 


sA 

T. ■ A . B . C 
r = 4R sin -^sin^ sin'^ . 


sA 


101. To find the radii of the escribed circles of a 
given triangle ABC. 

Draw the internal bisector of the angle A and the ex¬ 
ternal bisectors of the angles B and C to tind the e^centre 
Ii. Draw TiD, IiE and IiF perpendiculars to BC, CA, AB 
respectively to find the points of contact of the ex-circle 

with the sides. 

Then n=^IiD —IiE=IiF. 

A ABC=A ABh+A ACU- 

A BCIi 



i.e*, A = 


n= 


i cri+4 bri-i an 

i n(c+b—a) 

J nC2s-2a)=n(s 

A- 


-a) 


8-a 


( 1 ) 


Similarly r* (the radius of the cirdc touching CA and 
the other two sides produced)* and ts (the radius of 
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the circle touching AB and the other two sides produced) 

s-c 

Another Expression- The two tangents drawn from an 
external point to a circle are equal. Therefore BD = BF, 

CD=DE and AF = AE. 

25=AB-f-BD-|-DC-l-CA=AB-|-BF+EC + CA 
=AF+AE=2AF. 


AF=5. 
TT FIl 

Hence 


A r\ 

= tan—^or - 


2 


• • 


ri = s tan 


2 ’ 


1 

I 

I 


A 

= tan-2 


Again ri = (s—b) cot 


C 


Similarly r 2 = s tan 


and 


r3=s tan 


2 ’ 


= (j—c) cot 
r 2 —(s—a) cot 
= ( 5 -“c) cot 


t 3 = (5 — a) cot 


B 

2 

C 

2 

A 

2 

B 


is — b) cot 


2 

A 

2 


Ex. 1. Show that 

B C 

a cos~^ cos 
ri= A 


b cos 


A 

2 2 


cos 


B 

cos^ 


B 


-^nd r3= 


c cos “2 cos —2 


cos 


BD 


DC 


C J 

fl-Bp=BC+DC-^ . IiD+fjg- liD 

=IjD cot IiBD+IiD cot IiCD 
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c ^ 


B C 

=ri tan +ritan 

r . B . C ^ 

j sin sin -5- 5 

—i-+ —1 1 

( COS ^ cos^^ 


=ri 


. B C , B . C 

sm 2 cos ^ + cos ®*^“2 


cos cos 


. B-fC 
sin 2 - 


cos 


=n 


=ri 


cos cos 


cos 


cos 


a COS '2 cos 


ri= 


cos 


Similarly the other expressions follow. 
Another Method: 


acos^cos^ __ J5(5 -?» 


cos 


ca 


V 


SK S 


ah 


V 


he 


s(5-a) 


v/ 


s{s-h){s-c )_ VsCs—a)U-fc)(5"c) _ 

s-a s-a s-a * 


It may be observed that the same steps could 
out ill the reverse order also. ^ 


A B ' C 

Ex. 2- Show that n=4 R sin cos cos -ni r 


• A B C 

4R sin cos “-r cos 

A 6 ' ' I 6 
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_ sCs -b(Cs~c^ _ s(s—a)(s- bXs~c) ^ 


A 


A 


ri=4R sin 


COS 


(5 - cz) A 
B . C 


5 — a 


'n. 




"' B C A 

Similarly r2=4R sin — cos ^cos -w 


. . C A B 

and r3=4R s'n~^ cos cos ^ ' 

Ex. 3. Show that A=r n cot ^ 


, -- A 

= 5 ' 5 


v/ 


5 —g) 
&)(5-c) 


A.A 


V 5(5 - g) (5 - bKs - c) 


A. 


Ex, 4. Show that rir2+r2r3H-r3n—5*. 

A A 


L. H. S.= 


A 


A _j_ A 


A . A 


+ 


A 


s-a s-b'^s-b s-c~^s-c s-a 

= 5 ( 5 -c) 4-5(5—gj+5(5 - fc) 

= 5 ( 35 ~g“ b —c)=5*. 

Ex. 5. Given r*. Jz and rs ; find A, B, C. 


n=5 tan , r 2 —5 tan ^ 


B C 

, r3==5 tan 


B rz A ^ C rg A 

Therefore tan=-tan ^ ,tan 2 —^^tan ^ 


Also, we know that 


• I 


(B.Uj 


A R B C C A 1 

tan^tan -^tan-^ tan ~^tan 2 


Substituting the values of tan -^and tan^ , we get 


C 
2’ 


A (r, , r^^Ls 


(r2_Jjn,n]=i 


2 \r, ■ n 
n 


tan ^ 

2 A/nr2“l“?'2l'3 + ^'3’'l 


A . 


because ^ is acute. 
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[Otherwise this result follows at once if the result of I 
Ex. 4 solved above be assumed.] ^ 

102. Miscellaneous solved Examples. 

Ex. 1. Find the distance of the ortho-centre from (i) the 
sides (n) the angular points of a triangle. 

Let ABC be the triangle. Draw AD,BH perpendiculars 
to BC and AC and let O be the ortho-centrc, 

Then OD=B^ tan /OBD 

A =BD tan (90°-C) 

A =BD cot C. 

f/ \ Also BD=AB cos ABD » 

—c cos B. 

OD=c cos B cot C 


0 C 


= '-^-;^cos B cos C 
sinC 


=2R cos B cos C. ^ 

Thus distances of O from the sides BC, CA, AB arc res- / 
pectively. I 

2R cos C cos B, 2R cos A cos C, 2R cos B cos A. * 
Now AO=OE cosec /OAE 

=OE cosec (90°—C) j 

~2R cos A cos C sec C 1 

=2R cos A, 1 

/. The required distances from the angular points are's / 
2R cos A, 2R cos B, 2R cos C. 

Ex. 2. Perpendiculars ID, IE, IF are drawn from the ^ 
incentre I of the triangle ABC on the sides BC, CA, AB \ 

respectivelv Show that the area of the triangle DEF=— 

- 

where r, R and A have got their usual meanings. 

Here A DEF 

= A lED-b A IDF+ A IFE 
= IE. ID. sin ElD+two similar terms 
-Jr*sin (180°-C) + ir*sin(180°-B) 

+ sin (180^-A) 

=ir*[sin C+sin B+sin A] 
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^r^x2s^rx Ax 2s rA 
~ 4R ~ 4Rx5 ”2R ' 

Ex. 3. Find the sides and angles of the pedal triangle 
of a given triangle. 

[Def.—The triangle formed by the three feet of the perpendicular 
tfiawn from the vertices on the opposite sides of the triangle is called 
pedal triangle of the original triangle.] 

Draw AD, BF, CE perpendiculars to sides BC. CA, AB 
respectively to meet at O. Then O is the orthocentre* 

Here ZEDF=/EDO+ZFDO 

= ZEBO + ZFCO.[ ? ] 

.y 

=ZABF+ZACE 

-W-A+90"-A-180'^-2A. 

Similarly - DEF=18(r-2C and ZEFD-180°-2B. 

Again by sine formulae for Zi FCD we have 
DF _ CD 

sin C sin B 

CD sin C h cos C sin C 

LJ1/ • T> 

sin B sin B 

—2R cos C sin C = c cos C. 

EXERCISE XXXVII 

1 The sides of a triangle are 8 ft. and 7 ft. and the 
included angle is 60® ■ find the area. 

2. Find the area of a triangle whose sides are 7 ft. 9ft. 
and 8 ft. 

3. Calculate the area of a triangle if h = 4 35 inches 
^■ = 7'55 inches and A —152°, 

4. The area of a triangle is 135 square ft, and the 
lengths of the ex-radii are 3 ft., 5ft., and 9 ft., respectively. 
Find the sides of the triangle. 

5. The sides of a triangle are 4, 13, 15, feet ; find the 
greatest angle and the least altitude of the triangle. 

6 . Two sides of a triangle are 1 ft. and V2 ft., and the 


A 
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angle opposite to the shorter side is 30° ; prove that there 
are two triangles satisfying these conditions, whose areas 
are in the ratio of : v^3—1. 

7. If the sides of a triangle are 51, 68 and 85 ft., 
show that the shortest sides is divided by the point of 
contact of the inscribed circle into two segments, one of 

which is double the other. 


Prove that 

8. 5 ( 5 —a) =A. 9. 

10. fc2sin2C + c^sin2B = 4A. 
n. a2_^2_2Rcsin(A-B). 

12. 4Rcos^ = (a + W sec^^^^ 


2 


sin A sin B_ 
sin (A-B)"'^ 



tl 


t 

i 


13. 


.n ABC 

4R = s sec sec 2 


14. A=2R^ sin A sin B sin C. 

15. In any triangle ABC, join C to any point D in AB t 
let R, Ri be circumradii of the triangles ACDj and BCD 
respectively ; show that Ra=R:h. 

_a — b 

>*- - - - A • 


16. r= 


17. 


B A 

cot 2 -cot^ 

A , B , C 
ri cot “2—rcot-2+cOt-^ 


( 




4k-(:-0(s--i){i-0 
1 


19. ^ 


+ i + i=-L 

ah^bc ^ca 2Rr 


20. A=Rr (sin A4-sin B+sin C). 


01 L . A . B . C ^ * 

21. aoc.5. sin—sin =A . 


22. Rri(s—(j) =Rri(s-b)—Rrz(s~c}=labc. 

23. mraVa^A^ 

A »• • i ♦ ■ ' ' • . Al* 


24. rn^fgrs tan*; 25. mcot*- 5 *=A 


I 


(A. U.) 


» 


% 
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26. 


27. 


A=4Rr cos^ cos 


2 ^-" 2 


1 , 1,1 , 1 a^ + b^+c^ 
,2 +^, 2 + - 2 + ,.^ 2 - 


28. If the ex-circle opposite to the angle A be equal to 
the circumcircle, prove that 

cos A=cos B + cos C. 


29. Show that 


1 , 1 _ 1 _4R 

s—a'^s-b~^s-c s A 


30. If A and A' are the areas of a triangle ABC and 
the triangle formed by joining the points of contact of its 
inscribed circle, prove that , 

A'_2(57 a)is— b)( s - c) 

■ A ~ abc 

31. Prove that the ratio of the area of the inscribed 
circle of a triangle ABC to the area of the triangle is 

A B C 

'* tan^ tan ^tan ^ * 

32. AB is a chord of a circle of radius R and subtends 
an angle 2<^ at the centre C. Prove that the radius of the 
circle inscribed in the triangle ABC is R tan a(l —sin a). 

33. Show that - ^ ^~~a —/— 

is — a) sin A KS~b) sin B 

-o-ctlc 

34. A baulk of wood of the dimensions shown in the 
figure rests over a cylinder of radius r. Find the heights of 
P and Q above the ground. 


(B. U.) 


Q 
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35. The vertical angle of an isosceles triangle is A. and 
the length of each of the equal sides is b ; prove that the 
radius of the inscribed circle is 

b sin 


tan 


TT A 
4 2 

Formulae of Chapter XIV 


{ 


) 


1 . 


2 . 


A== ^^bc sin A= ^ ^in B—sin C 


= y/s(s—a)(s — b)(s-c'). 


Cl 

R= A . A =etc. 
2 sin A 

abc 

“4a‘ 

A 


4. n = 


s-<i 


=s tan 


3. r= 


A 


= (5 — a)tan-^ =etc. 


-=(5 -6) cot 


2 

B 


=(s—c) cot 2 . Similarly for rj and n. 

REVISION QUESTIONS XI 

1. Prove that the area of a triangle is equal to 


4 cot A 


2. A = 


ar-b^ sin A sin B 


2 sin(A—B) 

3, Prove that the radius of the circle inscribed in the 
pedal triangle of a triangle ABC is 2R cos A cos B cos C, 
where R is the circumradius of the triangle ABC, 

4. The perpendiculars from the circumcentre of a 
triangle on its three sides are <*, P, V. respectively; show that 

, / 1 b c\ abc- 

‘^’U |8 + y )-apy 
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5. If A be the area of the circle inscribed in a triangle 
and Ai, A*. As be the are^s of the escribed circles, prove that 


^^A /Ai ^/A2'^v/A3 
Prove that 

6. cos A+cos B-bcos C=14- (B. U. and P. U.) 

7. sinA+sin B-fsinC=^* (B. U.) 

8. The distance betwee n the orthocen tre and the cir- 
cumcentre is RV(1~8 cos A cos B cos C). 

9. tan® “S' =- 

10. cot A+2> cot B+c cot C = 2R+2r. 

11. a cos A + b cos B + c cos C = 4R sin A sin B sin C. 

12. Prove that if C be a right angle, 2 (R-|-r) = (a+fc). 

13. r®+n"'br2Hr3®=16R®-a®-b®--c®. 

14. Find the distance of orthocentre of A ABC from 
the side AB. 

15. Find the distance of the circumcentre of a A ABC 
from the side AB. 

16. Find the distance of the centroid of A ABC from 
the sides. 

17. The line joining the vertex of a triangle ABC to its 
circumcentre meets BC in D. Show that 

BD sin 2C 

DC ”sin 2B' 

IS. Prove that the sides of a triangle whose vertices are 

ABC 

the centres of c-circles are a/sin b/sin^ , c/sin ^ • 

19. Show that AIBC=8R sin ^sin f sin^cos^i-^* 

2 4.4 4 


... 9 “ 

9. tan® ir = 


rri 


20, Show that 

(0 OI®=R®-2Rr 
Oi) OIi®=R«+2Rri 


(B. U.) 
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2fL Show that if the in-circle of triangle passed throiigh 
the circumcentre then cos A+cos B + cos C=\/'2. , ^ 

22. If the line joining the vertex A of a triangle ABC 
to the centre of the inscribed circle meets the opposite side 
in D prove that 

*. av\d' a 

tan ADB= tan * 

o—c ^ 

23. In any triangle ABC prove that p cos A+o cos B4. 

^ , . , , , . , 

r cos C= - -- p, q, r being the lengths of the perpen¬ 

diculars from the vertices upon the opposite sides. 

CHAPTER XV 


POLYGONS ; AREA OF A CIRCLE 

103. A polygon is said to be regular when all its sides 
are equal and its angles are equal. 

Let a regular polygon have n sides. Then the sum' of 
interior angles -f4 right angles=2j? right angles; i.e., if 
one interior angle be denoted by x, then nx^2n—4 right 

angles ; or x =—^— right angles. 

104. To find the radii of the inscribed and circum¬ 
scribed circles of a regular polygon of n sides. 

Let ABC .. be a regular polygon of n sides. Let the 
bisectors of the angles B and C meet in O. 



ft L 0 

Draw OL_LBC. Thcu‘0 is the centre of both the 
circles ; OB ( —R, say) is the radius of the circumscribed 
circle, and OL (=r, say) is the radius of the inscribed c^cle* 

If O be joined to each of the ftngular points A, B, C, D, 
•., the whole angle at O wjll.be divided into, n equal parts 
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and hence ^BOC—^ and Z.BOL ZCOL — 
Let each side of the polygon be equal to a. 

Then ^^=sinZBOL, 2R rT* 



2 sin— 

D 


Also 


BL , 
6L 


BOL, 


i.e., :-=tan - 
tir n 


a 

r=-^ . 

2 tan — 
n 

105. To find the area of a regular polygon of n sides. 

Area of the whole regular polygon of n sides=n times 

the area of the triangle BOC 

= n X i X OB.OC sin BOC 

= sin — (in terms of R). 

2 n 

Also area of the polygon=y;. h OL.BC 


Again, area of 


n/i Cl 

^ X 4 cot - 
2 2 n 


cot — (in terms of a) 

4 n 

)lygon= OL.BC = nr. tan 


TT 

n 


= nr^tan~^ (in terms of r). 

n 

106. If B be the circular measure of any angle which 
is less then a right angle, then sin 0 and tan B are in 
.ascending order of magnitude. 
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Let TOP be an angle which is less than 
a right angle and let its circular measure 

be e. 

With O as centre and any radius des¬ 
cribe an arc cutting OT and OP at A and 
I P respectively ; also draw PM ± OA and 
produce it to cut the arc again in Q. 

TQ Sd^ OQ ^ tangent PT at P to meet OA in T, and join.. 

The triangles POM and QOM are evidently equal in all 
respects; so that 

MP=MQ and arc PA=arc AQ. 

Also the triangles TOP and TOQ are equal in all res¬ 
pects, so that TP=TQ. ciu res 

MD ate PAQ, SO that 

MP IS less than arc AP. 



assume that the arc PAQ is less thar 
PT+TQ, sj that arc PA is less than PT. 

Hence MP arc AP and PT arc in ascending order o 
magnitude. Therefore u 


MP arc AP PT 

OP’ OP ' Qp are in ascending order of magni¬ 
tude. 


magn^ude^ ^ ^ ascending order oT 


107. Show that provided that tl 


^ @->0 G 

angle G is measured in radians. 


Since sin G<G< tan© when 


••• i<^<-- 

sin G cos 

0 1 

ei^ A between 1 and^— 
sin © cos © 
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But when 9 approaches zero, cos 0 approaches unity 
and consequently which lies between 1 and 


sin 0 

also approaches unity. 

Lt sin 0 

Therefore 

Cor. 1. 


cos 0 


Cor. 2. 



cos 0 


= 1 . 


Ex. 1 Show that w sin —0, when 0 is meas- 


ured in radians. 


Lt . @ _ Lt 

n sin- 

«—>co n n— 


sm 


0 


n 


0 

n 


0 = 0 , 


Ex. 2. Find 


Lt sin X 


.r—>0 X 
Now 180°-^ radians. 


TT 


= radians. 


Hence 


Lt sin x° _ Lt 
;c^0 


sin 


TT.V 

180 


a: 


X 


TT 


0 


Lt 

x-0 


sin 


T^X 

180 ^ 


TTX 

180 


• 180 


180* 

Ex. 3. Euler's Theorem—Shew that 

0 0 0 

sin 0=0 cos cos ^2 2^. 

Here sin 0=2 sin-| cos ^ . Again since sin ^ 


(P. U. 1940) 


0 

=2 sin ,cos 


22 
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. 02 • ^ ^ 
sin 6=2^ sin^ cos ccs 


=23 

sin- 

9 

23 

COS 

9 

2 

cos 

0 

22' 

COS 

0 

23 

11 

# 

9 


9 


0 


© 

Sll 

2“ 

cos 

2 

cos 


cos 

23- 


# 

0 







sm 



0 


0 


© 


1 


CCS 

2 

cos 

22 

cos 

23 


cos 2 -„ 


cos 


2“ • 


Now when 2"-><=o and 


sin 


Thus. 


= e 


sm 


^9 


sin 9=9 cos 


cos ' 1 ^ 2 ' cos 


108. (a) Area of a circle. The area of a regular poly¬ 

gon of n sides in terms of the radius of the circumscribed 

circle is equal to ”R^sin^^—. 

w Tt 

Now let the number of sides of this polygon be infinitely 
increased, the polygon always remaining regular. 

It is clear that the perimeter of the polygon must mor? 
and more coincide with circumference. 

Hence the area of the circle 

Lt „2 • 

= sin — , 

n 


Lt n 

n^oo 2 n 


sm 


n _ 


2w 

n 


, 2^ 

T #. sm — 


(b) Circumference of a circle* The circumference bf a 





POLYGONS : AREA OF A CIRCLE 


237 


regular polygon of n sides in terms of the radius of the cir¬ 
cumscribed circle is equal to 

n 2R sin 

n 


Now let the number of sides of this polygon be infinite¬ 
ly increased, the polygon always remaining regular. The 
perimeter of the polygon must more and more coincide with 
the circumference. 

Hence the circumference of the circle 


Lt 

n-^<=o 


n.2Rsin 


TT 

n 



TT 

n 



TT 


Lt 

n^oo 


sin 


2^R 


n 


TT 


n 


= 27rR* 


109. Area of a sector of a circle. 

Let AB be an arc of a circle, centre O and radius R 
andletZAOB=a radians 


Area of the secto r AOB _ZAOB_ 
Area of the circle 2^ 

Hence the area of the sector AOB 


a 

27r ■ 


f 


Cor. Since a = 


a rc A B 
R 


area of the sector is alsa 


equal to - 


Arc AB X R 


Thus area of a sector= 


Arc X Radius 


EXERCISE XXXVIir 

1. If R and r be the radii of the circumcircle and the 
incircle, of a regular polygon of n sides, each equal to a, 



^38 
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•prove that 


R + r = 


a 


cot 


T 


2n 


2. Prove that the perimeters of the circumscribing 
-polygon, the circle and the inscribed polygon are in the 

Tatio 


T TT ^1 

sec — : - cosec— : 1, 
n n n 

.and that the areas of the polygons are in the tatio 

9 ^ 1 

cos*^ : 1. 
n 


3. The area of a polygon of n sides circumscribed about 
a circle is to the area ot the circumscribed polygon of 2n 
sides as 3 : 2; show that n=3. 

4. If a triangle be formed with sides of the regular* 

hexagon, pentagon and decagon inscribed in the same circle, 
the triangle is right.-angled. (P. U. 1938). 

5. If R, r be the radii of the circumscribed and inscrib¬ 

ed circles of a regular polygon and R' and r' those of the 
regular polygon of the same area but double the number of 
sides, show that _ 

R'= \ Rr and y/ ^ (R+r). 

6. A polygon has circles of radii R and r described 
about and inscribed in it. A new polygon ot which the 
jadius of the inscribed circle is r', is formed by joinmg the 
points of contact of the original polygon with its inscribed 
circle ; prove that r^—Rr'. 

7, A polygon of 2n sides of which n are equal to a and 
n equal to fc, is inscribed in a circle, show that radius of the 
circle is 

a^'h2ah cos )^cosec —, 

2 \ n / n 



sin 9 


Illustrate with the help of tables that—^ approach- 


unity as the angle becomes smaller and smaller, by taking 
^ equal to the circular measure of 4®, and 30'. 
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Prove that sin 



V2 


approximately when 


•§ is small. 

10. Show that the area of a segment of a circle is given 
by the formula sin 6). 


11. Four equal circles each of radius a touches one an¬ 
other ; show that the area between them is < 2 ^( 4 -tt). 

12. Three equal circles of radius a touch one another ; 

show that the area between them is 2 

13. Given the three sides a=58 6, fc = 64‘3. and c=52'5, 

calculate the area of the inscribed circle. (P .U. 1945L 


CHAPTER XVI 

MISCELLANEOUS PROPOSITIONS 

110. To find the area of a quadrilateral in terms of the 
jides and the sum of two opposite angles. 

Let ABCD, be the quadrilateral and let a., b, c, and d be 
the lengths of its sides and S the area. 


Equating the two values of BD^from the triangles BAD 
and BCD, we have 


a^+d^ - 2ad cos A=b^'hc^—2bc cos C 

a^-\-d^~b^ -c^=2ad CCS A-2hc CCS C. (f) 

Also S = ABAD+ABCD 

=i ad sin A+ifec sin C 

4S=2ad sin AH-2fcc sin C. . (ay 

Squaring and adding (0 and (ti), we have 

16S^4-(a^’hd^~-b^-'C^)^=4a^d^-h4b^c^ ~ Sabed cos (A + C) 
Let A4'C==2)9, so that 


cos ( A+C) =cos 2p=2 cos^P —1; 

cos^fi. 

Now the first two terms on the right-hand side 

= i2ad4'2bc4-a^-\-d^—b‘^~c^){2ad-\'2bc~a^~d^4’h^-\-c^) 
^Ma-\-dy-ib~cy){Q>^cy-{a~dy} 
~ya4-d-]rh-c)(a + d~b4-c)ib4rC-\'a~d){b-\-c~a-\-d) 
= (25-2c)(25-2W(2s-2<i)(25-2a), 


= \6(s-a)(s-h')(s-c) (s-d). 


where fl+6-f c+<i=2.s 
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Hence 

S= v'{(5—a)(5—abcii cos*^>. 

Cor. 1. If the quadril ateral is cyc lic, then 

S=y/{(s—a)(s—b) is—c)(s~d)}, 

for A+C=180° and cos/3=cos 90°=0. 

Cor. 2. If the quadrilateral is a cyclic and also a peri- 
cyclic one, i.e., a circle can b e ins cribed in it, then 

S= abed. 

For, if a circle can be inscribed in a quadrilateral 
ABCD then the sum of one pair of the opposite sides is 
equal to that of the other pair, a-\-c=b-\-d and the abqve 
expression ri (a+d-ffe—c)(a+d-fe-l-c)(b+c+a-d)(&+c-- 
a-hd) for reduces to abed, 

111. Prove Geometrically 

(i) sinP+sin Q=2 sin cos —^ 

p-LO P-O 

00 sinP-sinQ=2cos sin 


On) cosP+cosQ=2cos 


(iv) cos Q-cos P=2 sin 


^ P+Q P-0 

=2 cos cos —^ 

-O P±Q ^~Q 


sin 


Let ZXOA=P and ZXOB=Q. Cut off OA=OB=^7. 
say. Join AB and bisect it at C. Draw AL. BM, CN per¬ 
pendiculars to OX. Then OC bisects ZAOB, so that 


ZCOB=^(P-Q) and 
ZCOX=ZCOB+ZBOX 

=-|- (P-Q) + Q 
=-|- (P+Q). 
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In the trapezium ALMB, 
AL+BM=2CN. 

Also 0L+0M=20N. 

Now OC=OB cos COB=a cos^-^-^and 


..(t) 

(«> 


ON=OC cos COX = a cos 


P-Q ,03 ^ 
2 2 


OL=OA cos AOX=a cos P and 
OM=OB cos BOX=a cos Q. 

Substituting in (ii) we get 
a cos V-\ra cos Q = 2a cos^-=-® cos 

i.e., cos P + cos Q=2 cos^^^^^ cos 

^ 2 

Again, AL = OA sin AOX = a sin P, 

BM = OB sin BOX = £Z sin Q. 

and CN=OC sin COX=a cos sin 

2 2 


Substituting in (0» we get 
a sin V+a sin Q==2a cos cos 

. „ , . ^ ^ . P+Q P-O 

t.e., sin P-hsm Q=2 sin cos — 

Again draw BS II OX cutting CN; AL in R and S. ' 

AL-BM=AS=2CR. ’ (m} 

and OM-OL=LM = 2BR. .XA 

Z.BCR=90°-Z-OCR=^COX=KP+Q). 

and BC=OB sin BOC=a sin ? — ^ 

and CR=BC cos BCR=a sin — ^ cos 

^ 2 

Substituting in (in), we get 

T> • r\ • P““Q P“f’Q 
a sin P —(2 sin Q=2a sin —cos — 

^ A., 
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j.e.. sin P-sin Q = 2 COS 


P+Q . P-Q 
2 2 


p_0 P+O 

BR = BC sin BCR^a sin ~2 

Substituting in (iv) we get 

^ ^ . P-Q . P+Q 

a cos Q -a cos P = 2a sm —^ sm^^ 

i e., cos Q—cos P=2 sin —2 ~ 2 —’ 

112. The values of the circular functions of 18° and 36° 
may be obtained geometrically from the construction for 
drawing an isosceles triangle ABC in which each angle at 
the base BC is double the vertical angle A. 


or 


A+B+C=180° 

A+2A+2A=i80^ 



A=36° 

Draw AD±BC, so that 
ZBAD^18°. 

In the construction of the triangle 
we have 

BC=AE and BE. BA=-EA». 

Then sin 18°= • 


where 

and 


or 


BD=* 

AE=BC=2x 
AB.EB=AE* 
c{c-2«) = (^*)» 
4a:^+2cr-c*=0. 


_ -2c±yW -l±^/5 

' 8 - 4 

= (rejecting the negative value of x 

because a; is positive). 

Hence sin 18°= 

4 
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From the same figure we can find the value of cos 36'^ as 
well. Draw EFJ_AC. Also AE=EC. Hence F bisects AC ; 


therefore AF =2 AC = 

'v;o_ AF__ c 
cos 36 


1 

2 


AB= 


c 

_ 2 

v'5+1 


\/5-l 


Projection 

113. Let AB be any straight line and from its ends 
A, B, let perpendiculars be drawn to a fixed straight line 
OX, meeting it in M and N. Then MN is called the vrojec- 
iion of AB on OX. 



B 



R 

If MN be in the same direction as OX, it is positive ; if 
in the opposite direction, it is negative. 

114. If 9 be the angle between any straight line AB and 
a fixed line OX, the projection of AB on OX is AB cos 9. 

Through A draw a straight line AB parallel to OX and 
let it meet BN, produced if necessary, in R. 

Then in each of the above figures the angle RAB or the 
angle XCB is equal to 9. 

Also MN=AR=AB cos RAB==AB cos 9. 
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Cot. 1. It follows that the projection of AB on itself 

AB. 

Cor. 2. It follows that the projection of AB on any 
line is equal to the projection of an equal line CD parallel to 
AB in the same sense. 

Similariy it can be shown that the projection of AB on. 
the line OY perpendicular to OX is equal to 

RB=AB sin RAB=AB sin ©. 

115. The projection of AB upon any fixed line OX is 
equal to the sum ot the projections on OX of any broken 
line beginning at A and ending at B. 



Let APQRB be any broken line joining AB 
The projection of AP is MP' and is positive 
The projection of PQ is P'Q' and is positive. 

The projection of QR is Q'R' and is positive. 

The projection of RB is R'N and is negative. 

projections of the broken 


=MP'4-P'Q'+Q'R'-)-R'N 

=MP'+P'Q'+Q'R'-]S[R' 

=MR'-NR'=MN. 


! j A similar proof applies whatever be the positions of A anc 

end however broken the lines joining them may be. 

i of the projections of any broken Iv 

lommg Ato Bts equal to the sum of the projections of ai 

other broken Ixne joining the same two points ; for, each sum 
equal to the projection of the line AB. ^ 

Cor. 2. Projection of a closed figure on any tine^is za 
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116. To prove that 

(j) cos (A-l-B)=cos A cos B - sin si An B. 

(ii) sin (A + B)=sin A cos B + cos A sin B. 

Let the revolving line start 
from OX and trace out the 
angle XOM equal to A and 
then trace out the further 
angle MON equal to B. 

In the final position ON of 
the revolving line take a point 
P and draw PQ perpendicu¬ 
lar to OM ; also draw OR 
parallel to QP in the same 
sense and equal to it. 

Projecting on OX. we have 
Projection of OP 

-^projection of OQ-l-projcction of QP 

— projection of OQ +projection of OR 
-*• OP cos XOP 

=OQ cos XOQ + OR cos XOR 

=OP cos B cos XOQ -f OP sin B cos XOR. 

OQ=OP cos B and OR = QP = OP sin B ; 
cos XOP 

=cos B cos XOQ +sin B cos XOR, 

or cos (A-f-B) 

= cos B cos A + sin B cos (90°4-A) 

=cos A cos B — sin A sin B. 

(i) Projecting on OY, we have 
Projection of OP 

=projection of OQ +projection of QP 

= Projection of OQ-pprojection of OR 
/. OP cos YOP 

= OQ cos YOQ + OR cos YOR 
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=OP COS B COS YOQ+OP sin B COS YOR 

or cos YOP 

=cos B cos YOQ+sin B cos YOR* 


cos (A+B-90“)=cos B cos (A-90')4-sin B cos A 
i e , sin (A + B)=sin A cos B+cos A sin B. 

iVoie.-The above method of proof is perfec tly pneral and is appU- 
cable to all cases, whatever the angles A, B, and A+B may be. 


117. To show that 

(0 cos (A—B)=cos A cos B-i-sin A sin B. 
(n) sin (A —B)=sin A cos B-cos A sin B* 



Let the revolving line start from OX and trace out an 
angle XOM equal to A and then let it revolve backw^ds 
and trace out an angle MON equal to B, so that angle XON 

is A — B 


In the final position ON, take a point P and draw PQ 
perpendicular to MO produced ,* also draw OR parallel to 
QP in rhc same sense and equal to it. 


Projecting on OX, we have 

Projection of OP . ■ r» 

==projection of OQ+projection of QP. 

= projection of OQ-hprojection of OR. 

Therefore OP cos XOP 

= OQ cos XOQ + OR cos XOR 

= OPcos(180^-B)cosXOQ „ . ' ^ 

+ OP sin (180°-B) cos XOR 

* OQ=OP cos (180’'--B) and OR-=QP 
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-90") 


cos XOP 

= —cos B cos XOQ-l-sin B cos XOR, 
i e., cos (A - B) 

= -cos B cos (130^-A)+sin B sin (A 
= —cos B ( — cos A) + sin B sin A 
= cos A cos B + sin A sin B. 

(n) Projecting on OY, we have 

Projection of OP 

=projection of OQ-t-projection of QP 
^projection of OQ+projection of OR 

Therefore OP cos YOP 

=OQ cos YOQ+ OR cos YOR 
= OP cos (180°-B) cos YOQ 

+OP sm (180"-B) cos YOR, 

V OQ=OP cos (180°-B) 
and OR = OP sin (180"-B) 
cos YOP 

= — cos B cos YOQ-hsin B cos YOR 

=-c^ BTOs\V-270°) + sin B cos (A-I 8 OO)'. 

or sin (A —B) = —cos B ( — sin A) + sin B ( — cos A) 
=sin A cos B—cos A sin B. 

iVofe.—Tbe above mefhod of proof is perfectly general and is 
cable to all cases, whatever the angles A, B and A —B may be. It wou 

be an interesting exercise for the student, to draw different figures ana 

to supply the poof for himself. 

MISCELLANEOUS EXERCISE III 

1. If A, B and C be in arithmetical progression, show 

, cos C—cos A ^ „ 

tn3t •A • tfln 

sin A—sin C 

2 . If cos fA+B) sin (C4-D)=cos (A-B)sin (C-D),. 
show that tan D=tan A tan B tan C- 

3. If the fraction 

a sin (©+a)4-o cos 6 
pend on show that ^f^_^^/ = sin <«. 
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4. Solve the equation 

sin 5©—3 sin 3©+4 sin 0=0. 

5. If sm (A+B) cos C=sin (A+C) cos B, prove that 

B —C is a multiple of or A is an odd multiple of ^ * 

6- The sine of an angle is to its cosine as 8 :15; find 
their actual values. 


7. Find the acute values of 0 fom the equation 

4 sin20-2(l-f v/3) sin 0+\/3=O. 

8. (a) The angular elevation of a tower at a place A, 
due south of it is 30° ; and at a place B, due west of A and 
at a distance a from it, the elevation is 18°. Find the hei 

of the tower. 


(fc) The angular elevations a, of the top of a tower 
are observed at two points A and B. The point A is on 
the ground ; and B is between A and the tower, at a height 
b above A and at a horizontal distance a from A. Prove that 

the height of the tower is where tan0= ^ 

cos 0 sin (/>— rt) a‘ 


9. Solve the equation sin 30=sin 0 cos 0. 

10 . Solve the equation cos 4x-t-cos 2a:+cos a: = 0 . 

11. If A+B+Cd-D = 360°, show that 
sin A4*sin B + sin C+sin D 




14. 

15. 


—4 sin 


A-f B . B + C . C+A 

-^sm-2-sm-2- 


Show that in a quadrilateral ABCD, 
cos A+cos B + cos C+cos D 

A+B B + C C+A 

= 4 cos “ 2 “ ~ 2 — —2— 

If sin B = m sin (2A+B) prove that 

tan (A+B)=f-^tan A. 

1—m 


If A+B+C = {2n+l)7r, show that 

sin 2A+sin 2B+sin 2C=4 cos A cos B cos C- 

If A+B+C= -g, show that 


4 i 
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sin^A+si n^B+sin^C =l —2 sin A sin B sin C. 

16. If 2 cos sin 2(9-Vl+sin 29, show that 0 

must lie between (87i-h5) ^ and (8n+7) ^ . 


17. In any triangle ABC shew chat 

r. 2(a-i-b) . C 

(i) cos A cos B——^— sin -g-. 

(?0 4R cos C=*r-[-n-bra —r3. 

18. In any triangle ABC. show that 

(0 cot A4*(c^-a^) cotB + (a^ 

M “ • 


-^2) cot C^O. 


19. In the triangle ABC, a =61 ft., b=4'5 tt., and 
B=38°, find the other angles, having given that 

log 61=1*78533, log 45=1-65321. 

L sin 56^ 34'=9*92144, L sin 56° 45'=99*2152. 

L sin 38°=978934. 

20. A b^y is sailing his model boat on a circular pond 
■of 440 ft. circumference. The boat takes a straight course 
along a chord PQ. 120 ft. long. Find to the nearest foot the 
length of the arc PQ. (take 

21. The sides of a triangle are 50, 36 and 28; find the 
greatest angle. 

22. If the equation a cos9 + b sin @=c is satisfied for 
‘@ = @1 and @ = @ 2 , show that 

* ^ I /7\ \ 2i^b 

sm (@i4-@2)=^q7p- 

23. The sides of a triangle are 2 a: + 1, and 

jc^-l ; find the greatest angle. 

24. The elevation of a tower at a place A due south of 
it is a°, and at a place B due west of A and at a distance a 
from it, the elevation is Find the height of the tower. 

25. A tower 51 ft. high has a mark at a height of 25 ft. 
from the ground, find at what distance the two parts sub¬ 
tend equal angles to an eye at the height of 5 ft. from th • 
•ground. 
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26. I£sin@= 




find tan 


§ 

2 ‘ 


27. If tan A+sin A=wi, tan A-sin A=m, show that 

(m^—n*)^=16mn. 

28. In any triangle ABC» show that 

A B A^ B 

a-hb 


tan -3 -tan- 3 - 

^ A , ^ B 

tan ^i-tan-^ 


and 


2 2 


A 

tan-^ tan 


B • 


29. 

30. 

31. 
1 


— cos 
a 


Solve for B : 

cos 9— sin @=cos a - sin a. 
Solve for 9 : 

cos^@ sin 3@ + sin^@ cos 3@=5. 

In any triangle ABC show that 
A 


2 _L 1 2 

2 


(a+6±£)_^ 

2 c 2 4abc 


32. If A+B+C=( 2 n+l) 7 r, prove that 
sin- 2A+sin2 2B+sin2 2C = 2~2 cos 2A cos 2B cos 2C. 


33. In any triangle 
cot — 4-cot~;^4‘Cot-^=T-r- cot 

^ ^ b TC—a 


34. In a triangle ABC, 


sin A m 


sin B 


= — and 


n 


A 

2 • 
cos A_ p 

CCS B q 


show that 


tan (B-A)_mp“fK? 


I 


tan C 71(7 H-mp 

35. ABC is a triangle ; a new triangle is formed by the- 
external bisectors of the angles. Show that the sides of the 
new triangle are 

A B C 

4R cos , 4R CCS and 4R cos . 


36. Walking down a hill inclined to the horizon at aa 
angle 9 a man bbserves an object in the horizontal plane 
whose angle of depression is a. Half way down the hill the 
angle of depression is Prove that cos ©=2 cot a—cot i?. 

37. The angle of elevation of the top of a steeple 
from a point in the same level at its base, and is 44* 



1 


MISCELLANEOUS EXERCISES 


251 


nnint 42 feet directly above the former point. Find to t^ 
nearest foot the height of the steeple, given that tan 58 — 
reOO and tan 44° =-gbS. 

oo If ^ then prove that 

38- “ tan (a-/3 + v) tan P ,nrTl 

sin ?o.+sin 2/3 + sin 2v-0. . ^ (B. U.) 

[Hint • - Apply Componendo and Dividendo.J 
It tan^a=l + 2 tan-^. show that 

cos 2^ =1+2 cos 2a. 

40 If ( 1 +cos A)(l + cos B)(l+cos C). 

^ =(l-cos A)(l-cosB)(l-cosC), 

show that each of them is equal to sin A sin B sin C. 

41. It tan ('^+'/) = l tan a, tan (V + a) = m tan /S and 

Jan (a+j8)=n tan v and (m-n) tan a + fn-ll tan P+{l-m) x 

- , m —n , n-I , 

tany=0, then show that -j(—+ —+ „ 


42. If tan @ tan ^ 


\/ 


-b 

+6 


show that 


(a-b cos 29) (a-b cos 2<i>) dees not depend on 9 and <A. 

43. Show that tan 67° 30' = 1+ \'2. 

44. If tan A + tan 2A=tan 3A show that A must be a 
multiple of 60° or 20°* 

45- It tan @ = 

^'2 sin ©=sin a-cesa. , . ^ , t 

46. In a triangle ABC right-angled at C, show that 

sin^A _ cq^^A ^q*—b* 
sin^B cos^B aW 

l + tan‘(+-0 ) 

47. Prove that > r —cosec 29. 

l-tan^(^ ) 

48. If cos 0 (1+sin @) = 4w, and cot @ (1-sin @)=4n, 
show that 

_ 1 


49. Prove that cos 6° cos 36° cos 42" cos 78°= 


16 
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50. In any triangle ABC, prove that 




cos A + 


c^-a^ 


cos B-f- 




a b c 

51. If a sin 9~ b cos 0 = 0, show that 

a cos 20 —f) sin 20 =< 2 . 


cos C=0. 


52. If 2 tan B (1-n sm^A)=n sin 2A, show that 

an (A-B) = (l-n) tan A. ^ 

53. If xy-^-yz-^-zx—l prove that 
X y y , z 


(0 


-h 


+ 


l + ■ 1 + y^ ■ l + z^ v'[(l + Ar^)(H-3;2)(!+?)]• 

(n) 4yz(l- x^) -h 4xz( 1 - y^)-h4xy(l - z^) 

=(i~x^)a-y^){i~z^)-{‘a-^x^)a-\-y^)a+z^), 

54. Indicate a method for solving the equation 


tan x=2- --X graphically, a: being measured in radians. 


55. If cos a CCS P f a: (sin a-f-sin ^) + l=0 

and cos P cos y + x (sin /3+sin 7) -hl=0, 
prove that x^ cos a cos y-^-x (sin V + sin «) + l=0. 

56. If A-hB + C=180". show that 

tan nA4-tan nB4-tan nC-tan nA tan nB tan nC 
where n is any integer. Deduce that if x~hy\-z=xyz then* 

x(l~ y^)ii—z^)-\-y{l~ z^){l-x^)^z{l-x^Kl~y^)^4xyz. 

57. If 0 be an acute angle, find its value from the equa¬ 
tion 3 tan 0 + cot 0=5 cosec 0. 



Given that tan 0 = 


l-j- v'l+g 
14- Vl—a 


prove that sin 40=a. 


59. Solve the equation 


tan 04-tan^'^-4-0 



60. Prove that in any triangle ABC, 

(0 cos (B--C)4-fc^ cos (C“A)4-c® cos (A —B)—3afcc. 
(n) sin^Asin (B-C)+sin^B sin (C-A)4-sin^C sin (A-B) 
4-sin A sin B sin C sin (A-B) sin (B-C) sin (C-A)-=0. 

61. In aoy triangle ABC circles are inscribed in the 
angles so that each touches two sides of the triangles and, 
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the inscribed circle; if r'. r", r'" be the radii of these circles- 
prove that 

cot^ (Iri. 

62. If a circle and a regular polygon of n sides be con¬ 
centric, and the area of the polygon outside the circle is- 
equal to the area of the circle outside the polygon, show 
that if 29 be the angle subtended at the centre by the 
portion of a side of the polygon intercepted by the circle 
then 


TT 

cos*0= — cot 
n 


TT 



63. If R, r denote the radii of the circumscribed and in¬ 
scribed circles to a regular polygon of any number of sides ; 
R\r' the corresponding radii to a regular polygon of the- 
same area and double the number of sides, prove that 


R' = and r'= |/ 

64. Given that cos 36°-= determine the cosine 

of 9° correct to two decimal places. 

65. If H is the orthocentre of a triangle ABC, prove 
that the circumcircles of triangles, BHC. CHA, AHBtand 
ABC are equal. 

66. Prove that in any triangle ABC 

cos A+cos B+cos C =and hence show that if R=2r, 
the triangle must be equilateral. 


67. If @ = —, show that cos 39 —cos^@+cos @= " 2 -. 

68. Prove that in any triangle ABC, 

A=R r (sin A+sin B+sin C). 

69. Prove that in any triangle ABC, 


n 


4-1 = 


fa Ti 

three altitudes of the triangle. 


~"1—^ + — , where pu Pz and vi are the: 
Pi Pi . Pi 
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70. Prove that in any triangle ABC right-angled at G 

A _a—6+c 

2 a;4.6+c 

71. ABC is an isosceles triangle having B=C; show 
that the radius of the inscribed circle is. 

h sin 


sin^ 


w . A 
4 




72. In the ambiguous case, a, b and A being given, 
{h>a) if Cl, C 2 be the two values of the angle C, prove that 

2 ^ 

cos Cl + cos C 2 = sin*A and 

a 


1 + cos Cl cos C 2 = 


sin® A 


73. In the ambiguous case a, fc, A being given (h>a), 
the two values of the third side are Ci and C 2 (ci>C 2 ), show 
that 

(0 Cl C 2 =h®-fl*. ( it) Ci-I -C2=2b cos A. 

(in) ci-C2=2v ii®-6®sin® A. 

74. The side AB of a triangle ABC is divided at P, 'so 
that 

If ZCPB=9. prove that 

PB n 

(m+n) Got© = n cot A—m cotB. 

Also if ZACP=«i and ZBCP=^, show that 

(m + n) cot B—m cot a - n cot P. 

75. In any triangle ABC show that 

h sin B 


fc+c 


2 sin ^ B+ 




cos 


A.' 

2 / 2 

s ^ 

76. If m==tan ©—sin © and n= tan ©+sin ©, prove that 
-m^+=m®n®+16mn. 

77. Prove that the area of a tegulc^r polygon of 2 y| sides 
inscribed ih a circle is a mean proportional'between the areas 


aof the regular inscribed andcircuiEscril^<||^Q^|^.tVl of 
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78. Show that in any triangle ABC. 

sin 2m A+sin 2m B+sin 2m C 

= (“ 4 sin m A sin m B sin m C. 

79. If AD is the median of the triangle ABC. show that 

.. A 2i>c sin A 
tan ADB = —. 

b^—c^ 

80. If AD is a median of the triangle ABC, show that 

(i) cot BAD -cot B=2 cot A. 

(«) 2 cot ADC = cot B —cot C. 

81. If the escribed circle corresponding to A be equal 
to the circumcircle, show that 

cos A = cos B + cos C. 


and 


82. In a triangle ABC if 
sin (A-B) = <;a 2 -fc 2 ) sin (A+B). 

*how that the triangle is either isosceles or r|ght angled. 

83. Show that tan^ - -• 0 -)= } , ^ 

\4 2/ 1+sin 1 + sin a: 

hence find all the real solutions of the equation. 

1 +sin .'t=Vcos :tCl—sin x). 

84. If A+B-f C—TT, show that sin^ A+sio* B+sin^ C 

. A B C ^ 3A 3B 3C 

= 3cos--^ cos-^ CCScos “ 2 —cos ~ 2 Cos 

85. Prove that the area of a quadrilateral is equal to 
i (product of the diagonals) x (sine of the included angle). 

86 . Prove that if ABCD be a cyclic quadrilateral, then 

a^-¥d^~h^~c^—{ad-{-hc) cos A 
and 4S = 2(ad+fcc) sin A. 

Hence obtain the area of a cyclic quadrilateral in terms 
of the sides. 

87. Show that in the cyclic quadrilateral ABCD, 
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• . . » m 

(ab-hcd)(ac-hbd') ^ j * p, (ad+&c)(ac+W) 

==- ad-\-bc~^* - ^^hTTd 

88 . Show that if A. B» C, D are concyclic, then the 

circuraradius=f=^\/ {ab~\-cd)iac-hbd)(,ad-\-hc). 

89. If a circle can be inscribed in a cyclic quadrilateral, 
show that the radius of the circle is 

2 \/ ahcd 

a4*& + c+d’ 

90. The area of a circle of radius a is bisected by an 
arc of a circle, of radius 2a cos which has its centre on the 
circumference of the first circle. Prove that if B is in circu¬ 
lar measure 29 cos 20-sin 2@+^ = 0. 

91. AB is a chord of a circle of radius R and subtends 
an angle 20 at the centre O. Prove that the radius of the 
circle inscribed in the triangle OAB is R tan © (1 -sin ©). 

92. Show :tbat in a triangle ABC 

d^=R^(3—2 cos A—2 cos B-2 cos C), 
where d is the distance between the incentre and the cir- 
cumcentre. 

93. If sin’©-|-sin'/>=a and cos 0H-COS ^—b, prove that 

sin 

94. A plane is inclined at an angle a to the horizontal 
plane. A line is’drawn in the inclined plane making an angle 
0 with the common section of the two planes. If 4> be the 
inclination of the line to. the horizontal plane, prove that 

sin <#>=510 a sin 0, 

What is the greatest value of ^ if 0 varies ? 

95. Two straight lines, OA, OB of length a and h res-^ 
pectively are inclined to each other at an angle a and st. 
lines AP, BP, are drawn at rt. angles to OA and OB; 
prove that if P falls within the angle <4, the area of *thc 
quadrilateral i§ 

2 dfc-(a‘+i*) cosa 2 


2 sin a 


j i 




1 • 


; .78 
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1944 

1. (a) What is the G)SexagesimaI System (ii) 
mal System (Hi) Circular System ? 

(b) The sum of two angles is 80 grades and their differ¬ 
ence is 18 degrees. Find the angles in degrees. 

(c) Express in circular measure and also in degrees the 
angle of a regular polygon of 40 sides. 

2. (a) Find general expression for all angles having the 
same cosine. 

(b) Solve 3 tan @ + cot@=5 cosec@, 

(c) Solve cos (2A:+3j^)=i, cos (3x-{~2y)=^^' 

3. (a) Prove geometrically 

cos (A— B) =cos A cos B-f sin A sin B. 

(b) Prove cos ^ cos (2a-/3) =cos^a-sinYa“^) . 

(c) Prove 




/ 


f 

r 


i 

i 

1 

1 


/ 


3 s 29 cos 2<P + 3in^(@ — — sin^(@+ </>) =cos(2@+2</>). 

4. In any triangle ABC prove that 
A , b^-^c^— a 


(b) In triangle ABC, by c, B arc given, also &<c, 
show that (ai - (ai-\-a 2 y tan^B = 4l^, 

where ai, a 2 are two values of tl^ird side. 

5. (a) Prove that Iogam°=n logaW. 

(b) Given log 2='3010300, log 4844544= 6*6852530, 


find the value of (54r\j) X V (*256)^-f 30. 

(c) The hypotenuse of a rt. angled triangle is 3*141024 

and one side is 2*593167 ; find the other side. 


6 . (a) Trace the changes in the values of secant bet¬ 
ween ~~2'rr and 2^. and draw the graph between these limits. 

(b) A pole, 100 feet high stands in the centre of an 
equilateral triangle which is horizontal. From the top of 
the pole each side subtends an angle of 60°; prove that the 
length of the side of triangle is 50 V 6 feet. 


f 
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. In any triangle ABC. where n is the 
circle opposite Z.A, prove that;— 

(i) ri=s tan where 2s=a-bb-\-c, 


radius of e- 


I 

1 


C C 

(ii) (n+r 2 )tan^ = (r 2 -n) cot^=c. 


iiii) rzn+rsri-^ rir 2 =^, where 2s==a+6+c. 

1945 


1. ia) Show that for all values of sec^© = l+tan*©. 

(b) If tan @ = find the other trigonometic ratios. 

, - 1 1-sin©, 

<c) rove that identity cos© 


2. Establish the following;— 

(1) cos (A+B)=cos Acos B-sinAsinB. 

(2) cot (180°±©)=±cot 6, 


I 

u 


\ 


(3) log -=log ;t-log y. 

y 

3. (a) Determine a general expression for all anglf, V| 
having the same sine. 




1 


(b) Solve (1) cos*;t+sin x—1. 

(2) sin 3A:+sin 2;t+sin x=0^ 

4. (a) Draw the graph of sin as ^ varies from—"wti \ 
anJ lociitc on the graph the values of x for sin*«=i. j 

(b) Prove that the area of a circle is (radius)*, 

5. (rt) Find the value of sin 18®, 

(b) If A+B+C=7r, show that 


ij 




4 


ABC 

sin A+sin B+sin C = 4 cos ~2 cos 2 ^®® 2' 


(c) Tha angle of elevation of the top of a pole is 15® 
from a point on the ground. On walking 100 feet towards 
the pole the angle is found to be 30^. Find the height of 
the pole. 
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■6. {a) In any triangle ABC, prove that 
(1) cos i/5(s-a). 


(2) tan 


be 

A~B_a-b C 

2 a+b‘'°''2‘ 


ib) Solve the triangle ABC, given a=723'4, fo = 547'4 
and 0=59^^34'. 

7. (a) Show that the inradius of a triangle ABC is 


given by A (where A denotes the area and s the semi- 

5 

perimeter). 

And that the circumradius by 



2 sin A 2 sin B 2 sin C* 

(h) Given (3 = 58*6, b—64'3 and c=52*5, calculate the 
area of the inscribed circle. 

1946 

1. (a) Prove that for all values of § 

cos^@H-sin^0=l. 

If 5 sin^@=l, find the other trigonometric ratios. 

(fc) Show that Radian is a constant angle : and express 
its magnitude in sexagesimal measure. 

2. Establish the following: — 

(1) sin (A-B) =^sin A cos B-cos A sin B. 

, , « 3 tan X - tan^ r 

(2) tan 3 a: = -]-_~3 tanr—' 

(3) tan A+tan B+tan C = tan A tan B tan C, if A. 
B and C are the angles of a triangle. 

3. (d) Draw the graph of tan x as x varies from 0 to 
271- and locate on the graph the values of .r for 

(i) 3tan^3c=l. 

in') tan:)c=cotx. 
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(b) From the top of a cUff, 300 feet high, the angles of 
depression of the top and bottom of a tower arc observed 
to be 32=^ 35' and 62° 16'. Find the height of the tower. 

4 . (a) (0 In any triangle ABC, prove that 

sin A/2= V 
where 2>*=a+-fcd-c, 

and (n) deduce the value of sin A in terms of the‘three 
sides, 

(h) Given sides &=15 

c=25 

and the angle B =32® 15', solve the triangle. 

5. ia) Solve the following equations :— 

(1) cos 3,a:4-cos 2:5 ;+cos ;c=0. 

( 2 ) 

(W Using Lt5i|-®--=l, 

for very small angles, determine the approximate value of 
cos 7'3C'' to four places of decimals. 

6 . (a) Prove that the radius of the escribed circle 
opposite to the angle A of the AABC is given by 

ri=—5 tan A/2, 
s — a 

where A denotes the area of the A. 

(5) If the sides of a tiiangle are 

a=601 

6=65*4 

c = 527, 

calculate the area of the escribed circle. 
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emergency EXAMINATION 1948 

1. (a) Define sin 0 for all values of 0. and prove that 

sin^ 0 + cos ^0 = l. 

If 3cos^ 0 = 1, find the other trigonometric ratios. 

(&) Prove that 

(cosec 0 -sin 0 )(sec 0 -cos 0 )(tan 0 -fcot 0 ) = l. 
Sol, (a) Book Article. 

3 cos'0=l 


cos^@=^ 


sin 9 = cot9= ~ 2 ’ ^ 

\ 3 ^ 

tan 0=v"2, coser 0=''tx. cos@- 


V2’ V 3 

ih) (cosec 0 -sin 0 )(scc 0 -cos 0 )(tan 0 + cot 0 ) 

‘ " /.\/sin 0 ^cos 0 '" 

— rn^ H 11 

cos 0 

% ^ A A* 

1 - sin^ 0 1-cos ^ 0 sin^ 0 + cos^ 0 
"" ” siin 0 ■ cos 0 * sin 0 cos © 


= 1 




:) 


cos^ B • sin^ © 


=•- 1 . 


sin © . cos 0 sin 0 cos 0 
2. (a) Determine the general expression for all angle 

having the same cosine. 

(b) Solve the equations : 


(i) 2 sin^ X + \/3 cosx4-l = 0. 

(lO tan n©=cot m0. 

Sol. (a) Book Article 
(h) (i) 2 sin^Ard-V3 cos ^+1 = 0 
2-2cos^;t+ a/3cos ^+1=0 
2 cos* X — cos it—3=0 
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COS X 


__^3±^34-24 ^ i/3±3a/3 


*'• cos-r=V3 or 

2 


Rejecting the value V3 we get cos x— — 

^= 15 ^ 

Hence the general value of 

A:=2n7r+ ~ ^ 

6 

(«) tan n©==cotm@ 


=tan 


TT 




@(??! + n)=^7r + ^ 

^ 2(m+n)' 

3. Prove that 

(0 sin (A—B)=sin A cos B —cos A sin B'u 
(h) sin (904-@)=cos $. 

(Hi) cos 20, cos 40. cos 60, cos 80= j|- 

Book Article. 

(*i) Book Article. 

(«i) Solved example page 113. 

4. (a) In any triangle ABC, show that 

- c . 

sin A sin B sin C 

(h) Given h = 16, c=25, and B=33“ 15\ 
solve the triangle. 
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SoL (a) Book Article. 

(&) ZB=33° 15' 

sin C _ sin B 
c h 
. « c sin B 

sm C= —g— 

L sin C=logc-Iog&+L sin B 

=log 25-log 164-L sin 33 15 
_1-3979—1*2041+9*7390 
= 9*9328=L sin 58° 57' 

/Q-S- W' a»d C,- (180 58’. 57' -122' S' 
S-180--(B+C.)-180--<92-12') 

=87° 48' 

M2=180“-(B+C.)=180°-(33” 15'+122° 3') 

^ =24° 44' 

To find side ai 
sin Ai sin B 

loga.=logfe+LsinA-LsinB 

=logl6+Lsm87°48'-Lsin33 15 

=r2041+9’9947 -97390 

=1-4648 
=log 29-16 

5 . ia) Prove that if © is measured in radians 

Lt sin©_2 

@->0 6 , 

(b) Find the area of a regular Pojygo'' 
inscribed in a circle and radius r, and deduce the 

the circle. , * , 

Sol. (<*) Book Article (h) Book Article. 


n sides 
area of 
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6. (a) Trace the variations in the value of tan 9 as 9 

changes from 0“ to 360° and draw its graph. 

(b) IfA+B+C=7r^ Show that 

(0 sin A + sin B-i-sin C=4 cos ^ cos ^ cos -* 

^ * 2 


(iO cos A+cosB + cos C=l + 4 sin^ sin § tin ? 


Sol. 


sin 2 sm sin — 


(ci) Book Article 
(i) sin A-f sin B + sin C 

=2 sin cos —J®+2 sin £ cos | 

*2cos'“| cos'^8+si„£|v.i„A+? = 


=2 cos, 


2 

A-B 


2^ • = 
A+B 


cos 


cos ^^+cos-^ 


. C A+B 

sin^ = cos —~ 


._9 ^ C „ A B 

-2 cos 2 2 cos 2 2 

-/(ABC 

-4 cos 2 cos 2 cos 

(ii) cos A + cos B+cos C=2cos cos 

2 2 


+ I ■“2sin 


l + 2sin ? I cos ^ — sin^ j v cos^^® 

:14-0ci*n5( ^„«A-B_ ___A+B) 


=si 


-l+2sin5j cos^- cos^j 
=l+2sin ^|2 sin^ sin ~ 

= 14 4 sin- sin 5 sjn ?• 


uN UIOJ 

«•' c 







1 . 

2 . 

3. 


4. 


6 . 


ANSWERS 
EXERCISE I, Page 13. 

(Tr = -\2-). 

(0 2nd. («) 2nd. (ni) 3rd. (iv) 1st. 

(0 72^ 9V 66*6^' (n) 83^ 33' 33^. 

0) ^ (n) (m )^2 40 ’ 

15’ T’ 57- T- 3’ 1.40 . 60 , 80 . 

7. 40°, 50’, 90° ; 44«-|, 55«-|, 100®. 


8 . 40°, 60°, 80°; 


27r 


TT 


3 ■ T ^ 44, 66|. 88| 


9. 

12 . 


1 . 

3. 

6 . 

9. 


grades. 

30°, 60°, 90°. 10. Y- ^ 180°. 

6 °. 

EXERCISE 11, Page 15. 

2U feet nearly. 2. '05236 inch nearly. 

5. 2062*65 ft. nearly. 


TT—2. 


4. ‘5 : 4. 


7. 


TT 

“8 * 


1 . 


1*5359 ft. nearly. 

9 ft. 6A inches. 

REVISION QUESTIONS I, Page 17. 
2. 0-01745, *00029. 3. 55°, 35°. 

TT IQtT 


8 . 1 : 400. 


6 ' 
Stt 


5. 135°. 6. 63. 8. 


9. 

12 . 

15. 


W' 3 ' 36 • 21600 ’ 

8 . 10. 2'2 ft. 11- 170-7 yds. approx, 

47r 9^ 14:r lO’r 24^ 3'14159 it. 


35’ 35’ 35 

J of a radian. 


35 ’ 35 • 
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6 . 

40. 


EXERCISE in. Page 23. 

tan^. 7, sin ©. 8. 2 sec* A. 

Yes ; no. 

EXERCISE IV, Page 26. 


9. 0. 


1 ^ A* 




2 • 


a o 




(a:* —6. = 

l-|-(3-.r)*-(y-4)*. 

EXERCISE V, Page 30. 

(0 - («) + (lit) +. 

1 • X 

cot ©•= —, sin @=— - . :==icos9= — 

« V 


1 


cosec 9= — I . + sec @= — y where tan B=x, 


3. (:) Yes («) No (lii) Yes (iv) No (v) No (vt) Yes. 

24 

4. Second. 5- Fourth. 6. Third. 7, 

9_ ^ -?— 10 

13* * V3 ’ v^3 * V3 • 


5 

13* 


9. - 


V3 ’ 


2 

v^3 * 


10 . 


11 i—according as @ lies in the third or the 

V i 


fourth quadrant. 

5 


12 . - 


15. ± 


m*-n* 


17 . 


13’ 12* V 

+- ?w*“l. l+»w* . 2mn , m^-n* 

— 2m ‘“m*—1* ^m*+n*’‘"m*+n** 

V. 18. 2. 19. Nor^.i.S. 

4 5 13 

REVISION QUESTIONS II. Page 33. 

1 


1 

V3- 


s»r (? 


2. l-cos’S+cos®. 
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4. cot a= 


24 


25 


2 ^', sin a COS 2 C ct- ^ 4 . 


cos <x— — 


25 


, sec «t= 


25 

7 * 


5. sec x=^±: v/2(3 —1), cos = 


V34-1 

2v2 • 


17. 


sin a: = 

1 . -h 


v/ 3-1 . 2V2 

, cosec x=±~r ^—cot x 


2V2 


/3-1 


2 +\/ 3 . 


EXERCISE VI. Page 42. 


11. 

Yes. 

12. 

3. 

13. 0, 

27r. 

TT 

3^* 

14. 0, IT, 2n’.. 

15. 

0, 2w, 

TT 

T * 

16. 

TT 

T ■ 

17. 

A=45 

°. B = 15°. 

18. 

A=60° ; 

B = 

30°. 


19. 

V 6 

8 ‘ 




EXERCISE VII, 

Page 

45. 


1. 

• 

•u 

oo|> 

2. 

200 

\/3 ft., 1 

600 ft. 

3. 

175V3 yds.. 


4 . 5. 60 ft, 6. 120ft. 7. ^|(\/3+l) ft. 

100 


8 - 


10 . 


(3- v/3) ft., ICO ft. 


5(V3+1) 


miles, 


9. 100(3- 


miles. 


^ 2-fy2 —2+V2 

11. 4‘33 miles, 300 miles per hour. 

12, 16 ft. 9 in fto the nearest inch.) 

EXERCISE Vlir, Page 43. 

1. 12°,13'. 2. 23°, 14'. 3. 21Mr. 

4. 6=8*29,^ = 5*592. 5 tz=7 1405, c = 8*7169 

approximately. A =55°. 

6. £:=2467*0155. c=25057*6037 nearly, B = 10°. 

7. 6=417*8. c=650'026,B = 39° 43'. 

8. 6=186*60 and c = 193*18. A = 15°. 

9. 71® 47'. 10. 12*3755". 
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REVISION QUESTIONS HI. Page 49. 


4. 

TT TT 

1521*23 ft 

6. 800 ft. 

7, 

75 v/3 ft. 

8. 100(34-^/3) ft. 

9. 

25 (3— V3) ft. per 

minute. 10. 

10(V3+1) ft. 

12. 

40 ^/ 3, 40 ft. 

13. 

9'334". 15-1508'' 

14. 

92*37 sq. inches. 




EXERCISE IX, Page 60. 


(Hi) -V3. 


(jii) v'3. 


1. 

(i)--i. (n) 

1 

V'2‘ 

2. 

(!)-§-• - 

1 

a/2* 

3. 

W-fj. 00 

-1. 

5. 

tan A, 8. 

1. 


(in) ±oo, 4. — sin^A. 

9. 1. 

EXERCISE X, Page 83. 

4. (i) About 17°. («) About 37°, Read sin « = "6. 

5. (i) About ±37°. (ti) *124°. 6. 45°, 225°. 

7. (i) About 26°. (ii) About 108°. 

11. 72°. 12, 24^°, 114°. 13. 42°. 138°. 14. About 17°. 

MISCELLANEOUS EXERCISES I. Page 85. 

1. 6. 2. 5°. 37', 30" ; 6', 25'. 4. 33 ft. 


12 


TT 

12 ’ 

TT 


TT 

3 ’ 




12 


6. 20^60M00®. 11. ^/24. 


^2.1. V2, Y3.13. 2 ' 2 


14. --TT.-V3-V2. 2. 16. 


l-t» 
l±t* • 


17. 


25. 

27, 

30. 


TT 


2 »- 


(i) 135°, 315°. (ti) 120°, 240°. (tit) 30°. 150°, 270\ 
(tv) 30°. 150°. (v) 30°, 150°. 210°. 330°. 

—cos 6°, -cos 3°, —tan 19°, -.sec 42° • -‘9945, 
-•9986, --3443. -r34. 
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31. 

33, 

8 . 

12 . 

16. 

1 . 

5. 

2 . 

12 . 

6 . 

22 . 

24. 

1 . 

3. 

4. 
6 . 
8 . 


1*7 radians. 


32. dz 


b 

2ab 


600, 300 v'3, 200v'3, 100/3 ft. 36. 

EXERCISE Xr. Page 92 . 

65' where m=ad + bc and n^-ac-bd^ 


_33 

65‘ 
cos 8x- 


13 14 

2 • 33* 

17, cos A. 

EXERCISE XII. Page 97 


15. sin 5x. 


25 - 40 ' - 169 - ~L 

it _ A 6 J_ 7 /3 
f 5 • /2- -r- 

EXERCISE Xlir, Page 102. 
f j, —7/25. 8. cos A. 9. sin 

W(sin a+ /^ cos a). 13, ^ ®cos 

g cos^ A 

EXERCISE XIV. Page 105. 

SJ '-S 3 ^ Si -53 

1“52 1—.y2“54 

EXERCISE XV. Page 109. 


49 


3# ± 


120 


169' 


4. - 


^/3 


12 • 


W(sin + cos a). 


13. 


cos (A+@) 


23. 2 cos 


( 6 ) 


35. a=v'3. ^j = l. 
EXERCISE XVI, Page 115. 

2 sin 36 cos 2. 2 cos 46 sin 0, 


TT / TT 

4 cos (-4- 


30 


2 cos jcos (^-30 j or 2sin^cos^^ 

2 sin 6 0 sin 0. 5.-2 sin 35° sin 15°. 

2 sin (45°+A) cos (45° +B). 7. sin 50- 

COS90 + COS. 9. cos 20 


■ 3© ). 

sin 6. 
■cos 46 
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REVISION QUESTIONS, Page 118. 

11 . ajh* 

EXERCISE XVII, Page 121. 

1 . cos n a sin n a coscc a. 

2 . sin (n-f-l) a sin no. cosec 

3. \ sin (n-f-1) ^ sin no. cosec a. 

4. i sin (n+2)tt sin wet cosec sin 0., 

tl 1 

5. 'x cos a—cos (n+2) a sin no. cosec a- 


EXERCISE XVIII, Page 12S. 

1. (i) 4- (iO + (iii) 

2. (i) + (ii) - (Hi) — (iV) +. 

3. (0 + (iO - (Hi) +. 4.iV2-V2, -W2+^2. 

. V 2 +v -' 2 V 2 ^^ ,337 

2 ’ 2 • 7 ■ V58’ V58' 

7. (i) +. (HO 8. (i) +. 00 (Hi)-, 

q v'3-1 j 3+1 a 6 

2 v 2 ■ 2 V 2 • r ’ a ■ 

MISCELLANEOUS EXERCISES; IL Page 135. 


L 

13. 

20 . 


le¬ 

gal) 

~a^+b» • 

+ 5+1 
4^ • 


m+n m-n 

10 . -or -p-. 

m—n m+n 

19 v-3 + V5+V5-v'5 

4 



25. 16 cos’ A-20 cos’ A+5 cos A, 


32. 4+2-V 2. 


33. a(2c**—d*)*=Mc. 6Q, ecos^. 
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EXERCISE XX. Page 143. 

1. (0 60*^ (n) 45° (m) 30° (tv) 54° (v) 54°. 8' (vO15°,50* 

2. (0 1500 210°. («) 60°, 240° (Hi) 210°, 330° 


3. 

(0 

TT TT 

2’ “~2* 

(ii) 45°, 

135°, 

, (iit) 150", 




EXERCISE XXII. Page 151. 

1. 

„7r + ( — 1)*= 

. 0 , 
6* ‘ 

HTT- ( 

1)-;. 3. 

2n7rit - 

4 

4. 

(2 

n-|-l)7r± 

TT 

"s’ 

5. 





2"^ 



, 3’r 


6. 

riTT 

+ 3 • 


7. 

n^+ 


8. 

n- 


Q 

4* 

2«3 

±-^. 10. - 

n^r TT 

5 “30* 

11. 

- ± i- 

12. 

?t7r + - 

13. nT-- 

6 

±-;- 

15. 


16. 

2n7r- 

“TT 

~T 


17. 

( 

1 ^ ^ 
”+ 2 ) 

- 1 . ^ 

7r±- 

+ (- 

. 1 )m 

12 



( 

m \ 

2 ” / 

TT 

6 

+ (- 

12 


18. 

/ 


. TT 

TT 

/ Wt\ 

TT TT 

( 

«+ -2 ) 

“Tr-f- — 
^ 8 

±r2’ 


“ '8-12 

19. 

A = 

= (?n + n) 

TT 5“^ 

B=(2-m) —+ 2^and 


C = (Z—n) 2 ^-f where /. m and n are integers. 


20 . 2n‘fr, 




22. 2n^± (2J4-l)’r. 23- n^+(-l)" -g- 
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■ff 


24. 


n’r+ n’T —y 25. «’’’ or m’'’+ ( 1)“ g 

EXERCISE XXni, Page 156. 


1 . 


2n^± 


2. 2n’r+^, 3. nir+(-l)”^ 




4. n7r+(-l)‘'^+-^, 

TT TT TT ^ 

6. 2n 2 +£ 2 d;-g. 


5. n’T+C-l)-^--^. 

TT / ^ O 

”2 “8* 2-(-l)“3 


9. 






10 . 




11 . 




minn 


m — n 


12- ^ or n-± -3. 14. -4 ±^4 ■ -g 

15. or 9=n7r+ (-1)°?^ where sin <?> = ’32. 


nTT 


16. nTT, nTT where tan ^=J. 17. =h-j 

18. Q-=k I +(-1)''^, where sin ‘.*>=2';;Vl' 


19. 0=n^±a. 


20 . 


“2 or (2m + l)’^i 
REVISION QUESTIONS VI. Page 157. 


1. 60". 


TT 

r2' 


4. 30°. 150°, 390° and 510' 


6. n7r+ ^ 

6 


5. 

4 

7. 9=n7r + </> where tan ^=2ziiV3* 


TT 


8. n^r or n^ —(—l')®"^. 

6 


9. 2n’r+ 


IT 


10 . 


12 . 


'’^+(-l)''j|. 15°. 30°, 105°, 120°. 

n7r + (-l)n-| 

'±2+(-l)" 
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13. ^ or 

t 4 j\ n . ^ TT , TT TT TT 

14. ©=2«.±^, m y±^.p-±-g-. 

15. ”f or '^±2^. 16. 45“. 18. -1, i. 

REVISION QUESTIONS VII. Page 173. 

1. 120°. 5. 60°. 120°. 

EXERCISE XXVII. Page 177. 

1. log3243 = 5. 2. logs 16 = 4. 3. log,o‘01=-2 

4. logw64=f. 5. 2. 6. 4 

7. 8. 8. 5. 


1 . 

3. 

7. 

9. 

11 . 


EXERCISE XXVIII. Page 182. 


0) 4. 

1- 1461. 

2- 4771. 
(0 7th. 
- 68 . 


4 5 _ 

(ii) J-. (in) 2. 4-69897. («) T58146. 

4. 1-6902. 5. 1-9912. 6. '3890 

8 (i) 21. (it) 13. (in) 30. 

Oi) 21st. (hi) 32nd. 10. 1'09 

12. -6735. 


EXERCISE XXIX. Page 188. 

1. -01691. 2. -2008. 3. -0006811. 

5. |2560. 6. 4-616. 7. 1-4515450. 

9. 3-1900. 10. -6309. 11. r292 '5 


4. 929. 
8. -401. 


1 . 

4. 

6 . 


1 . 

5. 

6 . 


EXERCISE XXX. Page 191. 

A=31'’ 8'. 3. b=26'64 and c=31-57 

A = 33-> 22'. a=16-44. 24-98. 5. 29-17 ’ 

49° 37'. 130° 24'. 7. 22° 29'. 


REVISION QUESTIONS VIII. Page 192. 

1'585. 2. '6441. 4. 12 12th 197-7 

(0 1-536. („•) 444-8. ’ 

(i) '2838. (ii) 19346. (iii) '1957. (iv) T9937. 
(v) 2-9736. (vi) T2150. 10. 2-6- 11. 13±V29 


12 . 10 ' 02 . 


10 . 2 - 6 . 
13. -7907. 
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EXERCISE XXXI. Page 196. 

1. 71’30'. 2. 75° 31'. 3. 132“ 35'. 4. 57° 52'. 

5. A=33°40'; B = 101°48'; C = 44 32. 

6. A=95° 28', B = 56° 52', C=27° 40'. 

7. A=38° 13', B=60°, 0 = 81° 47'. 

8. A=53° 8'. B = 59° 30'. C = 67° 22 . 

9. A = 90° 50'. B=41° 24', C-47° 46'.- 

10. A=114» 2', B=36° 46', C=29° 12'. 

11. A=70° 36' 40", B=52° 16', C = 57° 8 . 

12. A=30° 5', B=131° 16', C=17° 54'. 

13. 132° 34'. 

EXERCISE XXXII, Page 198. 

1. B=92° 41', C=54° 49', a=5-91.7. 

2. A=66” 38', C=87° 8'. fe=14-35. 

3. B=76° 18'. C=41° 25', «=48 21. 

4. A = 60'' 41', B=39° 19' and c=98’35 

5. B=129° 29', C = 13° 31' and « = 64'65. 

6. B=49° 49', C=70° 31' 

7. A=24° 15'. B=34° 7' and 0=36'48. 

8. A=109° 40', C = 19° 88' and fo=559'6. 

9. B=64° 23' ; C=72° 43' ; a=18-92. 

10. B=118° 37'. 0=31° 45' ; a=20'95. 

11. 6 = 61-83 or 165-8; A=54“ 21'or 17° 29 ; 

B=39° 32' or 140° 30'. 

12. 51“12'. 26“. 13. 1°50'. -It 

EXERCISE XXXIII, Page 200. 

1. A=66° 40'. 6=237, c = 1-581. 2. 20-98 

3. 403*5. 4. a=21-42. 6=22-34 and C=24“ 24 . 

5. A=42° 54'; 6=25 07. c=26-56. 

6. 6=37-3. c=22-3. A=29“ 38'. 

7. C=87“8'; a =298- 6=14-35 

8. 62 ft. 9. 95-2 ft 

EXERCISE XXXIV. Page '203. 

1. Bi = 59° 37'. Ba=120° 23'; Ai = 76“ 36'. 

A,= ]5°50'. ai=10670°. aa=2992. 

2. B=60“orl20°. , ,' . 

3. 57° 10'. 4. No triangle. 5. B=24“ 53'or 155° 7. 
C=134° 26' or 4° 12'. 0=232 5 or 23*84. 

6. A=26° 12', B=118° 48', 6=644*3. ^ 


7. 

8 . 

9. 

10 . 

12 
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® or 105^ 24': C=65° 24' or 64° 36'; 

c=1332 or 8322. 

B=25° 38': C=97° 54', 0 = 62 37 
A = 90°, C = 43° 48', c=20-95. 

C = 50°53', B=340 51' 
B=23 1. c = 81-68 or B=156° 59', c = 3‘89. 

EXERCISE XXXV, Page 208. 


B=38“ 56', c=31M". 


2. 517'2". 


1 . 

3. 

4. 

6 . 

JO. 


REVISION QUESTIONS IX, Page 208. 

9'6734. 2. 104° 29'. 

A=56'’28': B = 25°38': C = 97“ 54' 

38 13;; 21° 47'. 5. 78° 18', 49° 36'. 

102 1 . 7. 122° 57'; 16° 3'. 
a = 31-9; i=56'31; C = 44°32'. 

EXERCISE XXXVI, Page 212. 


2 yds. 

1111 mile. 
100 ft. 


2. 69'21 feet nearly. 
5. h cot P tan a. 

10. 13" 55^ 


REVISION QUESTIONS X, Page 214. 

I o ^ sin ^ cos a_ 


6 . 

10 . 

15. 

19. 


367-3 ft. 

25 ft. 4. 21° 48'. 

h sin P cos a h cos a cos P ^ 

sin(^-a) ■ sin~(/9-aT~' 

574 yds. 7. 49-1 ft. 8. 51°. 

8486 ft. nearly. 12. 1366 ft. nearly. 

160 ft. 18. 100 ft., 25 ft. 

4 / Ha+b-2h ).. 

Y ; distance of eye f 


v" 


275 


No. 


distance of eye from 


the cliff is b 


23 . 


141*7 ft. nearly. 
2*02 ft. 


^ / a-\-h — 2h 
V a-h * 

20. 10 V115 ft 
24. 200 ft. 



76 


34. 
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EXERCISE XXXVII. Page 227. 

14t/'^sa ft. 2. 12/5 sq.ft. 

7-71 i in 4. 42.50.72. 5. 112°. 3| ft. 

2lra ~r^)b-\-2ral 

REVISION QUESTIONS XI. Page 230. 


15 


cot C* 


14 , 15. -^cotC. 

sm ^ 

16. -^c sin B. -^a sin C. sin A. 

EXERCISE XXXVIII. Page 237- 

13. 858-8. 

MISCELLANEOUS EXERCISES HI. Page!247, 
4 . (2n + l) ~.n^. 6 . ^ 7. 30 

o _2._ Q ”!L 

V (2+2v/5)‘ 2 • 

10 . ( 2 n + l) ^ or ^ 

19. A=56°34'15". C = 85°25'45": 

A A ^ MM ^ A .j/ 


4. (2n + l) 


7. 30° 60“ 


V \i^ * W ^ 

10 . ( 2 n + l) I or 3 ( 2 n-±^). 


20. 

144 ft. 


21. 

102° 1' 28". 

23. 

120". 


24. 

a tan ol tan ^ 

V (tan*a - tan*v^) i 

25. 

160 ft. 


26, 

(m=bn)* 



f 



29. 

TT 

r = 

= 2n7r=t:( 

a+^). 


4 

\ 



30. 

(4n+l) 

TT 

8 * 

37. 

105 ft. 57. 


TT 

TT 

64. 

•98. 

59. 

” 2 " 

8* 
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LOGARITHMS 





0000 0043 0066 0128 
0414 0463 0492 0531 



iFTm 


0828 




0899 


1139 1173 1206 1239 
1461 1492 1523 




0645 0662 
1969 1004 1038 
303 1335 1367 
614 1644 1673 


0374 
19 0765 
072 1106 
399 1430 




703 1732 









3010 

3222 

3424 

3617 


RTi?! 


3979 

4150 

4314 

4472 

4624 

4771 

4914 

6051 

6)85 

5315 

5441 

5563 

6682 

5798 

5911 

6021 

6128 

6232 

6335 

6435 

6532 

6628 

6721 

6812 




3032 3064 3075 
3243 3263 ’ ' 
3444 3464 
3636 3655 
3820 


3997 

4166 

4330 

4467 

4639 

4766 

4928 

5066 

5)98 

6328 

5453 

5575 

5694 

5809 

5922 

6031 

6136 

6243 

6345 

6444 



4654 

4800 

4942 

6079 

5211 

5340 


5465 


6933 


fiW 

iMi 



7076 

7160 

7243 

7384 




6637 

6730 

6821 

6911 

6998 

7084 

7168 

7251 

7339 


6042 

6149 

6253 

6355 

6454 

6551 
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